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K-STABILITY OF DEL PEZZO SURFACES WITH A SINGLE QUOTIENT
SINGULARITY

IN-KYUN KIM AND DAE-WON LEE

ABSTRACT. In this paper, we study the K-stability of del Pezzo surfaces with a single quotient
singularity whose minimal resolution admits exactly two exceptional curves E; and E2 with
E?=—n, E2=—mforn,m > 2.

1. INTRODUCTION

The Yau-Tian—Donaldson conjecture predicted that a smooth Fano variety X admits a
Kéahler—Einstein metric if and only if X is K-polystable. This conjecture was confirmed by
[9, 10, 11, 38, 37]. Consequently, every K-stable Fano variety admits a Kdhler—Einstein metric.
A smooth del Pezzo surface S is K-polystable if and only if either S =2 P? or S is isomorphic to
a surface obtained by blowing-up P? at k general points, where k > 3 [36, 39]. However, for a
given (possibly singular) Fano variety X, determining whether X is K-(poly)stable is a delicate
problem. The J-invariant is introduced and shown to provide the criteria for K-(poly)stability.
More precisely, by [3], it is shown that proving the K-stability of X amounts to proving that the
d-invariant 0(X) is greater than 1. The recent development of the Abban—Zhuang theory by [1]
allows us to systematically estimate the d-invariant. See Section 2 for more details.

The d-invariants of smooth del Pezzo surfaces were computed in [2, 7, 32]. Although the
K-stability of some Du Val del Pezzo surfaces was determined in [6, 31], the J-invariants of all
Du Val del Pezzo surfaces were recently computed in a series of papers [16, 17, 18, 19] by using
the Abban—Zhuang theory. Furthermore, the K-stability of surfaces obtained by blowing-up
P(1,1,n) at k < n + 4 smooth general points is studied in [23]. More precisely, let S¥ be a
surface obtained by blowing-up k£ smooth general points in P(1,1,n). For any n + 1 smooth

general points pi,...,pp+1 in P(1,1,7n), there exists the unique curve C' that passes through all
of these points. Note that the strict transform C of C' is a (—1)-curve. By contracting the curve
=n+1

C, we obtain the birational morphism 7: S?t1 — S We refer the reader to [5] for details.
Moreover, these surfaces are connected by blowing-up smooth general points as follows.
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FIGURE 1. del Pezzo surfaces with a single singularity of type %(1, 1)

Note that ?ZH can be embedded as a degree n + 1 hypersurface in P(1,1,1,n), and can
also be obtained by blowing-up P? at n + 1 points on a line L and then contracting the strict
transform of L. See Example 2.6 and Proposition 2.8.

Theorem 1.1 (cf. [23, Theorem B|). Let n > 4 be a positive integer, and S a del Pezzo
surface which is isomorphic to one of the surfaces in Figure 1. Then S is K-stable if and only if
S = gn+d,

In this paper, we generalize Theorem 1.1 by allowing the blown-up points not necessarily to
be in general positions.

Definition 1.2. Let n > 2 and m,: S1 — P(1,1,n) a blow-up at m > 2 distinct smooth points
on a line £1 € [Op(1,1,,)(1)], and Ly the strict transform of /1. By contracting L1, we obtain the
birational morphism ¢, : S — ngm.

Tn,
Pn

P(1,1,n) Shm

FIGURE 2. Construction of S%m

Let S,’jm be the surface obtained by blowing-up at k£ distinct smooth general points on S?Lm.

We note that the surface Sy ,,
P(1,1,m). Let £2 € |Op(1,1,m)(1)| be a curve, and 7y, : Sy — P(1,1,m) a blow-up at n distinct
smooth points on /5. By contracting the strict transform Lo of /5, we obtain the birational
morphism ¢y, : Sy — S Let f: 87— SP . be a blow-up at m distinct smooth general

points on Sf)n,n. By carefully choosing the position of the points, the surface 57} ,, can be identified

can also be obtained by blowing-up points on the surface

with S7 .. For n,m > 3, the singular del Pezzo surfaces S,’fblm and S,’ff,n can be connected by the
following blow-up diagram as explained in [25, Corollary 3.5.2].
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Sp o = S — - — S

Spm = Sk — o — Syt

FIGURE 3. del Pezzo surfaces with a single singularity of type 1,n)

mn— 1(

Remark 1.3. Assume that n > m > 2. The surface S”+3 is still a singular del Pezzo surface
(1,n) if and only if (n, m) is one of the following: (2,2),(3,2) or

with a singularity of type
(4,2).

mnl

The surfaces in Figure 1 have only one exceptional curve in their minimal resolution. However,
the surfaces in Figure 3 have exactly two exceptional curves in the minimal resolution. See
Remark 2.4 for details.

Now, we present the main result of this paper.

Theorem 1.4. Let S be a del Pezzo surface which is isomorphic to one of the surfaces in Figure
3 and Remark 1.53. Then the following statements hold:

(1) S is K-stable if and only if it is isomorphic to one of the following surfaces: 5’2 2 52 9,55 21 53?72,
54,2, 54,27 53,3 or 54,3
(2) S is strictly K-semistable if and only if it is isomorphic to either Sg’,z or 5'57’2.

Theorem 1.4 is summarized in Table 1.

TABLE 1. K-stability of Sf

(n,m) k K-stability Reference
n+m>8 kEk<n+2 K-unstable Theorem 3.2
(2,2) k<2 K-unstable [16]
(2,2) k=3 strictly K-semistable  [31, 17]
(2,2) k=45 K-stable [6, 18, 19]
(3,2) k<4 K-unstable Theorem 3.2
(3,2) k=5,6 K-stable Theorems 3.7 and 3.14
(4,2) E<5 K-unstable Theorem 3.2
(4,2) k=6,7 K-stable Theorems 3.10 and 3.17




4 I.-K KIM AND D.-W. LEE

(3,3) k<4 K-unstable Theorem 3.2
(3,3) k=5 K-stable Theorem 3.24
(4,3) k<5 K-unstable Theorem 3.2
(4,3) k=6 K-stable Theorem 3.27
(5,2) k<6 K-unstable Theorem 3.2
(5,2) k=717 strictly K-semistable =~ Theorem 3.21

We note that Sﬁfml can also be obtained by running a —Kg-minimal model program for some
smooth rational surface S with big anticanonical divisor —Kg. This surface .S was proven to be
a Mori dream space by [34]. See Proposition 2.9 and Remark 2.28 for details.

In [40], for a pair (X, A) such that —(Kx + A) is big, if there exists the anticanonical model
(Z,Az) of (X,A), then the K-stability of (X, A) and (Z, Az) is the same. Hence, the K-stability
of the minimal resolution of each surface Sﬁ’m is automatically obtained.

The rest of the paper is organized as follows. In Section 2, we first recall the basic notation
for the quotient singularities of surfaces. In addition, we recall the definitions of notions related
to K-stability, including the «, 8 and §-invariants, and their criteria for K-stability. Moreover,
we also recall the notion of potential pairs. Section 3 is devoted to proving the main result. The
strategy first involves proving that S’ffbm is K-unstable for all £ < n+2 whenever m+n > 8, using
Theorem 2.17. When m + n < 7, using the Abban—Zhuang theory, we show that the surfaces
5372, 55’72, 532, Sg’Q, 522, 5’12, S§’73 and 5’23 are K-stable. For 55772, by additionally showing that
the automorphism group Aut(SgQ) is finite, we prove that S;Q is strictly K-semistable.

2. PRELIMINARIES

Throughout this paper, we work over the complex number field C. We first recall the basic
definition of the cyclic quotient singularity and of the Hirzebruch—Jung fraction.

2.1. Cyclic quotient singularities of surfaces.

Definition 2.1. Let r be a positive integer, and € = exp (@

Consider an action of the cyclic group Z/rZ on C? defined by (z,y) — (ex,e%), where a is
an integer. We denote the singularity type of the cyclic quotient singularity p € C2/(Z/rZ) by
1(1,a).

Let S be an algebraic surface. We say that a singular point ¢ € S is of type %(1, a) if the
point ¢ is locally analytically isomorphic to p € C?/(Z/r7Z).

) the primitive r-th root of unity.
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Definition 2.2. Let r and a be coprime integers with r > a > 0. The Hirzebruch—Jung fraction
of % is the expression

T 1 [ }
—=Qa] — ——————— =114+ ..,AF]|.
1 ) 1 1 y Ak

as—...

Proposition 2.3. [24, p. 89] Let S be an algebraic surface and p € S a cyclic quotient singularity
of type %(1, a). Let - = [ay, ..., ax] be the Hirzebruch—Jung fraction. Then the minimal resolution
7: S — S has exceptional curves E, ..., Ey such that Ef = —a;.

Remark 2.4. The surfaces S¥ in Figure 1 have a single quotient singular point of type %(1, 1).
Since the Hirzebruch-Jung fraction of % is [n], the minimal resolution has the unique exceptional
curve E with E? = —n by Proposition 2.3.

The surfaces Sfbm

In this case, the Hirzebruch—Jung fraction of %‘1 is [m,n]. Hence, by Proposition 2.3, the
minimal resolution has exactly two exceptional curves F; and Ey with E? = —n and E3 = —m.

in Figure 3 have the unique quotient singular point of type ﬁ(l,n).

2.2. Embedding models. In this subsection, we note that some of the surfaces in Figures 1 and

3 can be embedded in some weighted projective space as hypersurfaces or complete intersections.

+1

Moreover, we will show that the surfaces S”+! and Shm

can be obtained from the projective
plane P? as in Propositions 2.8 and 2.9.
By [8, Subsection 4.4], we have the following proposition that will be used in the proof of the

main theorem.
Proposition 2.5. [8, Subsection 4.4] Let n be a positive integer. The surface S3"3 can be
embedded in P(1,1,n,n,2n — 1) as a complete intersection of two degree 2n hypersurfaces. The

surface S§g+4 can be embedded in P(1,1,n,n+ 1) as a degree 2n + 2 hypersurface.
By [33], one can compute the Hilbert series.

Example 2.6. The Hilbert series of ?;“ is
1— thrl
(=021 =)’

which implies that ?ZH can be embedded as a degree n + 1 hypersurface in P(1,1,1,n).
Example 2.7. The Hilbert series of ng is
1+tn+t2n+”.+tn(m—l) 1 — ¢nm

(1= 6)2(1 — tymm—1 (1= 6)2(1 — tn)(1 — tm—1)’

which implies that Sg,m can be embedded as a degree nm hypersurface in P(1,1,n,nm — 1).

However, in general, we do not know whether Sf{vm can be embedded as a hypersurface or a
complete intersection in the weighted projective space.

Smooth rational surfaces with a big anticanonical divisor are Mori dream spaces [34]. In
particular, they proved that blowing-up P? at k points in a reducible cubic is a Mori dream space
under some condition on the number of points on each irreducible component [34, Theorem
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1 . . .
4.3]. One can prove that the surfaces §Z+ and S}}fml are anticanonical minimal models of such

smooth rational surfaces with a big anticanonical divisor.

Proposition 2.8. Let L be a line on P?, and p1,...,pnr1 the n 41 distinct points on L. Let
©: S — P? be the blow-up of these points. By contracting the strict transform L of L, we obtain
the birational morphism w: S — S. Then S is isomorphic to the surface §Z+1 i Figure 1.

Proof. Let my: SiHT — ?,j“ be the minimal resolution. Then one can see that S?*! can be
obtained by first blowing-up the n-th Hirzebruch surface F,, at n + 1 distinct points q1, ..., gn+1
on the section C' such that C2 = n, and then contracting the strict transform C of C. Let F;
be the fibres passing through each point g;, and F; the strict transform of F;. Then we have
F? = —1 and the Picard number p(S7*!) is equal to 2 + (n + 1) — 1 = n + 2. By contracting
the (—1)-curves Fi,...,F,1, we obtain a smooth projective surface S’ with p(S’) = 1. By the
classification of surfaces, we conclude that S’ =2 P2. Hence, S is isomorphic to ?Z—H. O

Proposition 2.9. Let Ly and Lo be two distinct lines on P2, {p1,...,pns1} and {q1,- .., qms1}
the sets of distinct points on L1 and Lo, respectively. Suppose that none of these points is the
intersection point of L1 and Lo. Let m: S; — P? be the blow-up of P? at n + m + 2 points
DlyeeyPrtls Qls - - - Gm+1 and @: S1 — Sy the birational morphism obtained by contracting the
(—=n) and (—m)-curves. Then Sy is isomorphic to Sjt.

Proof. Let m: gf{j’nl — Sﬁ%l be the minimal resolution. Then one can see that 52%1 can be
obtained by blowing-up the n-th Hirzebruch surface F, at m points r1,...,r,, on a fibre F
and n + 1 points s1,..., 8,1 on the section C such that C? = n. Let E; be the exceptional
curve over the point r;, and F} the fibre passing through each point s;. Let C and FJ be the
strict transforms of C' and F}, respectively. Then we have C:=F ]-2 = —1. By contracting all
the (—1)-curves E;, F; and C, we obtain the birational morphism 7 : 521,'11 — Z, which is the
minimal model of 52%1 Since Z is a smooth projective surface and the Picard number p(Z2)
isequal ton+m+3— (n+1) —m — 1 =1, by the classification of surfaces, we can conclude
that Z = P2. Moreover, if we let E! and E}’ be the exceptional curves over each point p; and
qj, respectively, then up to permutation, we can identify £} = F; and E} = I, or E} = C.

Therefore, one can see that X = 577{%1 and hence, the surface Y is isomorphic to ngfnl O

2.3. K-stability. In this subsection, we recall the definitions and various criteria related to
K-stability. We start this subsection by presenting the definition of K-stability.

Let X be a Q-Fano variety, i.e., a projective variety such that —Kx is an ample Q-divisor
with at worst klt singularities.
Definition 2.10. A test configuration (X, L) of the pair (X, —Kx) consists of
(1) a normal variety X with a G,,-action,
(2) a flat G,-equivariant morphism 7: X — P!, where G,, acts on P! by

(t,[v 2 y]) = [t < 9], and

(3) a Gy,-invariant m-ample Q-line bundle £ — X and a G,,-equivariant isomorphism

(0N 710+ 1), Llave o) = (X x (B {[0: 1)) ,7iL).
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where 71 is the projection to the first factor.
A test configuration (X, £) is said to be trivial if there is a G,,-equivariant isomorphism
(X\ Yoo, Ll ) = (X x (P'\ 00,7 L)).
We say a test configuration (X, L) is of product type if there is an isomorphism
X\ Xoo =2 X x (P 00).
The Donaldson—Futaki invariant DF(X; £) of the test configuration (X, £) is defined as

1

n

where n = dim X.

Definition 2.11. A Fano variety X is said to be K-semistable if DF(X; L) > 0 for every
test configuration (X, L), and it is called K-stable if DF(X; £) > 0 for every nontrivial test
configuration (X, £). We say a Fano variety X is K-polystable if it is K-semistable and

DF(X; L) = 0 <= (&, L) is of product type.

Next, we recall the definitions of the «, 8 and d-invariants, which give criteria for K-stability.
The a-invariant a(X) is defined in [35] as

hel ir (X,AD) is1 ical f
a(X):sup{/\eQ’ the log pair (X, AD) is log canonica orevery}'

effective Q-divisor D on X with D ~g —Kx

Theorem 2.12. [35] Let X be a Q-Fano variety of dimension n. If a(X) > i1 then X admits

a Kahler—Einstein metric.

For a prime divisor E over X, there exists a projective birational morphism ¢: Y — X such
that E is a prime divisor on Y. The center Cx(E) of E is the image ¢(E) of E on X. The log
discrepancy of X along F is defined as

Ax(E) =1+ OI‘dE(KY — (p*(Kx)).

More generally, we define the log discrepancy for a log pair (X, A), i.e., A is an effective Q-divisor
on X such that Kx + A is Q-Cartier. For a projective birational morphism ¢: Y — X, write
Ky + Ay = ¢*(Kx + A) for some divisor Ay on Y, and let E be a prime divisor on Y. Define
the log discrepancy Ax aA(E) of E with respect to (X, A) as

AX7A(E) =14 Ol“dE(Ky — (p*(KX + A))

For a pseudoeffective divisor E over X, the pseudoeffective threshold Tx(E) of E with respect
to —Kx is defined as

Tx (E) = sup{7 € R>g | vol(¢p*(—Kx) — tE) > 0}.

For a prime divisor E over X, the S-invariant Sx(FE) is defined as

Tx (E)
Sx(E) = — | /0 vol(*(— K ) — tE)dt,

vol(—Kx
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and the S-invariant Bx(F) is defined as
ﬁx(E) = Ax(E) - Sx(E)
We will often omit X and simply write 7(—), S(—) and 8(—) if no confusion is likely to arise.
We have the following valuative criteria for K-stability.
Theorem 2.13. [4, 21, 28] Let X be a Q-Fano variety. Then X is
(1) K-semistable if and only if Bx(E) > 0 for all prime divisors E over X.
(2) K-stable if and only if Bx(E) > 0 for all prime divisors E over X.

Let m be a positive integer, and {s1,...,sy,, } any basis of H*(X,—-mKy). Let D1,..., Dy,
be the corresponding divisors. Then the divisor
1

D=——(Dy+---+D ~g — K
v, (Dt 4 D)~ —Kx
is called an m-basis type of —Kx.
Let
the log pair (X, AD) is log canonical for every
Om(X) = A
m(X) SUP{ €Q ’ effective Q-divisor D on X with D of m-basis type

The §-invariant 6(X) was first defined as 6(X) = limsup,,,_, . 0, (X), and later it was shown
that the limsup is in fact a lim [3, Theorem 4.4]. By [3, Theorem C], we have

6(X) = inf f;‘;(((g))

where the infimum is taken over all prime divisors £ over X. The local §-invariant 6,(X) of X
at a point p € X is defined as

0p(X) = i%f i;l;(((g))’

where the infimum is taken over all prime divisors E over X such that p € Cx(FE). We note that
d(X) = infpex 0,(X). The definition of the d-invariant for a Fano variety can be generalized to
a pair (X, A) such that —(Kx + A) is big [40].

The following theorem explains why the d-invariant is often called the stability threshold.
Theorem 2.14. [3, Theorem B| Let X be a Q-Fano variety. Then the following hold:
(1) X is K-semistable if and only if 6(X) > 1.
(2) X is uniformly K-stable if and only if §(X) > 1.

If the automorphism group is finite, then K-stability and K-polystability are equivalent
conditions.

Theorem 2.15. [2, Corollary 1.5] If Aut(X) is finite, then X is K-stable if and only if it is
K-polystable.

Note that we have the following implications.

X is K-stable = X is K-polystable = X is K-semistable
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Thus, if 6(X) =1 and Aut(X) is finite, then X is K-semistable but not K-polystable. In this
case, we will say that X is strictly K-semistable.
By [3], one can also define the a-invariant as

. Ax(E)
a(X) = 1%f (B

where the infimum is taken over all prime divisors E over X. Then we have the following

inequalities which give a lower and upper bound of §(X) with respect to a(X).

Theorem 2.16. [3, Theorem A] Let X be a Q-Fano variety of dimension n. Then we have the
following inequalities

(”: 1) a(X) < 8(X) < (n+ Da(X).

The following theorem plays a crucial role in proving Theorem 3.2.

Theorem 2.17. [29, Theorem 3| Let G be a finite group, X a Q-Fano variety of dimension n
and p € X a quotient singularity with local analytic model C"/G. If X is K-semistable, then we

have
(n+1)"

Gl

We will use the following lemma to prove that ¢,(5) is greater than 1 for a smooth point p.

(—Kx)" <

Lemma 2.18. [26, Proposition 9.5.13] Let S be a projective surface with at worst Du Val
singularities and D an effective Q-divisor on S. If (S, D) is not log canonical at a smooth point
p €S, then mult,(D) > 1.

2.4. Abban—Zhuang theory for surfaces. Due to the development of the Abban—Zhuang
theory [1], determining the K-stability has become more feasible for various classes of varieties.
For a variety X and a point p € X, the Abban—Zhuang theory gives a lower bound for the local
d-invariant §,(X). In this subsection, we recall how to estimate the d-invariant for surfaces by
using Abban—Zhuang theory.

Let S be a del Pezzo surface with at worst klt singularities and E a prime divisor over S, i.e.,
there exists a projective birational morphism ¢: S — S such that E is a prime divisor on S.
The S (Wf,; q) invariant for a point ¢ € E can be calculated as follows.

Theorem 2.19 (cf. [2, Corollary 1.109]). Let S be a del Pezzo surface with at worst kit
singularities and ¢: S — S a projective birational morphism such that E is a prime divisor on
S. Let ¢*(—Kg) —tE = P(t) + N(t) be the Zariski decomposition. For each point q € E, we let

h(t) == (P(t) - E) - ord,(N(t)|g) + /000 volg(P(t)|g — tq)dt

= (P(t)- EY(N () - B)g + 5 (P(1)- BV,

where (N (t) - E)q is the local intersection number of N(t) and E at the point q.

Then we have
S(W ) = e /T( )h(t)dt
.,.7 q ( )2 0 )
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where T(E) is the pseudoeffective threshold of E with respect to —Kg.

Suppose that ¢ is a blow-up of S at a point p. Then we have (Kg+ E)|g = Kg + ® for some
divisor ® on F, which we call the different. Then we have the following lower bound of the local
d-invariant.

Theorem 2.20 (cf. [1, Theorem 3.2]). Let S be a del Pezzo surface with at worst kit singularities
and ¢: S — S a blow-up of S at a point p € S. Let E be the exceptional curve over the point p.
Then we have the following inequality:

5p(5)2min{AS(E) inf Az0(0) }

Ss(E) acB S(WE; q)

2.5. Potential pair. Let Y be a smooth projective variety and D a big divisor on Y. Let
E be a prime divisor on Y. We define the asymptotic divisorial valuation og(D) of D along
E as inf{multg(D’) | 0 < D’ ~g D}. If D is only pseudoeffective, then we define og(D) =
lim,_,g+ og(D + €A), where A is an ample divisor on Y. It is well known that this definition is
independent of the choice of an ample divisor.

This definition naturally extends to normal projective varieties as follows. Let X be a normal
projective variety and D a pseudoeffective divisor on X. Let E be a prime divisor over X. We
define the asymptotic divisorial valuation og(D) := og(f*D), where f: Y — X is a projective
birational morphism from a smooth projective variety Y such that F is a prime divisor on Y.
This definition is independent of the choice of f as shown in [30, Theorem II1.5.16].

For a normal projective variety X and a pseudoeffective divisor D, we define the divisorial
Zariski decomposition as follows. We define the negative part N(D) := > pogr(D)D, where
the sum is taken over all prime divisors F over X, and P(D) := D — N(D) is defined as the
positive part. We note that o (D) > 0 for only finitely many prime divisors. The decomposition
D = P(D) + N(D) is called the divisorial Zariski decomposition. When dim X > 3, the positive
part is not necessarily nef, but only movable, unlike the Zariski decomposition for surfaces. If the
positive part is nef, then we simply call it the Zariski decomposition. See [30] for more details.

Definition 2.21. [15, Definitions 3.1 and 3.2] Let (X, A) be a pair such that —(Kx + A) is
pseudoeffective. For a prime divisor E over X, we define the potential discrepancy a(E; X, A) of
(X,A) along E as

E(E; X, A) = AX7A(E) — O‘E(D)

Then we say that the pair (X, A) is potentially kit or pkit for short (resp. potentially lc or ple
for short) if infg a(E; X, A) > 0 (resp. > 0), where the infimum is taken over all prime divisors
E over X.

The notion of potential pairs was first defined and studied by [15]. See also [12, 13, 14, 27]
for related results. One of the main properties of potential pairs is that one can bound the
singularities of the resulting pairs of —(Kx + A)-minimal model program (MMP for short).

We briefly explain what —(Kx + A)-MMP and —(Kx + A)-minimal model of a pair (X, A)
is.
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Definition 2.22. Let X be a normal projective variety and D a pseudoeffective divisor on X.
A birational contraction ¢: X --+ Y is called a D-negative if p,D is R-Cartier and there exists
a common resolution (p,q): W — X x Y such that

p'D=q"p.D+E,

where F is an effective g-exceptional divisor whose support Supp(F) contains the support of all
the strict transforms of the p-exceptional divisors.

As a special case of D-negative contraction, we say ¢: X --» Y is a D-minimal model if ¢ is
a D-negative contraction and ¢, D is nef. The composition of D-negative contractions is called
D-minimal model program (D-MMP for short). When D = —(Kx + A) is pseudoeffective, it is
called a —(Kx + A)-minimal model or —(Kx + A)-MMP.

Definition 2.23. A rational map f: X --» Y is called the anticanonical model of (X, A) if Y is
a normal projective variety and there is an ample divisor A on Y such that if (p,q): W — X xY
is a resolution of the indeterminacy of f, then g is a contraction morphism with —p*(Kx +A) ~g
¢*A+ E, where E > 0 is contained in the fixed part of | — p*(Kx + A)|g.

Theorem 2.24. [15, Proposition 3.11] Let (X, A) be a pair such that —(Kx + A) is pseudoef-
fective. Suppose that ¢: (X, A) --» (Y, Ay) is a —(Kx + A)-minimal model. Then (Y,Ay) is
klt (resp. lc) if and only if (X, A) is pklt (resp. plc).

However, being a pklt pair does not guarantee that we can run an —(Kx + A)-MMP in
general. On the other hand, if (X, A) is a pklt pair such that —(Kx + A) is big, then X is a
variety of Fano type [15, Theorem 5.1] and hence, we can run the —(Kx + A)-MMP.

In the surface case, since the notions of movable and nef divisors coincide, the notions of pklt
and klt are the same.

Proposition 2.25. [15, Lemma 3.5, Corollary 5.2] Let S be a surface such that —Kg is big,
and —Kg = P + N the Zariski decomposition. If (S,N) is a kit pair, then S is of Fano type
and (S,0) is a pklt pair. In particular, by contracting all the curves in Supp(N), we obtain the
— Kg-minimal model.

For a klt pair (X, A) such that —(Kx + A) is big, if one can run a —(Kx + A)-MMP and
obtain the anticanonical model (Z, Az) of (X, A), then the K-stability of the pairs (X, A) and
(Z,Ay) coincides, as shown by the following theorem.

Theorem 2.26. [40, Theorem 1.2] Let (X, A) be a kit pair such that —(Kx + A) is big. Suppose
that there exists the anticanonical model (Z,Az) of (X,A). Then (X,A) is K-semistable (resp.
K-stable, uniformly K-stable) if and only if (Z,Az) is K-semistable (resp. K-stable, uniformly
K-stable).

Proposition 2.27. Let S1 and Sy be surfaces as in Proposition 2.9. Then the blow-down
p: 81 = Sy is a —Kg, -minimal model. In fact, So is the anticanonical model of Si.

Proof. On Sy, let Ly, and L, be the strict transforms of L1 and Lo, respectively. The anticanonical
divisor —Kg, can be written as

—Ks, =L+ Ly + Ly,
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where L is the pullback of the hyperplane class on P2. The positive and negative parts of the
Zariski decomposition of —Kg, are as follows:
n mn—m—1- mn—n-—1-

L S — dN=———1 L.
1 n+mn—1 m an mn — 1 nt mn — 1 m

P=r+ "

mn
Since (S1, N) is a klt pair, it is indeed a pklt pair. In addition, (S7,0) is also a pklt pair by
Proposition 2.25. Moreover, since Sp is a Mori dream space, we can run a —Kg,-minimal model
program which can be obtained by contracting L, and L,,. In addition, since —K s, is ample by
Proposition 2.9, S5 is the anticanonical model of S7, which has at worst klt singularities. O

Remark 2.28. By Proposition 2.9, the surfaces Srli,m with £ > n+1 can be obtained by running
an anticanonical MMP. More precisely, since they are singular del Pezzo surfaces, they are in
fact the anticanonical models of surfaces obtained by blowing-up P? in special configurations as
in [34]. Moreover, by Theorem 2.26, the K-stability of the minimal resolutions of the surfaces
Sf;m is the same.

3. MAIN RESULTS AND PROOFS

In this section, we prove Theorem 1.4. Let us first show that when n + m > 8, the surfaces
Sf{}m and Sffin in Figure 3 are K-unstable by using Theorem 2.17. Since we have the isomorphism

Shm = Sphns we need to consider the cases where ky <n +2 and ko <m — 1.

3.1. Case: n+ m > 8. In this subsection, we prove that the surfaces in Figure 3 and Remark
1.3 are K-unstable for all £ < n + 3 whenever n 4+ m > 8. Without loss of generality, we may
assume that n > m.

Lemma 3.1. Let (n,m, ki) and (m,n, ka) be triples which appear in Figure 3 and Remark 1.5.
The inequality

m—l—n+2< 9

2—k
n 1+ mn—1 — mn—1

holds if and only if the triple (n,m,ky) is contained in the following set:
(A {(2,2,3),(2,2,4),(2,2,5),(3,2,5),(3,2,6),(4,2,6), (4,2,7),(5,2,7),(3,3,5), (4,3,06)}.

Also, the inequality
m+n-+2 < 9

m+2— ko + <
mn — 1 mn — 1
does not hold.
Proof. The first inequality is equivalent to
-7
n—+2+ mAn=1 < k.
mn — 1

For k1 < n + 2, this inequality has a solution if and only if %’"”__17 < 0. We can easily find all
possible values of k1 for which m 4+ n < 7 by direct calculation. For case k1 = n + 3, we can also
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check that the three possible cases in Remark 1.3 satisfy the inequality. Therefore, we obtain
the set A. The second inequality is equivalent to

-7
mto4 Tl
mn — 1

3 n ~ m
Since Sy, = 5,

mm» We only need to consider the case k2 < m — 1. Then the inequality has

solutions if and only if % < —3, which is impossible. Thus, the second inequality cannot
hold. O

Theorem 3.2. Let Sﬁ}m and Sﬁin be the surfaces as in Figure 3 and Remark 1.3. The surface
Sﬁf’n 1s K-unstable for alln,m > 2 and 0 < ky < m — 1, and the surface Sﬁ}m 1s K-unstable
except when the triple (n,m, k1) is contained in the set A. In particular, if m +mn > 8, then the

surface Sfblm is K-unstable for all k1 <n + 2.
Proof. Let S1 = ST]‘;} and Sy == Sﬁin for simplicity. We note that

m
m+n+2 m+n+ 2
Ko =2t T g R 2y TR
mn — mn —1
The singular points p € S; and g € Sy are locally analytically isomorphic to C2/G; and C?/G>

with |G| = |G2| = mn — 1. Note that G acts on C? by (z,y) — (ex,e"y) and Go acts on C?

21
mn—1

by (z,y) — (ex,e™y), where € = exp ( is the (mn — 1)th primitive root of unity. If S;

and So are K-semistable, then by Theorem 2.17, we have

2 9 2 9
n+2—l<:1—i—m+rhL < andm—i—2—kg—i—m+n+ < .
mn — 1 mn — 1 mn — 1 mn — 1
By Lemma 3.1, we conclude the proof. O

3.2. Case: m+n < 7. Without loss of generality, we may assume that n > m. By Theorem
3.2, we only need to consider the surfaces Sﬁ’m for which the triple (n,m, k) is contained in the
solution set A.

Remark 3.3. The d-invariants of the surfaces Sé“yz are computed in [16, 17, 18, 19]. The
singularity of 852 is of type %(1, 2), which is a Du Val singularity. By [16, 17, 18, 19], S is
K-unstable except for 5372, 5372, 52572. Note that 55’72 is strictly K-semistable and S§72 and S2572
are K-stable. The K-stability of some Du Val del Pezzo surfaces had already been established in
[6, 31].

The remaining cases are the surfaces S3,,55,, 5%, SZQ, S35, 3 and S 5. The rest of this
paper is devoted to proving that they are all K-stable except S;Q. With some additional effort,
we will show that the surface .5’57’2 is strictly K-semistable.

3.2.1. Case: S§’2. Let 7: S — P(1,1,3) be the blow-up of (1,1, 3) at seven smooth general
points p1,...,pr. Note that the surface S is isomorphic to a complete intersection of two
hypersurfaces of degree 4 in P(1,1,2,2,3) by Proposition 2.5. Let L be the strict transform of
the curve ¢ € |Op(y,13)(1)| passing through the point p;. Let m1: S1 — S be a blow-up of S
at a point p € L such that 7(p) # p1. Then by contracting the strict transform L; of L, we
obtain the birational morphism ¢: S; — ng. For the singular point ¢ € S7 of type %(1, 1), let
mg: Sy — S1 be the weighted blow-up with weights (1,1). We consider the following diagram.
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Sa

o

S1
y K
P(1,1,3) +——§ S5,

FIiGURE 4

Lemma 3.4. Let p € ng be the singular point of type %(1, 3). Then we have 5p(5’§’2) > 1.

Proof. Consider a curve ¢ € |Op(y,1,3)(4)| passing through the six points {pz,...,p7}. Let C be
the strict transform of ¢ under 7. Then we have the following:

) 4

—Ks=L+C, L2202:_§’ L'ng’
5 2 4
_Ksl EL1+Cla L%:_gv C%:—g and Ll'Cl:§7

where L1 and C] are the strict transforms of L and C, respectively. We also have

2
_ 2
_ngg = RS and (_KS§,2) = S
such that ¢,(C1) = Rg. We obtain that ¢*(Rg) = C1 + £ L.

Since (] is a negative curve, the pseudoeffective threshold of L; is %. The positive and
negative parts of the Zariski decomposition of ¢*(—K S8 2) —tLq are

3

o'(—Kgg,) —thi  if0<t<

P(t) =
4 3 4
Z_t @0 +Ly) if = <t<=
<5 >( 1HL) it sty
and
0 ﬁ0§t§§3
10
N(t) = 3 3 4
_2 49t F2<p< =
<5+ >Q "10=""5
Then we obtain that
_Op ﬁ0<t§§3
) 3 10
P(t)* =
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Hence, the S-invariant of Ly is S(L1) = 3 (&5 + 5;) = 3. Also, since Kg, = " (Kgs,) — 1L,

Ang(Ll) = % and 4L1) — 21 > 1. Moreover, we have

S(L1)

—t 1f0§t§%,

P{t)- L=} 3 4

- —t if —<t< =,

5 10 5

For every smooth point p € L1, we have

By lf()gtgi,
Mty =+ (P0)-L? = { g
2 RN t i f3 <t<4
— _ — 17 —
2 \5 10~ =5

Therefore, we have S (W,Lj; p)=5 (% + ﬁ) = 1. Since the point p is smooth, the log discrepancy
A, (p) is equal to 1 and hence, 6,(55,) > 1.
Now, consider the singular point in L1 with type %(1, 1). We set 1) = 9 0 p. Then we obtain
that
P (RS) = Ty <C1 + 5L1) =(Cy + gLQ + gE,
where E is the mo-exceptional divisor, Cy and Lo are the strict transforms of C7 and L,
respectively. The intersection numbers are the following:

L2=-2 (C2=-1, Ly - Cy=1, E?’=-3andL,-FE=Cy-E=1.

Since the intersection matrix corresponding to the curves Cy and Lo is negative definite, the

pseudoeffective threshold of E is %

The positive and negative parts of the Zariski decomposition of ¢)*(—K 532) —tE are

4 1 3 4
02+<—t>L2+<—t>E if0<t<-_—

5 2 5 15’
P(t) =
§—t (3Cy +2Ly + E) ifi<t<§
5 2 2 5= =5
and
1L, ifogtgi,
2 15
N(t) = 4 2 4 3
—Z4+3t)C 2 4oL, if—<t< 2.
( 5+ ) 2+< 5+ ) 2 1 T
Thus, we obtain that
Listroyst—2) ifo<t<
10 BE=t=0s

5
2
AU E AL pA B
5 - — 5
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5 (184 2 13
(E) 2 (2025 M 81> 45

Hence, the S-invariant of F is

Also, we have that Kg, = w*(ngg) — éL — %E, which implies that Asg2(E) - 27 and
% = % > 1. Moreover, we have
4
St ifo<t< R
P(t)-E = 5
- =2t if — <t< -,
D 15 5
For the point p € Cy N E, we have
25 A
50 if0<t<—,

8 1

5
6 4 1/6 24 3
oot) (—c4st) o (2—2) if—<t<Z
(5 ><5+ >+2<5 > "15="=5

Hence, S(Wf.;p) =5 (4—25 + %) = % Since the point p is smooth, the log discrepancy Ay, (p)
is equal to 1, which implies that 5p(5§72) > 1.
For the point p € Ly N E, we have
5 9 §t2

—t
4 + 8 157

6 2 1/6 24 3
- — 2t —= 42t — | = =2t if —<t< =,
(5 ><51L >+2<5 > "15="=5

Then S(Wf,;p) =5 (% + %) = %. Since the point p is smooth, the log discrepancy Ay, (p)

is equal to 1, which implies that 5p(5g72) > 1.
For p € E'\ (Cy U La), we have

h(t) =

h(t) =

2 4
By ifo<t<—,
vy )8 15
M=131 6 24 3
“(2-9t) if—<t<Z
2\5 15 5
Then S(Wf,;p) =5 (4—35 + %) = %. Since the point p is smooth, the log discrepancy Az, (p) is
equal to 1, which implies that 5p(S§72) > 1. O

Now, we show that 5p(5§72) > 1 for smooth points p.

Lemma 3.5. Let S be the surface in Figure 4, and D = —Kg an effective divisor. Then the
pasr (S, %D) is log canonical along the smooth locus of S.

Proof. Suppose that the pair (S, %D) is not log canonical at a smooth point ¢ € S. Let
C € |0g(1)] be a curve passing through q. We first consider when C is irreducible. By [22,
Lemma 4.1], C' is log canonical at g. Then we can assume that C' is not contained in the support
of D. We have

3 3
1 < mult, <4D> < ZC-D: 1,
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which leads to a contradiction. Thus, C' is reducible. Let C' = C; + Cy. Without loss of generality,
we may assume that ¢ € Cy. Since the pair (S,C) is log canonical at ¢, we can assume that
at least one component of C' is not contained in the support of D. If C; Z Supp(D), then the
inequality

3 3 1

1 t,(-D)<-C1-D==

< mult, <4 ) < 4C1 5
leads to a contradiction. Thus, let D = aC7 + A, where a is a positive number and A is an

effective divisor such that C7  Supp(A). The inequality

2 4
gZD‘CQZaC]_‘szga

implies that a < % By the inversion of adjunction formula, we obtain that

3 3 3 1.1
1 < mult, (4A!cl> < ZA -C1 = Z(D —aCy)-Cy = 5 + 5

This implies that a > 1, which contradicts the earlier bound a < % Hence, the pair (S, %D) is

log canonical at q. O
Lemma 3.6. Let p € S5, be a smooth point. Then we have 6,(55,) > 1.

Proof. We set A = % for simplicity. Let Dg = — K S8, be an effective Q-divisor. We have

* 1 *
Ks, = ¢"(Kgp,) = £ L1 and ¢*(Ds) = D1 + alx,

where D; is the strict transform of Dg and « is the multiplicity of Dg at p. Suppose that
the pair (SgQ, ADg) is not log canonical at the point p. Then the pair (S1, AD; + (/\a + %) Ly)
is not log canonical at a point p; € S; such that p; ¢ L1 and ¢(p1) = p. This implies that
the pair (S,AD + ()\a + %) L) is not log canonical at the point ¢ = m1(p1) on S, where D
and L are the pushforwards of D; and Lp, respectively. Then the pair (S,\D) is not log
canonical at ¢. Meanwhile, since D + (a + %) L = —Kg, it follows from Lemma 3.5 that the pair
(S,\(D + (a+ £)L)) is log canonical at g. This implies that the pair (S,AD) is log canonical at
¢, which is a contradiction. Therefore, a,(S5,) > 3, and since %ap(SgQ) < 0,(555) by Theorem
2.16, we have §,(55,) > 1. O

Theorem 3.7. The surface Sgg is K-stable.

Proof. By Lemmas 3.4 and 3.6, we see that the surface S§’2 is K-stable. (]

3.2.2. Case: Sz,z- Let m: 8" — P(1,1,4) be the blow-up of P(1,1,4) at eight smooth general
points py,...,ps. Note that the surface S’ is isomorphic to a degree 6 hypersurface embedded
in P(1,1,2,3) by Proposition 2.5. Let L be the strict transform of the curve ¢ € |Op(y 1 4)(1)]
passing through the point p;. Let 71: S| — S’ be a blow-up of S’ at a point p € L such that
m(p) # p1. Then by contracting the strict transform L; of L, we obtain the birational morphism
p: ST — SLQ. For the singular point ¢ € S} of type %(1, 1), let mo: S, — S1 be the weighted
blow-up with weights (1,1). We consider the following diagram.
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S

o

S

7N

P(1,1,4) +—— g’ Sio

’

FIGURE 5

Lemma 3.8. Let p € SZQ be the singular point of type %(1, 4). Then we have 510(51,2) > 1.

Proof. Consider a curve ¢ € |Op(y,1,4)(5)| passing through the seven points {pa,...,ps}. Let C
be the strict transform of ¢ under 7. Then we have the following;:

—KS/EL+C7 LQZCQZ—Z, L0227
7 3 5
_Ksi EL1+01, L%:—17 012:—1 and Ll.Cl:Z’

where L1 and C] are the strict transforms of L and C|, respectively. Then we have
_ 21
_KSZ,2 = RS/ and (_KSZ,Z) = ?

such that ¢,(C1) = Rg. We obtain that ¢*(Rg/) = Cy + 2Ly.

Since (] is a negative curve, the pseudoeffective threshold of L; is % The positive and
negative parts of the Zariski decomposition of ¢*(~Kgr ) —tLy are

4
o (~Kgr ) —tLy i0<t<—,
4,2 35
Pt)=1q /5 5 4 5
— —t — L if — <t< =
<7 ><3C“L 1) i d
and
0 F0<t< 4
35
Nt =91/ 4 4 5
==+t if—<t<=.
3(7+ ) L i3 =t=7
Then we obtain that
1
f—th 1fogt§i,
Pl 71 35
N 1 §—t i 1fi<t<§
3\ 7 35 =7
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Hence, the S-invariant of Ly is S(L1) =7 (122?5 + 125) = 105 Also, since Kgr = ¢ (KS7 )—ng,

A(Ly) = 2 and ((Li)) 5. Moreover, we have

4
;t if0<t< o
3\ 7 T3 =t
For every smooth point p € L1, we have
4 4
. 3—31&2 ifo<t< 3
h(t) = 5 (P(t)- L1)* = 2
2 1 /5 4 5
— | =—1 if — <t<=.
18 \ 7 35 7

Therefore, we have S(W,L},p) =14 (2625 + 250) = % Since the point p is smooth, the log
discrepancy Ar, (p) is equal to 1. Therefore, ¢ (5’4 5)

Now, consider the singular point in L; with type %(1 ) We set @) = w9 0 . Then we obtain
that

4 5 3
Y*(Rs) = 5 <C1 + 5L1> =Cy+ ?L2 + ?E,

where E is the mo-exceptional divisor, Cy and Lo are the strict transforms of C7 and L,
respectively. The intersection numbers are the following:

I2=-2 (C2=-1, Ly-Cy=1, E?’=—-4, andLy-E=Cy -E=1.

Since the intersection matrix corresponding to the curves Cy and Lo is negative definite, the
pseudoeffective threshold of E is %
The positive and negative parts of the Zariski decomposition of )*(—K SZQ) —tE are

! 2
02+<5_t>L2+<3—t>E ifo<t<—

7 2 7 - 21’
Pt =9 /3 2 3
- — 2L E if —<t< =
<7 t>(302+ 2+ E) 1 21_75_7,
and

1 2
StLe f0<t< o
N(t) = 2 1 9 3
-z S 4ot) Ly i <t< o
< 7+3t>02+< 7+ t) 2 1 21_t_7

We obtain that

2
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Hence, the S-invariant of F is

50 1 11
E — —_— —_— = —.
S(E) 7(3969*‘81) 63

Also, we have that Kg = w*(Kle) — %Lg — %E, which implies that ASZ2(E) = % and

% = % > 1. Moreover, we have

2

gt if0<t< o

P(t) B =13 oo

AN Sl B

7 21 = — 7

For the point p € Co N E, we have

4 2
o ifo<t<—

1
S ) (=24s) 42 §—tz'f3<t<§
7 7 2\ 7 Bor=t=7v

Hence, S(W,I:J,;p) =14 (% + %) = é—g. Since the point p is smooth, the log discrepancy Ar, (p)

is equal to 1, which implies that 6,(S],) > 1.
For the point p € Lo N E, we have
7o @tQ

4+8 2

1
S (L)l é—t21ﬂ2<t<§
7 7 2\7 21 =7

Then S(Wf.;p) =14 (ﬁ + %) = %. Since the point p is smooth, the log discrepancy Ar, (p)

is equal to 1, which implies that 6,(S],) > 1.
For p € E'\ (Ca U Lg), we have

h(t) =

19, ﬂogtggg
8 21
Mt =131 /3 22 3
— | ==t if —<t< -,
2(7 > Por ==

Then S(Wf,;p) =14 (%7 + ﬁ) = %. Since the point p is smooth, the log discrepancy Ay, (p)
is equal to 1, which implies that 5p(SZ,2) > 1. O

Lemma 3.9. Letp € SLQ be a smooth point. Then we have 61,(5172) > 1.

Proof. We set A\ :== % for simplicity. Let Dg = — K ST, be an effective Q-divisor. We have

2
Ksi = SD*(KSZQ) — ?Ll and QO*(Ds) = D1+ alq,

where D; is the strict transform of Dg and « is the multiplicity of Dg at p. Suppose that the
pair (S] 5, ADs) is not log canonical at the point p. Then the pair (S7, AD1 + (A + 2)Ly) is not
log canonical at a point p; € S} such that p; € L; and ¢(p1) = p. This implies that the pair
(S, AD + (Mo + %)L) is not log canonical at the point ¢ = 71(p1) on S’, where D and L are the
pushforwards of D; and Lj, respectively. Note that by a weighted blow-up with weights (1,4) at
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the singular point of S in Figure 4, we obtain the birational morphism f: S” — S. Moreover, we
have
2

Ks = f(Ks) + 5,
where E is the exceptional curve with E? = —%. Note also that D + (a + %) = —Kg . Hence,
the pair (S, A\(Ds + (« + %)Lg)) is not log canonical at the point f(q), where Dy and Lo are the
pushforwards of D and L, respectively. This is a contradiction to Lemma 3.5. Hence, we obtain
p(Siq) > 1. O

Theorem 3.10. The surface SLQ is K-stable.

Proof. By Lemmas 3.8 and 3.9, we see that the surface SZQ is K-stable. O

Next, we deal with the surfaces S)F2. Let m: S§2) — P(1,1,n) be the surface obtained by
blowing-up m distinct points p1,...,py on a curve £ € |Op(y 1 ,)(1)], and smooth general points
q1,---,Qqn+2. For any n + 1 points q1,...,Gi,. .., qnt2, i-e., omitting ¢;, there exists the unique
irreducible curve ¢; € [Op(1,1,,)(n)| that passes through these points. Moreover, we have the
following intersection numbers:

? =

1
-, b =1, c?:nand ci-cj=n
n
forall 1 <4,j5 <n+2.

By contracting the strict transform L of ¢ along 7y, we obtain the birational morphism
p: SEQ) — Sﬁme. Let mo: 852) — 5’52) be the weighted blow-up of S£2) at the singular point ¢ € L
with weights (1,1). These birational morphisms can be illustrated by the following diagram.

S5
ng
S
YN
P(1,1,n) Spt?
FIGURE 6

On the surface 552), let L and C; be the strict transforms of ¢ and ¢;, respectively. Also, let
E; be the exceptional curves over each point p; for 1 < j < m. Then we have the following
intersection numbers:

1
P==-m, L-C=1 C}=-1, C;-Cj=0fori#j, Ej=-1,
n

L-Ej:L EZEJ:0f0rz7éjandCZEJ:Oforallz,j
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Lemma 3.11. For a smooth point p € L, we have

3(n+1)? 3n } '

) Sn+2 > mi
b "’m)_mm{mn—i—2n2+4n+1’n+l
Proof. We have

2 1
n+ o
n+1 n+1

1
(Cr+ 4+ Cny2) + ——(E1 + -+ Ep),

_KS§2) = n—|—1

and

n+1
K o) = ¢ (Kgn -1 L.
s ©*( Sn,rer)+< +mn—1>

Hence, A snt? (L) = nf;j_ll, and we obtain that

1 n+1 1
(=K gnt2) —tL = —t)|L+——(C1+---+C Ei+---+E,).
" (—Kgn+2) (n—l—l pe—1 > +ooq (Ot 4 Cuga + Bt o+ B
Since the intersection matrix of C, ..., Cpy2, F1, ..., By, is negative definite, the pseudoeffective
threshold of L is n%rl + n?;r_ll

Moreover, the positive part P(t) and negative part N(t) of the Zariski decomposition of
" (—Kgn+2) — tL are as follows:

n—+1
mn—1’

P (~Kgn2) —tL  if0<t<

1 1
P(t) = < + 2 t)(L+C'1+'--+Cn+2+E1+'--+Em)

n+1 mn—1

" n+1 << 1 n+17
\ mn — 1 n—+1 mn — 1
and
0 ifo<i< L
mn — 1
n+1
N(t) = (— +t>(Cl+"'+0n+2+E1+"'+Em)
mn — 1
" n+1 << 1 n—i—l.
mn — 1 n+1 mn-—1
Therefore, we have
2 1 1
m+n++<m>t2 fo<t< ML
9 mn — 1 n mn — 1
P(t)” = )
(n+1)2 1 n+1 L. n+1 1 n+1
+ —t if <t< + .
n n+1 mn-—1 mn — 1 n+1 mn-—1

Hence, we obtain that
mn+2n? +4n + 1
 3(mn—1)(n+1) "
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Now, we compute the S(Wf,;p) invariant for smooth points p € L. If p ¢ L N (U;C; U U, E}),
then we have

1/1 2 1
S(2om) 2 ifo<t< Mt
2\n mn — 1
h{t) = 2 2
1/ 1 n+1 (n+1)? . n+1 1 n+1
= —t) (L if <t< + .
2\n+1 mn-—1 n mn — 1 n+1l mn-—1
If pe LN (Y;C; UUE;), then we have
1/1 2
(—m> 2 fo<t< L
2\n mn — 1
1)2 /1 1 1
(n+1) <+ n+ —t><— n+ +t>
h(t) = n n mn-—1 mn — 1
YRR 2 ((n+1)2\?
2\n+1 mn-—1 n
i n+1 << 1 n+1.
\ mn — 1 n+1 mn-1
Hence, we obtain that
2(mn —1) [T
SWkyp)=—"—"- h(t)dt
W) = 22020 [* e

2(mn — 1 1)° 1
(mn ){ (n+1) Lt } if pg¢ LN (U;C; UU;E;),

m+n+2 | 6n2(mn—1)  6n?

2(mn — 1) (n+1)3 1 n+1

km—l—n—{—Q{67’L2(mn—1)jLGn(n—l-l) 6n?2

(n+1

3n

n3 + (m+4)n? + (54 3m)n + 1
3n(n+1)(m+n+2)

} ifpe LN (UiCiUU]’E]’).

if pé¢ LN (U;C; UU,E)),

ifpe LN (UZCZ U UjEj).
Note that we have

n+1 n3+(m+4)n?+(5+3m)n+1
<
3n 3n(n+1)(m+n+2)

for all m,n > 2.
Therefore, for smooth point p € L, we have

2
5,,(53;3)2111111{ 3(n+ 1) 3n }

mn+2n?2+4n+1"n+1

Now, let us compute (5(1(5’,7;%2) when m = 2, where ¢ € L is the singular point. Let f = 7 0 .
Then we have

. 2
KS§2) = 7T2(KS§2)) + <—1 + n) E
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n+1\ = m+1
= (K -1 L -1 E
I Snﬁ)+< +mn—1) +< +mn—1) ’

where the maps 73 and ¢ are defined in Figure 6. Therefore, we have Agn+2(E) = ;L”Ttll

When m = 2, we only need to consider three cases: (n,m,k) = (3,2,5), (4, 2,6),(5,2,7). The
surface S;”{,f can be obtained by blowing-up n + 2 smooth general points in P(1,1,n) and m = 2
points on a line £ € |Op(11,,)(1)], respectively, and then contracting the (% — m)-curve. Note
that in P(1,1,n)4 4 ., the dimension of the family of curves that pass through the n + 2 points
with multiplicity 3 and m points with multiplicity 1 is 6(n + 2) +m = 6n + 14. The elements of

the linear system |Op(; 1 »)(3n + 4)| are of the form

Fa(z, )2 + fosa(®,9)2% + fana(z,y)2 + fanta(z,y) = 0.

The sublinear system in which f4(z,y) = 0 has dimension (n+5)+(2n+5)+(3n+5)—1 = 6n+14.
Hence, such a curve ¢ € |Op(1,1 »)(3n + 4)] exists. Then we have
4 2. 1~
K.y=-E+2L+:C
sp T3Pkt 3e

where FE is the exceptional curve, L and C are the strict transforms of £ and ¢, respectively. The
intersection numbers are as follows:

F’=—_n, L[’=-2 (C?=-n—-4, E-C=n+4, E-L=1,andL-C=0.

If we let f = 7y 0 ¢, then we have

« (1 3 1 n+1)\- 1=
(B) f(_KSZEQ)_tE<3+2n—1 t)E—i—( 3+2n—1>L+30'
Since the intersection matrix of L and C' is negative definite, we have 7(E) = T+ 52

Now, we estimate d-invariant case by case.
3.2.3. Case: S’g’,z.
Lemma 3.12. Let p € 832 be a singular point of type %(1,3). Then we have 5p(S§”2) > 1.
Proof. We note that A Sgg(E) = % and by equation B, we have
14

7. 1
“(-Kg )—tE=(——t|E+—L+-C.
fr(~Kgy,) —t <15 t) + =L +3C

The positive and negative parts of the Zariski decomposition of f*(—K ng) — tE are as follows:

14 1- ~ 3
- _ 1 <t < =
(15 t) (E+2L>—|— ¢ ifos<t<,
P(t) =

and
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Therefore, we obtain that

3 2 14

5 (35 5 /14 7 14 (14 5 159

Ses (B)=2 [ —2(Z—t) —c4 = (=—t)dt+2 ] =
53,(F) 7/0 2(15 ) 973 (15 ) +7[g 2

533, 1) _2
7 \50  18) 45’

Ags (E) 27

3,2 _ =
and hence, 73 & = 93"
In order to apply the Abban—Zhuang theory, we need to compute the following intersection

number
gt ifogtgg,
Pt)-F=49 /14 .3 14
=) ifl<t< =
2\ 15 5 1
We note that LN C = (). For p ¢ EN(CUL), we have
§th if0§t§§,
Wit — 8 )
W=s1/14 N\ 3 14
— | —= -1 if - <t< —.
8 \ 15 ) 1
Hence, S(W,.,p) =0 X+ =1
Forpe ENL, Wehave
5, 25, , 3
e Bt fFo<t<?>
R f0<t< s,

Hence, S(WJ%:p) = 7 (350 + 300) = ?é
For p e ENC, since (E-C), < E-C =7, we have

2
h(t):gtg 1fo<t<§

63 (14 3\ 81 /14 2 3 14
< == - - = — [ = — if - < .
ht) < 3 (15 t) (t 5>+ 8 (15 t) Ty=st=1

Hence, S(WE,;p) < V(& +2) =T and we have p(S5,) > 1 for p € E.
Therefore, by Lemma 3.11 and the above argument, we have (51,(55;’72) > 1 for the singular
point p € Sgg. O

U!

Lemma 3.13. Let p € 55, be a smooth point. Then we have 6,(55,) > 1.

Proof. Let 4: 53 9 — 5’3 5 be a blow-up at p and D = —Ks5 Then we have KSe =* (Kss )+
E and ¢*(D) = D' + aF, where D' is the strict transform of D, E is the exceptlonal curve over
the point p and « is the multiplicity of D at p. Let A= 4. Suppose that (5’3 9, AD) is not log
canonical at p. Then by Lemma 2.18, we have o > 3 Moreover the pair (53 9, AD' + (Aa—1)E)
is not log canonical at a point p; € S372 such that p1 € E and 9 (p1) = p. On the other hand,
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since —ng2 = D'+ (o —1)E, the pair (SgQ, AMD'+ (a—1)E)) is log canonical at p; by Lemma
3.5. Since 0 < A — 1 < AM(a — 1), the pair (ng, AD' + (Aa — 1)E) is log canonical at p;, which
is a contradiction. Thus, we obtain that a,(S3,) > 3. Since %ap(SgQ) < 0,(S3) by Theorem
2.16, we have 0,(S3,) > 1. O

Theorem 3.14. The surface 55’72 is K-stable.

Proof. By Lemmas 3.12 and 3.13, we see that the surface S;g is K-stable. (]
3.2.4. Case: 5’22.

Lemma 3.15. Let p € 522 be the singular point of type %(1,4). Then we have 5p(522) > 1.

Proof. We note that A522(E) = % and by equation B, we have

i 16 8- 1

The positive and negative parts of the Zariski decomposition are as follows:

16 1- 1~ 3
— — — 1 <t < —
(21 t) <E+2L)+3C fo<t<z,

P =9 /16 1 3 16
= _ ) e TIPS g
(21 t) <E+2L+C> 1f7_t_ o)
and
L 1f0§t§§,
N - )2 7
0= 1t£+ t—§ C f§<t<§
2 7 BT =teEor

Therefore, we obtain that

3 2 16
7% 7/16 8 16 /16 7 (%9
E = — _—— _— —_— I - - -
Ssg,(E) 8/0 2 (21 t) I (21 t) di + 8/; 2

T3, 1) _%
- 8\98 18) 63’

Asg, B o
and W = 55. Moreover, we have
2
;t ifogtgg,
PR ey s s
2\ 21 7 T 21
For p ¢ EN(CUL), we have
4
ggtz ifo<t< -z,
R NGRS SR
g \a1 Sr=t=ar
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Hence, S(W,Mp) (E+y =1
For pe ENL, we have

Hence, S(WJsip) = § (395 + 504) ég
For p € ENC, since (E-C), < E-C =8, we have

4
h(t):§t2 1f0<t<§

72 (16 3 2 3 16
< 2= _Z == - St =
ro <5 (5 -1) (¢ 7> G (m-t) itisesy

Hence, S(W,“p) T(%+2) =23, and we have § (542) > 1forpeFE.
Therefore, by Lemma 3.11 and the above argument, we have ¢ (S4,2) > 1 for the singular
point p € 522. O

Now we compute 5p(5272) for a smooth point p.
Lemma 3.16. Let p € 57, be a smooth point. Then we have 5,,(522) >1

Proof. Let 1): SZQ — S4 5 be a blow-up at p and D = —K56 an effective Q-divisor on S. Then
we have Kgr = ¢*(Kgs )+ E and (D) = D'+ aE, Where D’ is the strict transform of D, F

is the exceptional curve over p and « is the multiplicity of D at p. Let A := Z‘ Suppose that
(522, ADg) is not log canonical at p. Then by Lemma 2.18, we have a > %. Moreover, the pair
(5272, AD’ + (Aa — 1)E) is not log canonical at a point p; € SZQ such that p; ¢ E and ¢(p1) = p.
On the other hand, since —Ksi2 = D'+ (a—1)E, by Lemma 3.9, the pair (5’12, AND'+(a—1)F))
is log canonical at p;. Since 0 < Aa—1 < A(a—1), the pair (SZQ’ AD'+(Aa—1)E) is log canonical
at p1, which is a contradiction. Thus, we obtain that a,(S§,) > 3. Since %ap(SEQ) < 0,(S5 )
by Theorem 2.16, we have &,(55,) > 1. a

Theorem 3.17. The surface Sff’Q is K-stable.

Proof. By Lemmas 3.15 and 3.16, we see that the surface 522 is K-stable. U
3.2.5. Case: S;Q.

Lemma 3.18. Let p € S;Q be the singular point of type %(1, 5). Then we have 5p(Sg,2) =1

Proof. We note that Agr (E) = 1 and by equation B, we have

. 2 1- 1~
fr(=Ks,) —tE = (3—t>E+3L+SC.

The positive and negative parts of the Zariski decomposition are as follows:
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and

P(t
" 2 t| ([E4+=L+C f1
2 T
3 3
%ti ifo<t<
N(t) =1 ]

I.-K KIM AND D.-W. LEE

1 2 2
3 9 /2 39 /2
= [ —Z(Z_¢) -1 Z_ 22—
Ser (E) /O 2<3 t) +6< t>dt+/ 2(3 "
RN
18 18) 3
Asz, )
and ® = 1. Moreover, we have
1
gt if0<t< g,
Pt)-E=149 /9 1 2
— ==t if — <t< -,
2\3 3 3
For p ¢ EN(CUL), we have
8l ifo<t§1,
i) — 8 3
B=1s1 21 2
f—t if — <t< -,
8 \3 3 3
Hence, S(W,E;;p) =2 (% + %) = %
For p € EN L, we have
9, 81, 1
e - fo<t< =
. gt if0<t< g,
S ENCENTCTERIN e
4 \3 8 \3 37 73
Hence, S(W,E,;p) 2(7— %—3):%
For p € ENC, since (E-C), < E-C =9, we have
81 1
h(t) = —t? f0<t< =
81 1 81 (2 1 2
h(t - —1 t— = — == f-<t< .
()—2<3 ) 3>+8<3 ) t3=t=3
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Hence, S(W,E:.;p) <2 (% + %) =1.
Therefore, we have 6p(Sg,2) = 1 for the singular point p € 557,2- O

Lemma 3.19. Let p € ST, be a smooth point. Then we have 5,(S3,) > 1.
Proof. The proof is exactly the same as the proof of Lemmas 3.5 and 3.13. (]

We claim that the surface S;z is strictly K-semistable by showing that the automorphism
group of 5’57’2 is finite.

Lemma 3.20. The automorphism group Aut(S%,) is finite.

Proof. Consider the natural homomorphism
p: Aut(S;Z) — O(Ké‘gQ)

defined by o — ¢*, where O(K ; ) is the orthogonal complement to ZKg7  in Pic(S7,) (see
5,2 , )

[20, Corollary 8.2.39]). Since the kernel of p preserves all geometric basis of PiC(SgQ), every

automorphism contained in the kernel of p descends to an automorphism of 83’2 which fixes 7

points in general position. Thus, the kernel of p is trivial. Furthermore, since O(K é-gQ) is finite,
Aut(S7,) is finite. O

Theorem 3.21. The surface Sgg is strictly K-semistable.

Proof. By Lemmas 3.18, 3.19, 3.20 and Theorem 2.15, we see that the surface 55772 is strictly
K-semistable. O

When m = 3, we only have two possibilities: (n,m) = (3,3),(4,3). In P(1,1,n),,,., the
dimension of the family of curves that pass through the n + 2 points with multiplicity 4 and
m = 3 points with multiplicity 1 is 10(n + 2) +m = 10n + 23. The elements of the linear system
|Op(1,1,n)(4n + 5)| are of the form

f5(xa 3/)24 + fn+5($7 y)z3 + f2n+5(xa 9)22 + f3n+5(x’ y)Z + f4n+5(xa y) = O

The sublinear system for which f5(x,y) = 0 has dimension (n+6)+(2n+6)+(3n+6)+(4n+6)—1 =
10n + 23. Hence, there exists such a curve ¢ € |Op(y,1 »)(4n + 5)|. Then we have

) 3. 1~
— =-FE+-L+-C
s TP T
where FE is the exceptional curve, L and C are the strict transforms of £ and c, respectively. The
intersection numbers are as follows:

F?=—n, L[’=-3, (C*=-n-5 E-C=n+5 E-L=1landL-C=0.
Moreover, we have
1 4 1 n+1Y\: 1-
(—Kons2) —tE = [ = —t)|E+(-= L+-
(©) oK) — <4+3n—1 t> +( 4+3n—1> T3¢

where the maps are defined in Figure 6. Since the intersection matrix of L and C' is negative

definite, we have 7(E) = § + 5.
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3.2.6. Case: 55:’73.
Lemma 3.22. Let p € 533 be the singular point of type %(1,3). Then we have 5p(S§’73) > 1.

Proof. We note that Asgs(E) = % and by equation C, we have

. 3 1- 1~
¢ (—Kgy,) —tE = <4—t> E+ L+ C.

The positive and negative parts of the Zariski decomposition are as follows:

3 1- 1~ 1
— — Z _ fo<t< =
(4 t)<E+3L>+4C ifo<t< s,

P(t)
S (E+live) wl<ci<d
1 3 2 ==
and
L 1fogt§1,
3 2
N{t) =14 1\ -~ 1 3
24 _Z frap<?®
ot +(t 2)0 if o <t<s

Therefore, we obtain that

1 2 3 2
2 8 /3 1 3 116 /3
(T, 1\_5

S\18 36/ 12
A55 (E)

3,3 _ 6
and Se (B — 5 Moreover, we have
3,3

gt 1f0§t§%,
P(t)-FE =
1
16 §—1t 1f1§t§§
3 \4 2 4
For p ¢ EN(CUL), we have
2 1
%t2 fo<t< g,
h(t) = 198 /3 t2 f1<t<3
9 \4 Bo=t=y
Hence, S(Wf.;p) =2 (% + 227) — %
For p € EN L, we have
8, 32, .
gttt fO<t<-
9" "9 if0<t<
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For p € ENC, since (E- )p§E~é:8,wehave
<

32 5 . 1
—_— < —
h(t) = 9t ifto<t 3’

ny < 128 (30 (L) 128 (8 t2 1o, 2

—-- - = —-- if = —.

- 3 \4 2 9 \4 37 73

Hence, S(Wf,;p) <2 (2% + 2%) = % Therefore, by Lemma 3.11 and the above argument, we

have 0,(S3 3) > 1 for the singular point p € S3 5. O
Now, we show that 5p(5§73) > 1 for smooth points p.

Lemma 3.23. Let p € S35 be a smooth point. Then we have 6,(S53) > 1.

Proof. Let w: S®) — P(1,1,3) be a blow-up of P(1, 1, 3) at six smooth general points pi, . . ., ps.
Let L be the strict transform of the curve £ € |Op(; 1 3)(1)| passing through the point p;.

Let 7y : st) — SB) be a blow-up at two distinct points ¢, g2 € L such that 71(q1) # p1 and
m1(q2) # p1. Then by contracting the strict transform L, of L, we obtain the birational morphism
: S§3) — S, where S is the surface in Figure 4. For the singular point ¢ in SF’) with type %(1, 1),
let o 853) — Sf’) be the weighted blow-up with weights (1,1). We consider the following
diagram.

S5

™ |
s
YN
)

FIGURE 7

™

]P)(l,l,?)) <—S(3 Sg,?)

We set A\ = %. Let Dg = —KS§3 be an effective Q-divisor on S§73. Suppose that the pair
(S§73, ADg) is not log canonical at a smooth point p. We have

1
Ks(3) :SO*(KS5 )_7L1 and SO*(DS):DI_'_QLI)
1 3,3 2

where D; is the strict transform of Dg and « is the multiplicity of Dg at p. Then the pair
(SP), AD1+(Aa+3)L1) is not log canonical at a point p; € 553) such that p; € L; and ¢(p1) = p.
This implies that the pair (S®), AD + (Ao + $)L) is not log canonical at the point g = m1(p1) on
S®) where D and L are the pushforwards of D; and Ly, respectively. Then the pair (S©®), AD)
is not log canonical at g. Note that by blowing-up a point py ¢ L1, we obtain the birational
morphism ¢: S — S (), where S is a complete intersection of two degree 4 hypersurfaces in
P(1,1,2,2,3) in Figure 4. Note that D + (« + %)L = —Kg@), and we have

Ks=9"(Kg)+ E, o* (D+ <Oé+ ;) L) =Dy + <Oé+ ;) Ly + BE,
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where Dy and Lo are the pushforwards of D and L, respectively, F is the exceptional curve
over the point p7, and [ is the multiplicity of (D + (a + %) L) at the point p7. Hence, the pair
(S,A(D2 + (@ + 3)L2) + (A\B — 1)E) is not log canonical at ¢’ € Dy. On the other hand, by
Lemma 3.5, the pair (S,A\(D2 + (a + )L + (5 1)E)) is log canonical at a point ¢’. Since
0 < A8 —1<A(B—1), the pair (S, )\(Dg + (a4 3)L2) + (AB — 1)E) is log canonical at ¢’ € Ds.
This is a contradiction, and we obtain 6,(553) > 1. O

Theorem 3.24. The surface 53573 is K-stable.

Proof. By Lemmas 3.22 and 3.23, we see that the surface Sg"g is K-stable. (|

3.2.7. Case: 5273.
Lemma 3.25. Let p € S5 be the singular point of type L(1,4). Then we have 5p(S93) > 1
Proof. We note that Asgg(E) = 4 and by equation C, we have

27 9. 1.
“(~Kg )—tE= (" —t)E+ =L +-C.
#(—Ksp,) <44 > Tarta

The positive and negative parts of the Zariski decomposition are as follows:
27 ~ 4
- — <t< —
(M Q@+g>4 <<
27 27
- < =
Q4 Q<E+ L+C> <1<
4
—tL ifo<t<—
BU=tEar

N(t) =
1t£+<t—4>é ifi<t<§.

P(t) =
and

11 11— — 44

Therefore, we obtain that

4 2 27 2
11 fi1 11 /27 9 9 /27 11 (316 (27
See (B)=— | (%= —t) -+ (= —t)dt+— [ (= —t) &t
s2.(F) = o 3 (44 ) 16+2<44 ) R a3 <44 )

_ 11260 1Y) 43
9 \1089 36/ 132’

Age (E)
and S{:g%j(m - % Moreover, we have
11 4
=t ifo<t< —
3 PU== 11’

I T AN R
3 \44 11 =44
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For p ¢ EN(CUL), we have

121, ifogtgi,
" 18 11
(t) = 128 /27 t2 ,f4<t<27
9 \44 11 = 44

Hence, S(W,o7p) 2 (297 + 27) = g
ForpeEﬂL we have

11, 121 4
—t t ifo<t< —
o T H0<t<

16, (27 L 128 27 t2 A,
9\ 14 9 \44 R V

Hence, S(Wr;p) = % (5050 + 5r6) = 1%3

h(t) =

For p € ENC, since (E-C), < E-C =9, we have
121 4
Wt) = gt if0 t—11

< (Y (LAY ) o
=3 \u 11 by stsgr

Hence, S(W, D) < 292 (297 + 216) 3 Therefore, by Lemma 3.11 and the above argument, we

have 0,(S§ 3) > 1 for the singular pomt peESSs O
Lemma 3.26. Let p € 523 be a smooth point. Then we have 5p(Sff’3) >1

Proof. Let m: S® — P(1,1,4) be a blow-up of P(1, 1,4) at seven smooth general points pi, . . ., pr.
Let L be the strict transform of the curve £ € |Op(; 1,4)(1)| passing through the point p;. Let
e SYL) — 8™ be a blow-up at two distinct points qi,¢q2 € L such that m(q1) # p; and
m1(q2) # p1. Then by contracting the strict transform L; of L, we obtain the birational
morphism ¢: S£4) — S’, where S’ is the surface in Figure 5. For the singular point ¢ in S£4)
with type %(1, 1), let mo: 554) — S§4) be the weighted blow-up with weights (1,1). We consider
the following diagram.

s5Y

"l
N

FIGURE 8

™

]P(17174) — 3
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We set A := %. Let Dg = —ngg be an effective Q-divisor on 5’2’3. Suppose that the pair
S% ., ADg) is not log canonical at a smooth point p. We have
4,3

6
KSYL) = (p*(ngﬁ) - ﬁLl and cp*(DS) =D +alq,

where D; is the strict transform of Dg and « is the multiplicity of Dg at p. Then the pair
(5’54),)\D1 + (A + %)Ll) is not log canonical at a point p; € SYL) such that p; ¢ L; and
©(p1) = p. This implies that the pair (S, AD + (Aa + %)L) is not log canonical at the point
g=m(p1)on S () where D and L are the pushforwards of Dy and L, respectively. Then the
pair (S®,AD) is not log canonical at q. Note that by blowing-up at a point pg & L;, we obtain
the birational morphism v: &' — S®, where S’ is a degree 6 hypersurface in P(1,1,2,3) in
Figure 5. Note that D + (o + )L = —Kgu), and we have

6 6
Ky =¢"(Kgw) + E, ¢° <D+ <a+11> L> =Dy + (‘”11) Ly + BE,

where Dy and Lo are the strict transforms of D and L, respectively, E is the exceptional curve
over the point pg, and § is the multiplicity of (D + (a + %) L) at the point ps. Hence, the pair
(8", \(Da + (a+ &) L2) 4+ (A8 — 1)E) is not log canonical at ¢’ € Da. On the other hand, by
Lemma 3.9, the pair (5", \(Dy + (o + %)Lg + (B —1)E)) is log canonical at a point ¢. Since
0 < AB—1<A(B—1), the pair (', A\(D2+ (a+ X)L2) + (AB—1)E) is log canonical at ¢’. This
is a contradiction, and we obtain 6,(S§3) > 1. O

Theorem 3.27. The surface 823 is K-stable.
Proof. By Lemmas 3.25 and 3.26, we see that the surface SZB is K-stable. (]
Finally, we prove the main result of this paper.

Proof of Theorem 1.4. By Remark 3.3, Theorems 3.2, 3.14, 3.7, 3.24, 3.17, 3.10, 3.27 and 3.21,
we complete the proof. O
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