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PARABOLIC GEOMETRIC EISENSTEIN SERIES AND CONSTANT TERM

FUNCTORS

JOAKIM FERGEMAN AND ANDREAS HAYASH

ABSTRACT. We prove a compatibility between parabolic restriction of Whittaker sheaves and re-
striction of representations under the geometric Casselman-Shalika equivalence. To do this, we
establish various Hecke structures on geometric Eisenstein series functors, generalizing results of
Braverman-Gaitsgory in the case of a principal parabolic. Moreover, we relate compactified and
non-compactified geometric Eisenstein series functors via Koszul duality.

We sketch a proof that the spectral-to-automorphic geometric Langlands functor commutes with
constant term functors.
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1. INTRODUCTION

1.1. Framework. Let G be a reductive connected algebraic group over a field k& of characteristic
zero. Fix a parabolic subgroup P € G with Levi quotient M and unipotent radical Np. Let G be
the Langlands dual reductive group of G with corresponding parabolic subgroup P = M Np. We fix
a smooth projective curve X over k.

1.1.1. This paper is concerned with geometric Eisenstein series, which we presently recall. By
induction of princial bundles along the correspondence M <« P — G, we obtain a commutative
diagram

Bunp

I

Bunp (1.1.1)

q P
a/ \ﬁt
Bunj, Bung,

where for an algebraic group H, Buny is the moduli stack of principal H-bundles over X. The
algebraic stack Bunp denotes Drinfeld’s relative compactification of p.

1.1.2. For or a prestack ), let D(Y) be the category of D-modules on ). Pull-push along the
diagram ([1.1.1) provides us with Eisenstein series functors, the protagonists of this paper. More
precisely, we have the functors:

Eis; : D(Buny) — D(Bung), F — px o q'(F);

!
Eisy, : D(Bunys) — D(Bung), F — pu(ICqr ®7 (F)),
which we call (geometric) Fisenstein series and compactified Eisenstein series, respectively.

1.1.3.  We will also consider several local variations of the functors Eis; and Eis), as well as their
dual counterparts, the constant term functorsEl

The goal of this paper is to establish some fundamental properties of geometric Eisenstein series
and constant term functors. More precisely:

1The name constant term functor is sometimes used in the literature to denote an adjoint functor to Eisenstein
series and sometimes to denote its dual functor. We allow ourselves to be vague for now on which of the two meanings
we are using.
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(1) We establish a certain compatibility between geometric Eisenstein series and Hecke functors.
This generalizes a result of Braverman-Gaitsgory [BG99], [BG06| in the case of a principal
parabolic.

(2) We prove that restriction of representations along M — G goes to a suitable Jacquet functor
on the spherical Whittaker category under the geometric Casselman-Shalika equivalence.

(3) As a corollary to the second point above, we characterize the Koszul dual Jacquet functor as
invariants with respect to the Lie algebra fip of the unipotent radical of P. This generalizes
a result of Raskin [Ras21] in the principal case.

1.1.4. Relation to the proof of the geometric Langlands conjecture. A fundamental step in the proof
of the geometric Langlands conjecture is to establish that the Langlands functor

Lg : D(Bung) — IndCohps(LocSys )

interchanges geometric and spectral Eisenstein series, suitably understood. This was proven in
|CCET24]. The arguments use in an essential way results of Campbell-Raskin [CR23| who establish
a semi-infinite geometric Satake theorem. However, we wish to emphasize that the contents of the
paper [CR23| use our results stated in point (3) above in an essential way, and in particular, neither
[CR23| nor |[CCF*24] should be viewed as implying the theorems established in the present text.

1.2. Some context. To set the stage of our main results, let us review the results of Braverman-
Gaitsgory [BG99|, [BGO6] on the compatibility between Eisenstein series and Hecke functors men-
tioned in point (1) of §1.1.3] They work under the assumption that the parabolic P is a Borel

subgroup B. In this case, we denote Drinfeld’s compactification by Bung.

1.2.1. The basic results can be summarized as follows, although we refer to [FM97],[FFKM97],
IBEGMO02|,[BG99],[BG06| for more details.

Let Conf be the space of divisors on X valued in the monoid AP of positive linear combinations
of positive roots in G. One has two factorization algebras O(N)cont, 2(1)cont € D(Conf) obtained
from the coalgebra O(N) of functions on N and the algebra C*(#) given by the cohomological
Chevalley complex of np, respectively. We have actions:

O<N)Conf — 10%37 Q(ﬁ)Conf ) (WBunB>-

The usual Koszul duality between O(NN) and C* (1) provides a "Koszul duality’ between ICg; - and

Ji(WBunp ). That is, taking invariants of ICmB as a module sheaf for O(N)cont vields ji(wpun 5), and
vice versa. This similarly shows that the functors given by the kernels ICva J1(WBunp ), namely
Eisi, and Eisy, respectively, are 'Koszul dual’.
We have an equivalence:
Q(1) cont -mod(D(Bunr)) ~ D(Bunr) ® QCoh(LocSys ).
QCoh(LocSys)

This shows that the functor Eis, factors through a functor:

Eis{™® : D(Buny) ® QCoh(LocSysz) — D(Bung).
QCoh(LocSys )

In the language introduced in this paper, this reflects the fact that ji(wpuny) is equipped with an
enhanced Drinfeld-Pliicker structure, see §1.5.4] below.

1.3. Why are we writing this paper?
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1.3.1. The proofs of the results stated in §1.2.1]| required a tremendous amount of control of the

singularities of ICB—unB. The above actions ultimately come from describing how ICBTmB decomposes

when restricted to a natural stratification of Bunp, and verifying that the action maps are compatible
with the (co)algebra structures is a very subtle affair.

While one of the main motivations for writing this paper is to generalize the results stated in
from the principal case to a general parabolic, another major motivation is to provide a short,
self-contained proof of these results that completely avoids the just-mentioned subtleties.

1.3.2.  Our starting point is a certain local analogue of ICEEHP known as the semi-infinite intersec-

tion cohomology sheaf ICERM. Its definition, fundamental properties, and local-to-global compati-
bilities in the case when P = B is a Borel were first established by Gaitsgory in [Gail8|, [Gai21].

Remark 1.3.2.1. While writing this paper, a definition of the fiber ICEQE of ICERM1 at a point x of
X appeared in [DL25]. Tt is our understanding that Dhillon-Lysenko plan to release a second paper

studying IC 2, factorizably.
el
Another definition of IC5 . =~ as a factorization algebra also appears in the paper [Hay25] of
the second author, using Zastava spaces. It should be noted that the methods used in the present

0
paper differ from the above references in that we use Hecke structures to define IC2,  rather than
employing colimit constructions or t-structures directly.

jeel
In more concrete terms, IC2 . is a sheaf on a suitable prestack

GrpBun,, — Bunp, (1.3.1)

see Section[5] for its definition. The semi-infinite IC-sheaf is designed to satisfy many of the properties
required of ICq-  to establish the results in As such, instead of starting with IC5;;, and

proving its desired properties, one starts with ICgRan, where these properties are much more evident,
and then identifies the latter with ICEEHP under the map |D The upshot is that it is often easy
to identify a given sheaf with an IC-sheaf: one simply has to control the perverse degrees of the !
and =-restrictions to the singular locus as well as its restriction to the smooth locus.

1.3.3. In fact, one can replace ICEEBP with the pushforward of ICERan along the map (|1.3.1)) in

the definition of Eis), and not lose any informationﬂ It is our understanding that this approach
will be taken by Hamann-Hansen-Scholze in their workf] on geometric Eisenstein series on stacks
of bundles on the Fargues-Fontaine curve; the point being that in this setting, there is no perverse
t-structure.

1.3.4. The other main purpose of this paper is to prove a certain compatibility between geometric
and spectral parabolic restriction under the geometric Casselman-Shalika equivalence (see below
for a precise statement). This generalizes a result of Raskin in the principal case [Ras21].

Given this result, we sketch how to prove that the spectral-to-automorphic Langlands functor

L& : QCoh(LocSysp) — D(Bung)

2For example, in principle one never needs to consider ICg; , to prove that L interchanges the two Eisenstein
series functors.
3The work we allude to here is the second of their series of papers on geometric Eisenstein series and is unavailable

at the time of writing. See, however, the first paper in the series: [HHS24].
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commutes with constant term functors. One should consider this equivalent to the assertion that the
automorphic-to-spectral Langlands functor Lg commutes with (suitable) Eisenstein series functors,
see below for more details.

1.3.5. Finally, we note that the results in this paper have been cited in the literature already.
Besides the relation to the work of Campbell-Raskin mentioned in the Hecke structure on
geometric Eisenstein series for an arbitrary parabolic (Theorem below) played a key role in
many important results in geometric Langlands, such as:

e The spectral decomposition of D(Bung) over QCoh(LocSys) [Gail0].

e The existence of Hecke eigensheaves associated to irreducible local systems (a folklore result
written up in [FR22, §11]).

e (A more recent application:) combining the characterization of nilpotent singular support
in terms of Hecke functors given in [AGK™ 20| with the Hecke structure on geometric Eisen-
stein series proves that geometric Eisenstein series preserves nilpotent singular supportﬁ In
the f-adic setting, this is a crucial input if one wants to study pseudo-Eisenstein series of
automorphic forms via geometric Eisenstein series through categorical trace of Frobenius
(see |[Ras24| for one such example).

1.4. Jacquet Functors. In the next two subsections, we describe the main results in this paper in
more detail.

1.4.1. Semi-infinite IC-sheaf. The main player in the local story is the parabolic semi-infinite IC-
sheaf: .
ICZ Ran € D(Gra Ran)-

e}
The first basic properties of IC2,  are:

joe}
e IC /., naturally belongs to the semi-infinite category SlpRran := D(SRaan,Qf{anM\ Grg Ran)-
e Denote by §?D’Ran C Grg Ran the closure of the 0’th semi-infinite £ranNp-orbit (see ﬁ

e} ~
for a precise definition). Then IC 3, is supported on S% Ran-

1.4.2. Define
~ . + Q0 .
GrP,Ran = GrM,Ran IBQ"’X MSRanM\SP,Ranv
Ran
. + 0
GrP,Ran = GrM,Ran +>< SRanM\SP,Ran‘
IB%SRamJM-

We have an open embedding: N
JRan : GrP,Ran - GrP,Ran-
For convenience, write jran,! := JRan,! (WGrp pan)-
Consider the diagram:

~ 5Ran
GrP,Ran ” GrG,Ran

y \
+ <0
GrM,Ran ’gRanM\SP,Ran'
4n forthcoming joint work with Marius Kjeersgaard, the first author establishes a purely geometric proof that

geometric Eisenstein series and constant term functors preserve nilpotent singular support, independent of the current
paper and |[AGK™20].
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From here, we may consider the functors:
!
JaJC!J‘/I : D(GrG,Ran) - D(GrM,Ran)a F aRan,*(jRan,! ®ﬁRan(F));

© !
Jacy : D(Grgran) = D(Grasran), F = Grans (T (IC 2 gan) ® Pian (F))-

These functors descend to functors on the Whittaker categories that we similarly denote by Jac!M
and Jacil:

Jac!" : Whit(D(Grg ran) — Whit(D(GrasRan));

Jach! : Whit(D(Grg Ran)) — Whit(D(GrazRan))-
Here, the Whittaker conditions for G and M are understood with respect to a non-degenerate
character of £ran/N and its restriction to £r.n/Nys, respectively, see Section @

1.4.3. Recall that the (factorizable) geometric Casselman-Shalika formula provides an equivalence

CSG . Whit(D(GrG,Ran)) ~ Rep(G)Ran
of factorization categories. On the Langlands dual side, we may consider the functors
C*(np,—): Rep(é)Ran - Rep(M)Ran;
Res% : Rep(G)Ran — Rep(M)Ran

induced by taking Lie algebra cohomology along tip = Lie(Np) and restricting along M — G,
respectively.
Our main result is the following:

Theorem 1.4.3.1 (Corollary [6.4.1.2) Theorem [6.4.1.1). We have commutative diagrams:

J ac!M

Whit (D(GI"G,Ran)) —— Whit (D (GTM,Ran)

CSGl \LCS]W

Rep(G)Rran W Rep(M)Rran,
P

M

Jacy
Whit(D(Gra.ran)) ——% Whit(D(CGrasgan))

CSG\L lCSM

Rep(G)ran ———=—— Rep(M)Ran.

Res I

1.4.4. The commutativity of the first diagram was proved when P = B is a Borel subgroup
by Raskin in [RasQl]H The proof in loc.cit relies on results of [BGOG]. Our proof of Theorem
is self-contained except for using a certain vanishing result of [Ras21) §3|, the latter result
being independent from the rest of [Ras21]. We also sketch an argument for how to circumvent the
vanishing result of Raskin, see

5In truth, Raskin proves that the functor Jaci/l : Whit(D(Grg,ran)) — Whit(D(Gra,ran)) defined by replacing
JRan,! With jran,s in the definition of Jac} corresponds to taking Lie algebra homology on the Langlands dual side.



PARABOLIC GEOMETRIC EISENSTEIN SERIES AND CONSTANT TERM FUNCTORS 7

1.4.5. Lg interchanges Fisenstein series. Finally, let us illustrate the importance of Theorem|1.4.3.1
by explaining its relevance to the proof in [CCF*24| that the geometric Langlands functor

Lg : D(Bung) — IndCohps(LocSys)

interchanges Eisenstein seriesﬁ We do this to orient the reader about how the overall logic of the
proof in [CCF*24| goes and in particular to highlight that Theorem is the place one has to
deal with Langlands duality.

For simplicity, we ignore issues about temperedness, twists, translations, Cartan involution and
shifts in what follows.

There is a natural localization functor

Locg : Rep(G)Ran — QCoh(LocSys )
with a fully faithful right adjoint coLocs. By the vanishing result of [Gail0], the action of Rep(G)Ran
on D(Bung) by Hecke functors factors through an action of QCoh(LocSyss). By acting on the
Whittaker sheaf, we obtain a functor:

L& : QCoh(LocSyss) — D(Bung).
Similarly, we have a Poincaré functor

Poincg,

Whit(D(GrG7Ran)) D(Bung)
that fits into a commutative diagram:
, csgt )
Rep(G)ran ——— Whit(D(Grg Rran))
Locg Poincg
QCoh(LocSys) L7 > D(Bung).
It suffices to show that the diagram
spec
D(Bunys) +——— QCoh(LocSys ;)
CTp, oTpee (1.4.1)

D(Bung) e QCoh(LocSys)
G

commutes. Here, CTp) is the functor of *-pull, !-push along:
Bunjy; < Bunp — Bung,
and CTPE is the functor of pull-push along
LocSysy; < LocSysp — LocSys .
The reader should think that the implication
(commutativity of (L.4.1)) — (L interchanges Eisenstein series)

6We remark that loc.cit also establishes that Lg commutes with constant term functors, an assertion we do not
address at all in this paper.
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follows by taking dual functors in (1.4.1)), where we identify D(Bung) and QCoh(LocSyss) with
their own duals through miraculous duality for the former and in the standard way for the latter
Let us expand ((1.4.1)) to the following diagram:

D(Bunyy) < Lir” QCoh(LocSys,;)

CTp, cTpee

D(Bung) < L QCoh(ij)cSysG) (1.4.2)
Poinca,y Locg

Whit(D(Gre,Ran)) ¢————— Rep(G)Ran.
CSg
We already noted that the lower diagram commutes. Thus, it suffices to show that the outer diagram
commutes.
We have commutative diagrams:

JacM ~ *(ip,— -
Whit(D(Gre ran)) ——' s Whit(D(Gr 1/ Ran)) Rep((ran ——— 70 Rep(M)gan
Poincg Poincpy ) Locx Loc,;
D(Bung) o7 > D(Bunyy), QCoh(LocSysy) ———pec— QCoh(LocSys;;).
P, CTP

The commutativity of the left diagram was established in [Lin23|, and the commutativity of the right
diagram was established in [CCF*24, Thm. 12.2.10]E| Putting it all together, the commutativity of

the outer diagram of ([1.4.2)) follows from our Theorem [1.4.3.1

Remark 1.4.5.1. We remark here that the commutativity of the right diagram can be proved roughly
as follows. The diagram

. Res@ .
Rep(G)Ran —M> Rep(M)Ran

Locél lLocM

QCoh(LocSys) — QCoh(LocSys ;)

commutes, where ¢ : LS;; — LS denotes the map of inducing local systems along M — G,

and pullback along this map is obviously compatible with the evident Rep(G)Rran-actions. Here we

view Rep(G)Ran as a monoidal category under external convolution. Both functors carry actions
of O(Np)Rran (see below for the definition of the latter). Taking invariants for O(Np)ran, we

obtain a commutative diagram with target category Q(np)ran-mod(QCoh(LocSys,;)).

"We have grossly simplified this implication step. As a first point, the results of [Lin23| are needed to make this
precise.

8Really one has to precompose Jac{! and C*(iip, —) with the functor of inserting the unit (cf. [ABC*24, §C.11]),
but we ignore this here.
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Finally, one can show that
Q(np)ran-mod(QCoh(LocSys,;)) ~ QCoh(LocSys ),
and that under this equivalence, the functor CTH* corresponds to the composition
QCoh(LocSyss) — Q(np)-mod(QCoh(LocSys,;;)) — QCoh(LocSys,;),
where the second arrow is the forgetful functorﬂ

1.5. Hecke structures and Koszul duality. The second main result of this paper is the construc-

jee)
tion of Hecke and Drinfeld-Pliicker structures on IC2 . and related sheaves. We refer to Section
for more details.

1.5.1. Koszul duality. Consider O(Np) as a coalgebra object of Rep(M). Similarly, consider C*(fip),

the cohomological Chevalley complex of np, as an algebra object of Rep(M). We define (co)algebra
objects 5 5
O(NP)Ram Q(ﬁP)Ran € Rep(M)Ran
whose !-fibers at some z € X recover O(Np), C*(iip), respectively.
1.5.2. Consider the semi-infinite category
SIP,Ran = D(ERanNPSﬁ_anM\ GrG,Ran)-
Note that SIpRran is naturally a module category for Rep(M X G)Ran. As mentioned in § the

0
semi-infinite IC-sheaf IC2,  defines an object of SIpRan.
Koszul duality provides an equivalence of categories

IV o) * ONVP)Ran -comod(SIpRan) = Q(fp)Ran -mod(SIp Ran)
given by taking invariants for O(Np)Rran (see Lemma [4.2.7.1| for a general statement of this type).

1.5.3. Denote by j the !-pushforward of the dualizing sheaf along the open embedding S%Ran —
§%’Ran. We have:

Theorem 1.5.3.1 (Proposition 4.5.4.1). The sheaf ICERaLn 18 equipped with a canonical comodule

structure for O(Np)Ran. Moreover, we have:

0
V65 g ICP Ran) = Jt-
In particular, jy is equipped with a module structure for Q(Mp)Ran-

1.5.4. Hecke structures. Let Np\G be the affinization of Np\G.
For a scheme X, we denote by O(X) the derived global section of the structure sheaf of X. We
consider the schemes o
G, Np\G, Np\G
as acted on by M x G in the obvious ways. We get algebras
O(G)Rana O(NP\G)Rana O(NP\G>Ran € RGP(M X G)Ran
whose fiber at a point z € X recovers O(G), O(Np\G), O(Np\G) € Rep(M x G), respectively.

9We have ignored one subtlety: taking invariants for O(Np)Ran as an algebra object in Rep(M )ran With external
convolution does not recover the functor C*(fip, —). Rather, this functor is given by taking invariants when O(Np)gran

is considered an algebra object in Rep(M )ran With pointwise convolution. However, these differ exactly by the functor
of inserting the unit, cf. the previous footnote.



10 JOAKIM FERGEMAN AND ANDREAS HAYASH

1.5.5.  We define three categories consisting of objects of SIpran equipped with extra structure
related to the action of Rep(M x G)ran:

(1) HeCkeM,G'(SIP,Ran) = O(G)Ran —mOd(SIRRan).
For F € SIpRran, we refer to a lift of F to HeckeMC(SIp,Ran) as a Hecke structure on F.

Concretely, this amounts to a family of isomorphisms:
F*V =Res% (V) x F, V € Rep(G)ran

satisfying natural higher compatibilities.

(2) DrPleé(SIRRan) = O(Np\é)Ran —mOd(SIRRan).
For F € SlpRran, we refer to a lift of F to EnhDrPlM’G(SIRRan) as a Drinfeld-Pliicker
structure on F. At a point x € X, this amounts to a family of maps:

VNP« F — F+V, V e Rep(G)

satistying natural higher compatibilities. Here VNP is the underived invariants of V along
Np.
(3) EnhDrPly; »(SIpran) := O(Np\G)Ran -mod(SLpRan).
For F € SIpRan, we refer to a lift of F to EnhDrPlM’G(SIRRan) as an enhanced Drinfeld-
Pliicker structure on F. Concretely, this amounts to a family of isomorphisms:

FaV=C(ap, V) * F, VeRep(G)ran

(ﬁP Ran

satisfying natural higher compatibilities.

jeel
Theorem 1.5.5.1. IC5y, s canonically equipped with a Hecke structure. Moreover, ji is canoni-
cally equipped with an enhanced Drinfeld-Pliicker structure.

Remark 1.5.5.2. In fact, contrary to [Gail8||Gai2]], we define IC2 g, by the requirement that it

0

possesses a Hecke structure. Since we have avoided defining ICgRan in this introduction, we keep
the first part of the above result as a theorem for simplicity. On the other hand, that ji possesses
an enhanced Drinfeld-Pliicker structure is quite non-trivial and follows from Theorem

This illustrates one of the main points of this paper rather well: instead of trying to define the
enhanced Drinfeld-Pliicker structure on ji directly, we define another sheaim with an enhanced
Drinfeld-Pliicker structure and identify it with j!H If, for example, one tried to construct isomor-
phisms

JxV~C*ap,V)  x i, VeRep(G)ran
Q(fip)Ran

directly, this would be very subtle.

1.5.6. Where do these structures come from? We have highlighted the advantage of our approach to
constructing, say, Hecke structures on sheaves of interest compared to the approach taken previously
in the literature, as this required constructing essentially all the structures ’by hand’. This begs the
question of whether we have completely removed the necessity of doing things by hand.

This is not quite true. After all, our statements involve Langlands dualityH and so combinatorics
has to appear at some point. In our case, this appears when having to construct a Drinfeld-Pliicker

101y this case Invo (¥p)man (ICERM).

HwWhich is in principle straightforward: to give an isomorphism F =~ ji, one has to identify F with the dualizing
sheaf upon restriction to S%,Ran and show that the %-restriction of F to 5%’%“\5'%;{&“ vanishes.

12Langlands duality that does not come from geometric Satake, that is.



PARABOLIC GEOMETRIC EISENSTEIN SERIES AND CONSTANT TERM FUNCTORS 11

structure on the delta sheaf along the unit section Ran — SﬁanM \ Gr¢ Ran from which we bootstrap
everything. However, constructing this Drinfeld-Pliicker structure is very simple, and we regard it
as the minimal ’combinatorical’ input needed to obtain the results of this paper.

1.6. Local-to-global comparisons. In this subsection, we describe how to relate the semi-infinite
IC-sheaf ICERan to the IC-sheaf of Bun p. We refer to Section [5| for more details.

1.6.1. We let N
GrP,BunM — Buny
denote a relative version of 5?37Ran living over Bunyy, see By definition, it comes with a canonical
map: N N
GerBunM - ’QP—EanM\SOP,Ran' (161)

e} e}
We let Bun,, IC 5 R4y » Bunasdi denote the -pullbacks of IC2 . ,Ji, respectively.

1.6.2. We have a natural map:
Tp GrP,BunM i Bunp.
Theorem 1.6.2.1 (Theorem [5.3.8.1)). We have a canonical isomorphism:

@0

W};(ICﬁaﬁp)[dim(Bunp)] = (OFT

Moreover, the counit map
!
mpromp(IC0s,) — ICq5,

18 an isomorphism.

Remark 1.6.2.2. Here, dim(Bunp) denotes the locally constant function on Bunp that gives the
dimension of a given connected component.

1.6.3. Consider the prestack B.E;lppol over Ran that parametrizes a point x; € Ran and a general-
ized P-reduction on X that is non-degenerate away from z (see §5.2.3|for a precise definition).

The main property of Bun P,pol is that it carries Hecke modifications for both M and G. That is,
the category D(Bunppel) is a module category for Rep(M X G’)Ran. This allows us to talk about
Hecke structures and (enhanced) Drinfeld-Pliicker structures of objects of D(Bunp 1) as in §1.5.5

1.6.4. We have an open embedding:
JPpol : Bunp x Ran — ]§I1/np7p01.
We define j¥° := jp po11(WBunp x Ran) € D(Bunp po).
1.6.5.  We have a closed substack
iPpol : ]—S)E;lP,zer — ]—S)TﬁlP,pol

defined by requiring the Drinfeld-Pliicker maps be regular. It comes with a tautological map forget-
ting the point of Ran:
oblv,er : Bunp e — Bunp.

We define
!

1Cs— = Z'p7p01,* o OblVZer

BunP,pol (ICEEI/IP) € D(Bunp’p()l)
As a consequence of Theorem [1.6.2.1] and the results in we obtain:
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Theorem 1.6.5.1. IC%P 1 is a equipped with a canonical comodule structure for O(Np)Ran.
,PO

Moreover, we have:
B . - sglob
InVO(NP)R,an (ICBunp’pol) - ']' )

In particular, jy is equipped with a module structure for Q(Mp)Ran-

Theorem 1.6.5.2. IC%P ' is canonically equipped with a Hecke structure. Moreover, j!glOlD 18

canonically equipped with an enhanced Drinfeld-Pliicker structure.

1.7. Organization of the paper. In Section [2| we recall notations and conventions.

In Section 3, we introduce the main geometric players that appear in this paper.

In Section 4, we introduce and study the parabolic semi-infinite IC-sheaf.

In Section 5, we prove the local-to-global comparison between the semi-infinite IC-sheaf and the
IC-sheaf on Bun p.

In Section 6, we prove the compatibility stated in §1.4] between restriction of representations and
the Jacquet functor under the geometric Casselman-Shalika equivalence.

1.8. Acknowledgements. We thank Justin Campbell, Gurbir Dhillon, Linus Hamann, David
Hansen and Sergey Lysenko for many stimulating and insightful discussions.

We are especially grateful to Dennis Gaitsgory, Ivan Mirkovi¢ and Sam Raskin, conversations
with whom had a significant influence on the development of this paper.

2. NOTATION
In this section, we establish notation and conventions used throughout the paper.
2.1. Categorical conventions and base field.

2.1.1.  Throughout, we work over an algebraically closed field k of characteristic zero. We freely use
the language of higher category theory and higher algebra in the sense of [LurQ9|, [Lurl?|, [GR19].
Throughout, by a (DG) category, we mean a k-linear presentable stable (o0, 1)-category. We denote
by DGCatcont the category of DG-categories in which the morphisms are colimit-preserving functors.
Henceforth, we refer to DG-categories simply as categories.

2.1.2. For a category € equipped with a t-structure, we let CS? and CZ° the subcategories of
connective and coconnective objects, respectively. We denote by €V = €S0 ~ €20 the heart of the
t-structure.

2.2. D-modules and functoriality.

2.2.1. Let Y be a prestack locally almost of finite type in the sense of [GR19]. Following [GR17],
we denote by D()) the (DG-)category of D-modules on ).

2.2.2. Functoriality. Let f: X — ) be a map of prestacks locally almost of finite type. We have a
pullback functor
DY) - D(X).
Whenever its left adjoint is defined, we denote it by fi.
If f is ind-representable, we similarly have a (continuous) pushforward functor

Ja D(X) - D(y>~

Whenever its left adjoint is defined, we denote it by f*. Recall that both f; and f* are defined on
holonomic D-modules.
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2.3. Lie theory notation.

2.3.1. Let G be a connected reductive complex algebraic group over k. We assume throughout
that G has a simply-connected derived subgroup. This is a standard assumption that simplifies the
definition of Drinfeld’s compactifications and Zastava spaces. To remove this hypothesis, consult
[ABB™ 05, §4.1] or [Schifl §7].

We choose a splitting 7' < B and an opposing Borel B~ so that B~ n B = T. We let N, N~
denote the unipotent radicals of B, B~. Denote by g,b™,n,n", t the corresponding Lie algebras. We
let G be the Langlands dual group of G.

2.3.2. Welet A, A (resp. At A™T) be the lattice of characters and cocharacters of T' (resp. dominant
characters and dominant cocharacters). The reason for choosing this notation is that cocharacters
appear more in this paper than characters, making it more convenient to reserve the ’checks’ for
the characters. Let W be the finite Weyl group of G.

We denote the coroots of G by ®, and we write J = Jg for the set of positive simple coroots of
G and by J"°® the set of negative simple coroots. For each i € J, we have a corresponding simple
coroot «; and simple root ¢&;.

2.3.3. Parabolic notation. Let P < G be a standard parabolic subgroup with unipotent radical Np
and Levi quotient M. We let p,np,m be the corresponding Lie algebras. Write Jys < J for the
subset of the Dynkin diagram corresponding to M. We let [\Q p,Ag,p be the lattices of characters
and cocharacters, respectively, for the torus M2 := M /[M, M]. There is a natural map

A—Agp (2.3.1)

induced by T — M?. By simply-connectedness of [G, G], the kernel of the above map is spanned
by «;, where i € Jpr < J is a simple coroot corresponding to a vertex in the Dynkin diagram for M.
We let AL < Ag,p be the monoid spanned by linear combinations with non-negative coefficients

of the images of a; for i € J\Jps under the map (2.3.1). Write ALY = —AD%.

3. THE MAIN GEOMETRIC PLAYERS
Fix a smooth projective curve X over k.

3.1. Affine Grassmannians and configuration spaces. In this subsection, we review the various
versions of the factorizable affine grassmannian needed in the paper. We refer to [BEGMO02] for a
more detailed discussion of the spaces introduced. We freely use the language of chiral /factorization
theory as in [Raslj].

3.1.1.  Associated to the lattice Ag p we have the scheme Confg p parameterizing divisors on X

with coefficients in Aré;%;. It splits as a disjoint union

Confgp= [] X’
0eAGSH
where X? parameterizes Age%p—valued divisors on X of total degree 6. Note that Confg p is naturally
a monoid under addition of divisors.

3.1.2.  Denote by Grys, the affine Grassmannian for M at a point x € X. For an M-bundle P; and
an M-representation W, we let Wy, be the induced vector bundle on X. Mostly, we will consider
representations of the form W = VP for a G-representation V.
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3.1.3. We let Gr;\r/[@ be the subscheme of Grys, parameterizing (Pas, ¢) € Grys,, where:

e Pysis an M-bundle on X.
e ¢ is a trivialization away from x

~ 50
¢ Puix—s = Puix—a
such that for every G-representation V', the induced map of vector bundles

Vprr S VLe
M|X—a P -z

is regular on D,.

3.1.4. The connected components of Grj; are indexed by W?lg(M ) := A/ZJ s, the algebraic fun-
damental group of M (i.e., the coweight lattice of M modulo its coroot lattice). Since [G,G] is

simply-connected, we have ﬂ?lg(M ) = Ag.p. For 8 € Ag p, we write Gr?w for the corresponding
connected component.
Moreover, let Gr;\rf = Gr}; n Gr%;. By construction (see e.g. [BG99, Prop. 6.2.3]), we have

Gry’ # @
if and only if 6 € Ageﬁp.
3.1.5. Denote by Grjsran the Beilinson-Drinfeld affine Grassmannian living over Ran = Rany,

the Ran space of X. We may similarly define a factorization space Grj(/[ Ran Over Ran with fiber at
x € X given by Grj\”/‘,m.

3.1.6. For an algebraic group H, we will also consider the group prestacks
S;{anH and LranH

of arcs and loops into H over Ran, respectively. More precisely, the fiber of SﬁanH over a point
xy of Ran is a map from the formal completion of z; along X to H, and the fiber of £r.,H over
a point x; is a map from the complement of z; in the affinization of the formal completion of z;
along X into H.

Note we have an equivalence

GrH,Ran — S‘Ran(H)/E}tan(H)

as spaces over Ran. Throughout this paper, we sheafify quotients of prestack by algebraic groups in
the fppf topology.

3.1.7. Version living over configuration space. Denote by Grpsconf the factorization space over
Confg p parameterizing triples (D, Py, ¢), where D € Confg p is a Age%—valued divisor on X, Py

is an M-bundle, and ¢ is a trivialization of P; away from the support of DH

L3We write Graz,conf instead of the more cumbersome notation Gras,contg -
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3.1.8. For an algebraic group H we have versions Séoan and LoontH of the arc and loop spaces,
living over Confg p. These split as disjoint unions:

oot = [ £4H and LconsH = [] £xoH.
feLSE, O,

Here the index XY is used to denote the connected component living over the component X? of
Confg p.

Concretely, £contH parameterizes a divisor D € Confg p and a map from the punctured disk
around the support of D to H. The arc group Sg onfH 18 defined similarly.

3.1.9. Take H = M. We define the group prestack LcontM ™ S LoontM by the requirement that
the diagram

Econf]\4Jr — SConfM

GrJT/[,Conf ? GrM,Conf
be Cartesian. For 6 € Ay %, we let £o M+ be the pullback of LcontM ™ to X?.

3.1.10. We have a natural factorization space Gr;\} cont OVer Confg p with fiber at 6 - x given by
Gr;\rﬂ’ex For example, if P = B is a Borel subgroup, then

(er/l,conf)red ~ Confg B .

We let:

+ ot 0
Gry yo = Grypcons . X X7
’ Confg p

3.1.11. Observe that we have a natural action
Ran — GrM,Ran

given by y - (z, Py, ¢) = (y U z,P,¢), where x,y € Ran. Moreover, the action preserves Gr]T/[?Ran.
In other words, Grysran and Gr;\%Ran are unital factorization spaces.
We similarly have an action:
Confg,p — Gras,cont -

3.1.12. Warning. Note that this action does not preserve Gr]D Cont

MThere is another space which deserves to be called erfyconf; namely the factorization space over Confq, p with
fiber at 6 - x given by Gr}l’z. This space will not appear in the paper, however, and so no confusion is likely to occur.
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3.1.13. We have the following basic lemma:
Lemma 3.1.13.1. The prestacks
GrasRan /Ran, Grpsconf / Confg p
become isomorphic after sheafification in the fppf topology. Under this isomorphism, the composition
Grj\%’conf — Gryr,cont / Confe p ~ GrysRan / Ran
maps tsomorphically onto GrMRan/ Ran.

Proof. Consider the prestack Grysgen Whose S-points for an affine scheme S parameterize an M-
bundle Pj; on S x X together with a trivialization ¢ on some domain U < S x X. We remind
that a domain is an open subscheme such that for every k-point s € S, its restriction to X is dense
(equivalently, non-empty). We have natural maps:

GrM,Ran/Ran — GrM,gen <« GI‘M7conf / Confgp .

We claim that these maps become isomorphism after sheafification in the fppf topology. It suffices
to check this for S-points where S is an affine scheme of finite type. By [Barl2, Lemma 5.5.1], every
domain U € S x X is fppf locally the complement of a union of graphs. Similarly, by Lemma 3.2.7
in loc.cit, every domain is Zariski locally the complement of a divisor.

To prove the second part of the lemma, define Grj‘”/lvgen in the obvious way. We have maps

Grj\r/[’Ran/Ran — Grhgen — GrJJ\r/I,Conf . (3.1.1)
By construction, the left-most map is an isomorphism after fppf sheafification. Let us construct an
explicit inverse to the right-most map. Thus, let (U < S x X, Py, ¢) be an S-point of Gr]T/Lgen. We
get an associated A%?;—Valued divisor D on X. Concretely, for every character o of M of the form
v = VNP for some G-representation V, D is the divisor such that

g’]w = OSXX(_<D7 D>)
compatibly with the embedding into Ogxx =~ L;O . We claim that for every G-representation V,
M

the embedding of coherent sheaves

. 1/NP Np
Pv VTM - VT?M

is an isomorphism away from the support of D. Indeed, it suffices to check this after taking deter-
minants of both vector bundles, where the assertion in turn follows from the definition of D.
This provides a map
+ +
GrM,gen - GrM,Conf’
which is easily seen to be the inverse of the right-most map of (3.1.1).
O

3.2. Factorization via twisted arrows: categories. In the next subsections, we review the
construction of factorization algebras (resp. factorization categories) from a commutative algebra
(resp. symmetric monoidal category). Many of the constructions follow [Gai21l, §2].

3.2.1. Twisted arrows. Denote by fSet the category of non-empty finite sets under surjection. Note
that any surjection ¢ : I — J induces a closed embedding

A¢:XJC—>XI

in the natural way.
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3.2.2.  We let TwArr be the category whose objects are surjections
¢: 1 — J,

where I, J € fSet. Morphisms between (I; — Ji) and (I2 — J3) are given by commutative diagrams

n—2" 5.

I2 % J2.
Both 17 and 1 ; are required to be surjective.

3.2.3. Let C be a unital symmetric monoidal category. We may construct a unital factorization
category Fact(C)ran over Ran whose fiber at x € X is € itself. Namely, let:

Fact(C)gay := li ¥ @ D(X’ 3.2.2
Rt(Onan =, SRS O P, (322)

where for any commutative diagram , the corresponding functors between the categories are
induced by:

o Ay, #: D(X1) - D(X%).

e The natural map C®1 — €®2 coming from 1); and the monoidal structure on €.

It is easy to see that the unital structure on € as a symmetric monoidal category defines a natural
unital structure on Fact(C)ran as a factorization category. Concretely, for K € fSet, the unital
structure is induced by the maps

D(XK)®G®I®D(XJ) N e@IuK®D(XJuK)’

where C® — C®I-K 5 given by inserting the unit and D(X¥)® D(X7) — D(X/“K) is exterior
product. These combine to give an action

D(Ran) —~ Fact(C)Rran,

where D(Ran) is considered as a symmetric monoidal category under convolution (i.e., pushforward
along the map Ran x Ran — Ran, (z,y) — z uy).

3.2.4. Variant: Fizing I. Let I € fSet. We define the category TwArr;, whose objects are maps

I —J—» K,
and where morphisms are commutative diagrams:
I » J1 » Kl
id
I » J2 » KQ.

It is not difficult to see that we have an isomorphism:

Fact(C); := Fact(C)ran DX ~ li e® @ D(XK). 3.2.3
act(C) := Fact(C)Rra D(Cﬁ)an) (X79) (1os SO s ® D(X™) (3.2.3)
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3.2.5. Pointwise convolution. Let I — J — K. Observe that each term
¥ @ D(XK)
in the colimit (3.2.3)) is symmetric monoidal category in D(X’)-mod. Since the transition functors
are moreover symmetric monoidal, we see that Fact(C); is equipped with a symmetric monoidal
structure over X.
Taking the limit over I € fSet, we see that Fact(C)ran is equipped with a symmetric monoidal
structure over Ran. We refer to this monoidal structure
Fact(C)ran ®  Fact(C)ran — Fact(C)ran
D(Ranx)
as pointwise convolution. Note in particular that the pointwise convolution of two elements in
Fact(C)ran supported on z,y € X, respectively, with x # y is zero.
Unless stated otherwise, we will only consider Fact(C)gra, with its monoidal structure given by
poinstwise convolution.

3.2.6. We have the following basic lemma:

Lemma 3.2.6.1. The functor
C +— Fact(C)Rran

1s symmetric monoidal. That is, we have a canonical symmetric monoidal equivalence:

Fact(C)ran ®  Fact(D)Ran — Fact(C® D)Rran.

D(Ranx)
Proof. 1t is easy to see that we have a canonically defined symmetric monoidal functor
Fact(C)ran ®  Fact(D)ran — Fact(C ® D)ran,

D(Ranx)
and we need to check it is an equivalence. Since the functor is a functor of factorization categories,
we may check the map is an isomorphism over X < Ran. But

D(X) ® Fact(€)ran ~ €® D(X)
D(Ranx)

by (3.2.3)), and similarly for D, so this is clear. O

Remark 3.2.6.2. The above lemma also formally gives the pointwise symmetric monoidal structure
on Fact(C)Rran-

3.3. Factorization via twisted arrows: algebras.

3.3.1. Let A € CommAlg""(C) be a unital commutative algebra object in €. We may associate a
unital factorization algebra Fact®®(A) in Fact(€)gan whose -fiber at z € X is A itself. By !-fiber of
Fact®&(A) at x, we mean the functor
Fact(C)ran ~ D(Rany) ®  Fact(C)pan 2% D({z}) ®  Fact(C)pan ~ C
D(Ranx) D(Rany)
evaluated on Fact®®(A), where i, : {x} — Ran is the inclusion.
Namely, we set:

Fact# (A)Ran :=  colim A¥ 510 XJ-
(I—+J)eTwArr

Here, AM Xlwys € C¥T @ D(X7). For a commutative diagram (3.2.1)), the colimit is formed with
respect to the induced maps:

[ ] Awa*(wX‘]l) — WXJQ.
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o my,_1,(AH) — AP coming from the algebra structure on A, where my, ., is the multi-
plication map C®11 — C®2,
The unital structure on A naturally defines a unital structure on Fact?8 (A)Ran as a factorization
algebra.

3.3.2. It is easy to see that the functor
A — Fact™®(A)Ran

is right-lax symmetric monoidal. In particular, if A, B € CommAlg""(C), we have a canonical map
of commutative factorization algebras:

Fact®®(A)Ran ® Fact™®(B)ran — Fact™®(A ® B)Ran (3.3.1)
taking place in Fact(C)ran.
Lemma 3.3.2.1. The map s an isomorphism. In particular, the functor
A — Fact®®(A)Ran
1s symmetric monoidal.

Proof. We need to check that the map (3.3.1)) is an isomorphism. Since (3.3.1]) is a map of factoriza-
tion algebras, it suffices to check that it is an isomorphism when restricted to X < Ran. But there
it follows from the fact that the restriction of Fact®&(A) to X is given by

AXlwx € CRD(X)~D(X) ®& Fact(C)ran,
D(Ranx)

and similarly for Fact(B)s. O

3.3.3.  From the above lemma, we see that Fact®#(A) is a commutative algebra object in Fact(C)gan.
Moreover, if A € CommBiAlg(€C) := CommAlg""(CoAlg(€)) is a bialgebra object in € that is
commutative as a unital algebra object, then Fact®(A) is a bialgebra object in Fact(C)gan.

3.3.4. Coalgebra analogue. If A € CoCommCoAlg""(C) is a unital cocommutataive coalgebra object
in €, we may similarly define a unital factorization coalgebra Fact®¥2(A)g., in Fact(C)ran whose
cofiber (or #-fiber) at x is A itselfﬁ Namely:
Fact®8(A) := colim  AM R Ey,.
(I—-J)eTwArreP
Here, k denotes the constant sheaf. The maps between the terms in the colimits are dual to those of
§3.3.1| Similar to above, Fact®8(A) has a natural structure of a cocommutative coalgebra object in

Fact(C)Rran. Moreover, if A is a bialgebra which is cocommutative as a coalgebra, then Fact(A)5 ™

is a cocommutative bialgebra object in Fact(C)ran-

i
15Gimilar to before, #-fiber at # means the functor Fact(C)ran ~ D(Ranx) ®  Fact(C)ran > D({z}) ®
D(Rany) D(Ranx)

Fact(C)Ran =~ C evaluated on Fact®*2(A). In general, this functor takes values in the pro-category Pro(C). However,
when evaluated on Fact®®8(A), it is easily seen to factor through € < Pro(€).



20 JOAKIM FERGEMAN AND ANDREAS HAYASH

3.3.5. Finally, we note the following. Let

Fact(C)Ran,indep := Fact(C)ran &  Vect
D(Ran)

be the independent category of Fact(C)ran. Here, we consider D(Ran) with its convolution monoidal
structure. The action D(Ran) —~ Vect is given by pushforward along pra, : Ran — pt, which is
symmetric monoidal.

I-pullback along pran defines a fully faithful embedding

Fact(C)Ran,indep — Fact(C)ran-
It is clear that Fact®8(A) (resp. Fact®®8(A)) lies in the image of this functor.
3.4. Geometric Satake and factorization algebras associated to nilpotent radicals.

3.4.1. Fix a parabolic subgroup P of G' with Levi M. We set
Rep(M)Ran := Fact(Rep(M))Ran-
3.4.2. Denote by #ip the nilradical of p = Lie(P), and let
C*(#ip) € Rep(M)
be the cohomological Chevalley complex of fip considered as a representation of M. Note that
C*(np) is a commutative unital algebra object in Rep(M). Let
Q(fp)Ran = Fact™®(C* (ip))Ran € Rep(M)ran

be the corresponding commutative factorization algebra.

3.4.3. Dually, let ]
C.(ﬁp)Ran € Rep(M)
be the homological Chevalley complex of nip. Let
T(fip)Ran := Fact®8(C,(iip)) € Rep(M)Ran

be the corresponding factorization algebra. It has the structure of a cocommutative coalgebra.

3.4.4. Let

U(np) € Rep(M)
be the universal enveloping algebra of np and define
$U(Rp)Ran := Fact™&(U(#p)) € Rep(M)Ran-
It has the structure of a cocommutative bialgebra, cf. §3.3.3]
Similarly, let § §
O(Np) € Rep(M)
be the commutative algebra given by functions on Np. We let
O(Np)Ran := Fact®8(O(Np)) € Rep(M)Ran.

It has the structure of a commutative bialgebra.
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3.4.5. Let
SphM,Ran
be the factorization category associated to the spherical category of M. That is
Sphy Ran = colim Sphyy ,

where

Sphyyr = D(&L, M\Ex 1 M/L%, M).

21

Here, £;IM = £§anMR>;nXI (resp. £yr M) parameterizes an I-tuple 2y € X7 and a map Dy, — M

(resp. Dy, — M).
3.4.6. We have a full subcategory

SphJJ\r/[,Ran < SphM,Ran

consisting of D-modules supported on GrL Ran- Note that the (pointwise) monoidal structure on

Sph s gan restricts to one on SphMRan.

3.4.7. We also have versions living over the configuration space:
Sph]T/[,Conf < Sphjy cont.

Here, the !-fiber of Sphj\%Conf at some 0 - x € Confg p is

D(&f M\ Gry%).

Let us give a concrete description of Sphj\% Conf> Which also makes it evident that the category is

equipped with a natural external convolution monoidal structure.

3.4.8. Recall the group prestack LconrM ™ over Confe p from §3.1.9) Observe that we have:

+/a+ _ o
LeontM ™/ L50nM = GrM,Conf‘

Moreover, we have:
SphJD,Conf = D(’SéonfM\’SconfMJr/SéonfM)'
Note that we have a natural decomposition

SphJJ\r/l,Conf: ) SphL,Xe,

neg
GeAG, b

where SphT := Sph D(X?).
p M,Xe p M,Conf D(COQI?fG’p) ( )

3.4.9. There is a natural action (not relative to Confg p):

+ + +
SconfM X GrM,Conf - GI‘M7C0nf

changing the trivialization at the punctured disk. Note that the underlying divisors of Confg p get

added under this action.
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3.4.10. The external convolution structure on SphJJ\r/I,Conf is defined by !-pull, *-push along the
correspondence:

+
2ConfM

’Sgonf M\’gconfM+ X GrJJ\rLConf Conf M\SCOHfM+ /’SConf

Conf M\’SconfM+/£ConfM x ‘gConfM\‘gconfM+/£Conf

We note that the usual argument shows that the horizontal map of the above correspondence is
stratified semismall. In particular, convolution is t-exact for the natural perverse t-structure on

SPh}; conr Siven in §3.4.17

3.4.11. The factorizable naive geometric Satake functor. By [Ras21) §6], we have a monoidal functor

Satly . : Rep(M)Ran — Sphs Ran
that restricts to the usual (naive) geometric Satake functor Sat™ on fibers and that is t-exact when
restricted to X7. We will denote by Saty; the restriction of Satfy,, to D(XT).

By abuse of notation, we also denote by

Q(ﬁP)Rana T(ﬁP)Rana L((ﬁP)Ran, O(NP)Ran
the corresponding factorization algebras from §3.4| under Saty},,.

Lemma 3.4.11.1. The factorization algebras
Q(ﬁP)Ranu T(ﬁP)Ranv u(ﬁP)Ran) O(NP)Ran

are supported on
SphM Ran — SphM Ran.

Proof. Recall that we may also regard Ag p as the character lattice of Z(M)®, the connected compo-
nent of the identity of the center of M. Here, AY G.P % becomes the positive span of the simple positive
roots not contained in m. We will prove the assertion for Q(fp)gan, the proof for the remaining
factorization algebras is similar.

Let wo be the longest element in the Weyl group of M. By [BG99, Prop. 6.2.3|, it suffices to

check that if v is an M-dominant root occurring in #ip, then wj!(v) is a sum of positive roots in G.

However, this simply follows from the fact that M stabilizes #ip; in particular, wé\/l (v) will be a sum
of positive roots in np. O
3.4.12. Let
SphJJ\r/[,Ran,indep SphM Ran (®an) VeCt7

as in By Lemma, we have an equivalence:

SphM Ran,indep — SphM Conf. (341)
By unitality of the factorization algebras, we may view Q(fip)Rran, T(p)Ran, 4(fp)Ran, O(Np)Ran
as factorization algebras in Sphj\% Conf+ L0 avoid confusion, we write

Q(ﬁP)Conf7 T(ﬁP)COnf7 u(ﬁP)Confa O(NP)Conf

for the corresponding factorization algebras in Sphj\r/[ Conf*
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3.4.13. By construction, the fiber of Q(fip)cont and O(Np)cont at 0 - x € Confg p is
C*(iip)’, O(Np)’ € Sphy, ,;

that is, the image under geometric Satake of the f-graded piece of C*(fip) and O(Np), respectively.
We have analogous assertions for Y (fip)cont, 4(1p)cor With respect to #-fibers.
We let

Q(ip) xo, T(p) xo, U(ip) xo, O(Np) xo € SphM X0
be the respective restrictions of the factorization algebras to X% < Confg p.

3.4.14. Note that the pointwise convolution structure on Sphy; gy, restricts to one on SPh; Ran-

Lemma 3.4.14.1. Under the equivalence , pointwise convolution structure goes to external
convolution.

Proof. The pointwise convolution structure on Sph;\hRan is given by pull-push along the correspon-
dence

+
£Ran

M
RanM\SRan x GIAJJ\r/I,Ran RanM\sRanM+/£Ran

RanM\SRanM+/£RanM X ’QRanM\’gRanM+/£Ran

Note that the above is a correspondence of unital factorization spaces over Ran. Taking the quotient
by Ran, we obtain the convolution diagram for SphJD Ran,indep” However, by Lemma 3.1.13.1f this is

precisely the convolution diagram for SphJJ\rJ Conf* (|

3.4.15. By the above lemma, Q(fip)cons is equipped with a commutative algebra structure in
Sphj\’/f Cont With its external convolution structure. Similar assertions hold for Y (ip)cont and U(fip)cont-

3.4.16. By construction, Q(fip)cons is a locally compact object of Sph}, ¢, and we have

D(Q(1p)cont) > T(1p)con- (3.4.2)
Similarly, we have: )

D(O(Np)cont) ~ U(Rp)Cont- (3.4.3)
3.4.17. t-structure. We define a t-structre on Sphj\% Cons PY the requirement that the forgetful functor

Sph]—Q,COnf - D(Gr]&yconf) (344)

is right t-exact. The argument in [Ber21l Lemma 2.1.15| shows that (3.4.4]) is t-exact.
Lemma 3.4.17.1. The factorization algebras Q(np)cont and Y(Ap)cont are perverse.

Proof. Tt suffices to show that Q(fip)cont is perverse by (3.4.2).

Let Foﬁp = ﬁp,Fﬁlﬁp = [ﬁp,ﬁp],F72ﬁp = [Fﬁlﬁp,ﬁp] etc. Let ﬁ’é) = Fﬁiﬁp/Ffiflﬁp.
Denoting by * the convolution structure on SphJD Cone- Then Q(fip)cont carries a filtration with
associated graded 7

’:Q (ﬁ%)Conf .
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Since convolution is t-exact, we may assume that np is abelian. Decompose np = fip, into its
oD
G,P

weight spaces for the action of Z(M). Then we need to show that each

Q(ﬁP,oz)Conf
is perverse, where we consider fip, as an abelian Lie algebra. Recall that Q(np,)ye denotes the
restriction of Q(fpq)conf to X9 c Confg, p. Then Q(npy) xe is non-zero only if # = n - ¢, in which
case
Qpa)xo = (2(0pa)xe)™.

Thus, it suffices to show that Q(iip,)x« is perverse. By construction, it is supported over the main
diagonal X — X% x — «-x. Moreover, it is easy to see that Q(fipy)xe is ULA over X. Thus,
we simply need to check that the !-fibers of Q(ip,)xe at a point « - x is concentrated in perverse
degree 1. But this fiber is the image of C*(fip)* = ipo[—1] under geometric Satake. O

3.4.18. We record the following lemmas for later use:
Lemma 3.4.18.1. For 0 # 0, the sheaf U(fp)xo is concentrated in perverse degrees > 1.

Proof. Since $(fp)cont is a factorization algebra, it suffices to show that its =-pullback along the
diagonal

XX 2502
is concentrated in perverse degrees > 1. Denote by i(iip) e the resulting sheaf over X. As in the
proof of Lemma [3.4.17.1] the sheaf ${(ip) o0 is ULA over X. Moreover, its #-fiber at some z is given
by the image of

U(fp)’ € Rep(M1)?
under geometric Satake. Since the latter is perverse, this forces {(iip) a0 to live in strictly positive
cohomological perverse degrees. (Il
Lemma 3.4.18.2. For 0§ # 0, the sheaf O(Wp)xo is concentrated in perverse degrees < —1.

Proof. This follows from a similar argument to that of Lemma (3.4.18.1]), or alternatively by applying
loc.cit and Verdier duality. O

3.5. Drinfeld’s compactification.

3.5.1. Associated to our smooth projective curve X, we have the moduli stack Bung of principal
G-bundles on X. Additionally, we have the moduli stacks Bunp and Bunj; of principal P and
M-bundles, respectively. The quotient map P — M and the inclusion P < G induce morphisms:

q : Bunp — Bunjy;
p: Bunp — Bung .

The stack Bunjys has connected components Bunj, indexed by 7 € ﬂflg(M ) = Ag,p. We denote
by Bun’]; the preimage of Bun?\/[ in Bunp.
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3.5.2. The map p : Bunp — Bung has a relative compactification
P Bunp —> Bung,
namely Drinfeld’s compactification, see [BG99|. The stack Bunp is also equipped with a map
q: Bun p — Bunyy
and splits as a disjoint union N .
Bunp = H Bun?D
nelAg,p

of connected components.

3.5.3. Stratification. For 0 € Agey%g, we let Hpsconf be the Hecke stack over Confg p parameterizing
(D, Py, P2, ¢), where:

e De Confa P.

e Each P4, is an M-bundle on X.

e ¢ is an isomorphism:

(Pin)ix—p = (Pir)x—p-

We may similarly define the Hecke stack fHé onf & Jconf, Where we require that the isomorphism ¢
extends to a regular embedding whenever twisting by VP for every V € Rep(G), analogous to the

definition given in

We have decompositions:

Hn1,Conf = H %M,Xga MConf H fHMX"

9eAgﬁ%‘> GGA"fg
3.5.4. We have a natural map
act : Hi, x Bunp — Bunp (3.5.1)
Bun,

by modifying the M-bundle at D. For 6 € Age%, we let 1ty be the composition:

:H:Jr

Mx0 % Bunp—>fJ-C1\/lconf x Bunp — Bunp.

Bunj, Bunj,

Proposition 3.5.4.1 ([BEGMO02|, Prop. 1.9). Fach map g is a locally closed embedding and these
stratify Bunp.

3.5.5. Henceforth, we write

o +
oBunp := H x Bunp
M,X° Bun,
In particular, g]?)?l;lp identifies with Bunp itself, and in this case we write 7 = 1y for the open

embedding:
j :Bunp — B—;l;lp.
We will also consider a finer stratification over each connected component of B—;l_flp. Namely,
]_5;1;17173 is stratified by the substacks

+ 9+n
gBun ~H, o X DBunp
P M,X Bunjy,

whose embedding into ﬁﬁ?ﬁ, we also denote by tg.
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4. PARABOLIC SEMI-INFINITE [C-SHEAF

In this section, we introduce the factorizable parabolic semi-infinite IC-sheaf. We define it in
terms of Drinfeld-Pliicker and Hecke structures, and so we start this section by discussing the latter
notions.

4.1. Pointwise Hecke- and Drinfeld-Pliicker structures. In thissubsection, we give an overview
of (parabolic) Hecke and Drinfeld-Pliicker structures. We follow closely that of [Gai2ll, §5.4] where
the case of a principal parabolic is considered.

4.1.1.  For a scheme X, we write O(X) for the derived global sections of the structure sheaf of X.

4.1.2. Hecke structures. Denote by Res% the restriction functor
Rep(G) — Rep(M).

Consider the regular representation

O(G) € Rep(G) ® Rep(G) (4.1.1)

considered as a G x G-representation. By slight abuse of notation, we continue to O(G) for the
image of (4.1.1)) under the functor

Resj\% ®id : Rep(G) @ Rep(G) — Rep(M) ® Rep(G).

4.1.3. Let € be a (Rep(M),Rep(G))-bimodule category. Since Rep(G) is symmetric monoidal, a
right Rep(G)-action gives a left action. As such, we consider € as acted on by Rep(M) ® Rep(G)
on the left.

Consider the category

Hecke; +(€) := O(G) -mod(C)

of modules for O(G) in C. For c € €, we refer to a lift of ¢ to an object of O(G)-mod(€) as a Hecke
structure on c.

4.1.4. Drinfeld-Plicker structures. Let Np denote the unipotent radical of P. Consider the functor
(—)NP : Rep(G) — Rep(M), V — y NP
of taking invariants against Np. Here we take non-derived invariantsm
Let

Np\G 1= Spec(HY(O(Np\G))
be the (parabolic) basic affine space. We have:

O(Np\G) ~ @ (VY7 @ (V)

A

as va G-representations, where the sum is over all dominant coweights of G. We remind that
(VMNP identifies with the irreducible representation M of highest weight .

1655 for example the trivial representation maps to the trivial representation.
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4.1.5. Consider the category
DTP1M7G(G) = O(NP\G) —mod(@).

Concretely, for ¢ € €, the datum of a lift of ¢ to DrPl;; ~(€) consists of a family of maps

VP wc - c*V, VeRep(G)
satisfying Drinfeld-Pliicker identities as in [Gai21l §5.3]. We refer to such a lift as a Drinfeld- Pliicker
structure on c.
4.1.6. The map
G — Np\G
induces a homomorphism L
O(Np\G) — O(G)

and hence a forgetful functor

HeckeMC((?) - DI"PIM’GV(G). (4.1.2)
The functor (4.1.2)) admits a left adjoint:
Indgf;ﬁ;ﬂ’f : DrPly; #(€) — Heckey; #(€), ¢— 0@G) ® e
’ O(Np\G)

4.2. Factorizable Hecke- and Drinfeld-Pliicker structures.
4.2.1. From the algebras

O(G), O(Np\G) € Rep(M) ® Rep(G),
we get the algebras (cf. §3.3.1)):

Factalg(O(Np\G))Ran,Factalg(O(G))Ran € (Rep(M) ®@Rep(G))Rran =~ Rep(M)Ran D(%@ )Rep(G)Ran.

We use the shorthand notation:
O(Np\é)Ran = Factalg(O(Np\é))Ran, O<G)Ran = Factalg(0<é))Ran.

Moreover, recall the coalgebra

cf. §344

4.2.2. Suppose that € is a category over Ran equipped with a (Rep(M )Rran, Rep(G)Ran)-bimodule
structure. As in §4.1.3] we consider it as a category acted on by Rep(M)ran ® Rep(M)Rran on
D(Ran)

O(NP)Ran € Rep(M)Rana

the left.
We write

Hecke 7 (€) := O(G)Ran -mod(€), DrPly +(€) := O(Np\G)ran-mod(C).
As in we have a map of algebras
O(Np\G)Rran — O(G)Ran,

inducing a forgetful functor

Hecke NG

OblVDrPlM’G . HeCkeM,G(e) — DI‘PIM7G(€). (4.2.1)
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The functor (4.2.1) admits a left adjoint:

Heck .
In de;le;V[GG DrPly; #(€) — Heckey; #(C), ¢ O(G)Ran ofF Q\<)G) c. (4.2.2)
Np Ran

4.2.3. Recall that O(Np)Ran has a natural structure of a coalgebra object in Rep(M)Rran. The
action
NP — é
induces a coaction of O(N P)Ran O O(G)Ran. It follows that we have a coaction of O(N P)Ran O
the monad Hecke Hecke
Oblv, Pl MG 5T ndp, Pl M.G : DrPl,; (G) — DrPlM,G(G).

Hecke Jvlte Heckey; .G

Corollary 4.2.3.1. Let ce DrPlMG(G). Then O(Np)Ran coacts on Oblvp,p ' oTndp,p) % (c).

4.2.4. Enhanced Drinfeld-Pliicker structures. Next, we introduce an intermedlate structure that sits
between a Hecke strcture and a Drinfeld-Pliicker structure.
From the algebra o 5 §
O(Np\G) € Rep(M) ® Rep(G),
we get the algebra
O(Np\G)Ran := Factalg(O(Np\G))Ran € Rep(M)Ran D(CI? : Rep(G)Ran-
Define o
EnhDrPlMva(G) = O(NP\G)Ran —mod(@).
We refer to objects in EnhDrPlM,G(G) as objects in € equipped with an enhanced Drinfeld-Plicker

structure. The map Np\G — Np\G induces a forgetful functor
Oblvpip " ™ - EnhDrPlLy 4(€) — DrPly; 4(©),
which admits a left adjoint:
Indpypy 5 DiPly (€) — EnhDrPly 4(€).

Similarly, the map G — Np\G induces a forgetful functor
Heckey; &

OblvEnhDrP’IMC : Heckey; +(€) — EnhDrPly; +(C)

with a left adjoint:
HeckeM c
IndEnhDrPl EnhDrPlM &(€) — Heckey; #(C).

By construction, the composition

Hecke EnhDrPl

M,G MG
Obl VEnhDrPlM & Obl VDrPlM
HeckeM’é(G) EnhDrPlM é(e) DI"PIMGV(G)
Heck
recovers the functor OblVDilcaleM and similarly for the left adjoints.

Note that because N p\G — N p\G is an open embedding and the target is affine, it follows

EnhDrP1
that the forgetful functor OblVDrPl M is fully faithful. That is, an upgrade of a Drinfeld-Pliicker

structure to an enhanced Drinfeld- Plucker structure is a property.
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4.2.5.  We now describe more explicitly what it means to have a Hecke structure and an enhanced
Drinfeld-Pliicker structure.
Tautologically, we have identifications

Hecke; +(C) ~ Rep(M)Ran ® C

Rep(M)Ran ® Rep(é)Ran
D(Ran)

= Rep(G)Ran 5 ® 5 67
Rep(G)Ran ® Rep(G)Ran
D(Ran)
where in the last term we consider € as acted on by Rep(é)Ran ® Rep(é’)Ran via the monoidal
D(Ran)
functor )
. . Resgf ®id .

Rep(G)Ran Rep(G)Ran Rep(M)Ran Rep(é)Ran-

® ®
D(Ran) D(Ran)
This shows that for ¢ € €, the datum of a lift to HeckeMvé(C’.) is equivalent to the datum of an

identification between the action of Rep(G)ran on ¢ and the action induced by the restriction

functor Res%. That is, we require a family of isomorphisms

ResAGZ(V) xc~c*V, VeRep(G)ran

satisfying natural compatibilities (see e.g. |Gai2ll, §5]).

4.2.6. For enhanced Drinfeld-Pliicker structures, we have an equivalence:

EnhDrPly; #(€) ~ Rep(P)ran . ® - C (4.2.3)
' Rep(M)Ran ® Rep(G)Ran

D(Ran)
Moreover, consider the functor
C.(ﬁp, _) : Rep(p)Ran - Rep(M)Ran
induced by restricting along P — G and applying (derived) Lie algebra cohomology against ﬁpm
This functor induces a symmetric monoidal equivalence
Rep(P)Ran i’ Q(ﬁP)Ran 'mOd(Rep(M>Ran)7

where Q(Ap)Ran is as in §3.4.2] In particular, we have an action:

Rep(P)Ran — Q(ﬁp)Ran —mod(G).
From (4.2.3)), we obtain an equivalence

EnhDrPly; +(€) ~ Rep(G)ran ® Q(fp)Ran -mod(€), (4.2.4)

Rep(G)Ran  ® Rep(G)Ran
D(Ran)

where we consider Q(#ip)Ran -mod(€) as acted on by Rep(G)ran  ® Rep(G)Ran via the monoidal
D(Ran)

functor .
. . Res}g‘v ®id . .
Rep(G)Ran ® Rep(G)Ran Rep(P)Ran ® Rep(G)Ran-
D(Ran) D(Ran)

From the map Np\G — Np\ pt, we obtain a forgetful functor
Oblv : EnhDrPly; (€) — Q(itp)ran -mod(€).

1TWe remark that even though taking invariants against fip is not symmetric monoidal, it is lax symmetric
monoidal, and so still gives rise to a functor on the level of twisted arrows.



30 JOAKIM FERGEMAN AND ANDREAS HAYASH

We remind that Q(fip)gray is an algebra object of Rep(M)gan, and the latter acts on € via the
symmetric monoidal functor Rep(M)ran — Rep(M)Ran ® Rep(G)Ran, inserting the unit on the
second factor.

In particular, the existence of an enhanced Drinfeld-Pliicker structure implies the existence of
a module structure for Q(ip)ran. The equivalence shows that for ¢ € Q(fip)ran-mod(C),
the datum of a lift to EnhDrPly; ~(C) is equivalent to the datum of an identification between the

action of Rep(G)Ran on ¢ and the action induced by the monoidal functor C*(ip, —) : Rep(G)ran —
Q(np)Ran -mod(Rep(M)Ran). That is, we require a family of isomorphisms

C*(ap,V) o *x c~cxV, Ve Rep(@)Ran

(ﬁP)Ran

satisfying natural higher compatibilities.
4.2.7.  We highlight one further compatibility between the constructions. The functor

Trive g,y : € — O(Np)Ran -comod (@)
endowing an object ¢ € C with the trivial comodule structure admits a right adjoint:

Inve i, O(Np)Ran -comod(€) — €
given by taking invariants against O(Np)ran. The objects in the image of this functor naturally
admit a module structure for Q(fip)Ran, and as such, we get an enhanced functor:

Inveo§ ) enh - O(Np)Ran -comod(€) — Q(fip)Ran -mod(C).

Lemma 4.2.7.1. VLet C be a category acted on by Rep(M)Ran. Suppose C is dualizable as a module
category for Rep(M)Ran- Then the functor

Inveo ) enn O(Np)Ran -comod(€C) — Q(fip)Ran -mod(C)
s an equivalence.

Proof.

Step 1. The assertion is clear when € = Rep(M)Ran by the usual Koszul duality between O(Np)
and Q(np). Thus, it remains to prove that the canonical functors:

O(Np)Ran-comod(Rep(M)ran) ® € — O(Np)Ran-comod(C);
Rep(M)Ran

Q(ip)Ran-mod(Rep(M)Ran) ® € — Q(fip)Ran-mod(C)

Rep (M ) Ran
are equivalences .

Step 2. Consider the following setup. Let A be a symmetric monoidal category and € a module
category for A. Let A € A be a cocommutative coalgebra object, and let B € A be a commutative
algebra object. We may consider the functors:

A-comod(A) ® € — A-comod(C);
A

B-mod(A) ® € — B-mod(C).
A
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The second functor is always an equivalence, see [GR19, Corollary 8.5.7|. We claim that the
first functor is an equivalence under the assumption that € is dualizable as an A-module category.
Indeed, we need to check that the forgetful functor

A-comod(A)®C — €
A

is comonadic. In turn it suffices to check that it is conservative. But this holds whenever € is
dualizable as an A-module category. O

4.2.8. By construction, the composition

HeckeM’G»

Indp,p;

Invo (X p),enh
_

DrPly; =(€) ", Heckey (€) 2222 O(Np)pan -comod (€) Q(ftp) Ran -mod(€)
coincides with the functor
EnhDrPl,-, ~
IndePlM,G‘M,G Obly

DrPly; #(C)

EnhDrPleé(G) - Q(ﬁp)Ran —mod(@).
4.3. Semi-infinite category.

4.3.1. We now specialize to the case of interest, namely the semi-infinite category defined below.
Before doing so, we need a suitable modification of the geometric Satake equivalence for M.

For 0 an element of € Ag p, which we remind identifies with the character lattice of the connected
component of the center of M, denote by e’ € Rep(Z(M)®°) the corresponding character of Z(M)°.
Let 2pps denote the sum of positive coroots of M.

The category Rep(M) decomposes as a direct sum

Rep(M) ~ (D Rep(M)’,
QEAG,P

circ

where Rep(M)? denotes the category of M-representations in which Z (M) acts via 6.

4.3.2. Denote by 8 the functor:
8% : Rep(M)” — Rep(M)*, V = V[—2(pc — pm), O)]- (4.3.1)
These functors combine to a symmetric monoidal autoequivalence:

S§= @ 8%:Rep(M)— Rep(M).

96/\@7]3

This functor makes sense factorizably as well. Namely, we have an evident symmetric monoidal
factorizable functor

SRan Rep(M)Ran - Rep(M)Ran
that recovers 8 on fibers. In terms of the presentation (3.2.2)), Sran is defined by taking the colimit
of the functors
Rep(M)®' @ D(x7) 299, Rep(31)®! @ D(X”) — Rep(M)Ran-

4.3.3. Let £Np denote the loop group of Np and consider its factorizable version £r.nNp — Ran.
We remind that it is a (factorizable) ind-group scheme. We define:
SIP,Ran = D(SRanNP'SEanM\ GrG,Ran) .

We refer to the above category as the semi-infinite category (associated to P). Note that it is a full
subcategory of D(£f, M\ Gr¢ ran).-
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4.3.4. The action
SPhys Ran — D(£5an M\ Gra Ran)
induces an action
Rep(M)Ran ~22 Rep(M)Ran — SPhas an — STpRan - (4.3.2)
Here, the second functor is the (naive) geometric Satake functor. Henceforth, when we talk about
the action of Rep(M)Ran on D(E;ganM\ Grg Ran) OF SIpRan, we always mean .

4.3.5. We have a right action
D(SEanM\ GrG,RaH) = Sth,Ran - Rep(é)Ran-
As such, the categories
D(S;{anM\ GrG,Ran)a SIP,Ran
are equipped with a (Rep(M )Rran, Rep(G)Ran)-bimodule structure and hence fit the framework of
§4.2]
4.3.6. The unit section
Ran — Grg Ran
induces a section
SRan - Bg;_{anM - SganM\ GrG,Ran.
Let
0Grg an := (SRan)! (wBEganM) € D('Q}-;anM\ Grg Ran)-

4.3.7. In Appendix |E|, we construct a Drinfeld-Pliicker structure on dgrg p,,- As such, we may
define:

) Hecke v, ~
IC A pan = Indpypy 2 (861 ) € Heckeyy ¢ (D(SF,, M\ Cr6 ran))-

We refer to the above sheaf as the (factorizable) semi-infinite sheaf associated to P.

4.3.8. By Corollary [4.2.3.1] we have a coaction:
Fl

ICI;Ran i O(NP)Ran * ICIZRan .

4.4. Stratification. The purpose of this section is to calculate the restriction of the semi-infinite
IC-sheaf to a natural stratification.

4.4.1. Let S?g Ran & GIGRan be the £ranNp-orbit along the unit section Ran — GrgRran. That
is, S?:’Ran is the factorizable ind-scheme defined as follows: for an affine test scheme 7', a map
T — GrgRran corresponding to a triple (z,Pq, ¢) factors through S?’Ran if and only if for every

G-representation V', the meromorphic map of vector bundles (regular on 7' x X\I', where T" is the
union of graphs of the maps comprising x)

N,
Vool = Vag, = Vg (4.4.1)

extends to an injective map of vector bundles over T' x X (that is, the meromorphic map extends
to a regular map of coherent sheaves over T' x X with cokernel flat over T' x X).

4.4.2. Let g(l);,Ran € Grg,Ran be the 'closure’ of S?:’,Ran in Grg Rran. That is, a map T — Grg Ran

factors through §%}Ran if and only if the meromorphic map 1} extends to an injective map of
coherent sheaves (with cokernel flat over T).
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4.4.3. The prestack S’OP’Ran admits a stratification indexed by A%, by bounding the zeroes of
1) More precisely, for § € AL, let S%Ran be the prestack defined as follows: for an affine test

scheme T', a map T — S(},,Ran corresponding to a triple (z, P, ¢) factors through S%Ran if and only

if there exists a colored divisor D € X?(T) such that for every \ e Age%, the map 1} extends
to an injective map of vector bundles:

N
VAP (A(D)) = Vi
Note that each stratum S%}Ran is LranNVp-stable.

4.4.4. We denote by j? the corresponding locally closed embedding:
je : S?D,Ran - S(I)D,Ran'
By taking the zeroes of (4.4.1)), we obtain a map
SP Ran — X°. (4.4.2)
4.4.5. For e Ageﬁg, let
(X% x Ran)< < XY x Ran
be the subprestack whose T-points parameterize pairs (D, z) of a colored divisor on T' x X of total

degree 0 together with a map x : 7' — Ran such that D is set-theoretically supported on the union
of the graphs of z.

4.4.6. Recall the factorization space Grj\% Ran defined in . Recall similarly the space Grj\% Conf —

Confg p defined in ! By Lemma [3.1.13.1], we have a natural map Gr& Ran — GrJD Conf*
We let Gr]D’ o and GTL,(XQXRan)g denote the respective pullbacks of Grj(/[,conf and GrMRan

along X9 — Confg, p. Note that we have a natural projection map:

Gr]—&,(XGXRan)g — (X% x Ran)<.

4.4.7. By construction, the map (4.4.2)) factors through a map:

0 0 0

/p : SP,Ran - ‘SR&HNP\SP,Ran - GrL’(XG xRan)<
Moreover:
Lemma 4.4.7.1. The functor
0, 0

/p T D(Grj\_@(xe xRan)g) - D(’SRaHNP\SP,Ran)
18 an equivalence.
Proof. It is easy to see that the map LranlV p\S%}Ran — Grf

M,(X?xRan)
unipotent gerbe over the target. O

< realizes the source as a

4.4.8. Note that the action of SﬁanM on Grg Rran stabilizes §(])37Ran. Define
ST %an = D(LRanNp & M\SD Ran)

to be the full subcategory consisting of SIps ran of D-modules supported on §937Ran. The following
lemma is proved in Appendix [A}

Lemma 4.4.8.1. The sheaf ICgRan defines an object in Slﬁ%an. That 1s, ICERan 18 LranNp-

equivariant and is supported on S%y.,. .
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@
4.4.9. Next, we describe the restriction of IC3,  to the stratum S}?{an
Note that the map 'p? is £+ anM-equivariant. We similarly denote by ’ p? the induced map:

/pG RanM\SPRaH — ,SRanM\ GI‘ M,(XO x Ran)<

We let p? denote the composition'

p ’SRanM\SPRan e 'SRanM\ GI‘ RanM\ Gr’

M,(X?xRan)< M, X0 "

The following proposition is proved in Section [4.5 below.

Proposition 4.4.9.1. We have a canonical isomorphism:

7" (ACE Ran) =~ 2" (O(Np) x0)[(2(pc — par), O)).
4.5. Stratification computation. In this section, we prove Proposition [£.4:9.1]
4.5.1. Denote by j = j° the open embedding:

0 30
SP,Ran - SP,Ran'
For convenience, write:
s . >0
J1i= J!(ng),ﬁan) € D(SP,Ran)'

<0

Note that j; naturally defines an object of SI P.Ran"

4.5.2.  Consider the delta sheaf 6y ., € D(SRanM \ G Ran). From its Drinfeld-Pliicker structure,
we may define the object:
EnhDrPlM bl
In dDrPlM & (5Grg,Ran) € EnhDI‘PlM7G(D( RanM\ GI‘G Ran))
By §4:2.7 we have an isomorphism

EnhDrPly; 3
In dDrPlMG (Ocrg.Ran) ~ Inve 7,y (ICE Ran)

JOwl8

of Q(ﬁp)Ran—modules. By Lemma {4.4.8.1} the sheaf Invyy,)(IC
category SIS PRan

Ran) defines an object of the

4.5.3. Consider the diagram:

0 J 0
SRRan SP7 Ran

+
G'FM,(XG xRan)S
Let pres? :=" pf o j%*[(2(pc — pu), 0)] : D(S%Ran) — D(Gr;\}’(xexRan)g) denote the corresponding
parabolic restriction functor. Let pres := @ pres’.
0

We denote by pres?® : D(§0P7 ) — D(Gr ) the corresponding functor where we replace Ran by
a point z € X. Similarly, let pres® := @ pre59 T,
0
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4.5.4. We will prove:

Proposition 4.5.4.1. We have a canonical identification:

In particular, the sheaf ji is equipped with a canonical module structure for Q(fip)ran and carries a
canonical enhanced Drinfeld-Pliicker structure.

Proof. Since both sheaves in question are objects of Slﬁ%an, by Lemma [4.4.8.1] it suffices to show
that

presg(InVO(NP)(ICgRan)) =0 (4.5.1)

for all # # 0 and that .
presO(InvO(NP)(ICﬁ’Ran)) ~ 0Grps Ran- (4.5.2)
Here 5GrM,Ran is the image of the dualizing sheaf under the unit section Ran — Grp/ ran. Note that
preSO(InVO( NP)(ICER%)) is a unital sheaf; that is, defines an object of D(Gr;\}’ORan /Ran) ~ Vect.

Moreover, Invo( NP)(ICERM) is a factorization algebra. As such, we may check the identities (4.5.1
and (4.5.2) after taking the !-fiber at every z € X < Ranm
We write O(Np\G), (resp. O(Np\é)x) for the !-restriction of O(Np\G)Ran (resp. O(Np\G)Ran)

to a point z, i.e., as objects of Rep(M) ® Rep(G).
By we have the identity:

ES EnhDrPl; + “ v
IDVO(NP)(ICE,Ran) = IndDrle GM’G (5GrG,Ran) = O(Np\G)Rran _ ®V 5GlfG,Ran'
’ O(Np\G)Ran
As such, it suffices to establish the identities:
pres’””(O(Np\G)s ®  darg,) =0 (4.5.3)
O(Np\G)z
pres™(O(Np\G)e ® 0Grg.,) = O0Crar.- (4.5.4)
O(Np\G)z

Step 1. Write the tensor product in question as a Bar complex:

O(Np\é)m &® 5GrG,z = colim O(Np\é)x &® O(Np\é)g?n ® 5Grc,m'
O(Np\G)a "

Note that pres®(O(Np\G), ® O(Np\G)®" ® darg,,) is by definition the image of O(Np\G): ®
O(Np\G)®" under the functor:
Rep(M) ® Rep(G) — Sphy;, ®Sphg, Sphys, ®Sphyy, —— Sphyy, . (4.5.5)

Here, the first functor is the geometric Satake functor, the third is convolution, and we have abused
notation by also denoting pres” : Sph; , — Sphy, , the (shifted) direct sum over all ¢ of the functor

id ® pres®
—_—s

18We remark that the functor pres commutes with taking !-fibers by hyperbolic localization: the functor pres
coincides with the analogous parabolic restriction functor for the opposite parabolic P~, replacing #-pull, -push with
l-pull, %-push, and the latter functor clearly commutes with !-fibers by base change.



36 JOAKIM FERGEMAN AND ANDREAS HAYASH

of #-pull and !-push along:
£rM\SY £rG\L,.G/LHG

SEM\E,M /L M.

Recall that by construction of the geometric Satake functor Sat™ : Rep(G) — Sphg ,, the
composition
Rep(G) 2 Sphg, P Sphy,
coincides with the functor
. Res¢ L ® st [=2lpa—pa) 0)]
Rep(G) — Rep(M)
see e.g. [MVOT, §3| or [BGOI, Thm. 2.2 (3)]. As such, we get:
pres”(O(Np\G)s ® O(NP\G)E" © 3crgs,) ~ O(NP\G)e ® O(NPAG)E" @ Sy,

where we now consider Sph,; ., as module category for Rep(M)®Rep(G) via the restriction functor
id®Rest

Rep(M) ® Rep(G) M, Rep(M) ® Rep(M) and the usual Satake action of the latter on
SphM’zH We conclude that:
pres”(O(Np\G)a @  barg.,) = colim O(Np\G)s @ O(Np\G)E" ® Sy, - (4.5.7)
O(Np\G)z "

Step 2. Consider dgr,, , as a module for O(Np\G). € Rep(M)®Rep(G) via the augmentation. That
is, the action of O(Np\G), on 0Gryy, 18 given by O(Np\G): — k induced by the point 1 € Np\G,
and where we consider O(Np\G), as an M-representation via the diagonal map M — M x G.
This endows dgr,,, with a Drinfeld-Pliicker structure at x. This tautologically comes from an
enhanced Drinfeld-Pliicker structure (which we remind is a property, not a structure, cf. §4.2.4)).
That is:
6GTM,z ] O(Np\é)x ® 5GrM,x = colim O(Np\é)x ® O(NP\G)?W’ @ 6GrM,z' (4.5.8)
O(Np\G)a "
If we can show that the transition maps in the colimits (4.5.7) and (4.5.8) agree in a coherent

manner, then we are done.
In the transition maps in (4.5.7), we consider maps of two types:

e The maps O(NP\G)x(@(SGrM,Z — 0Gry,,, induced by applying pres” to the map O(Np\G). ®
0Gre . — 0Grg.z in D(LF M\ Grg ) induced by the Drinfeld-Pliicker structure on gy, , . This
evidéntly coincides with the corresponding map in the colimit . Moreover, since both
O(Np\G)z ® Gry,, and by, , are in the heart of the perverse t-structure on Sphy, ,, this
automatically provides higher coherence.

e The maps O(Np\G), ® O(Np\G)r — O(Np\G),. By construction, these are obtained by
applying the functor to the natural action O(Np\G), on O(Np\G),. These coincide
with the similar maps appearing in the colimit .

19We remark that the shift by —(2(pe — pas,0)) in the functor (4.5.6)) exactly cancels the shift appearing in §4.3.2
for the action of Rep(M) on D(£} M\ Grg,.).
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]
4.5.5. We may now prove Proposition

el ©
Proof of Proposition [4.4.9.1. By £ranNp-equivariance of IC2 . . we need to show that pres(IC2 g, ) ~

O(Np)Ran. Indeed, by unitality, the !-restriction of O(Np)Ran along Gr;\}

+
M,X8"

+
(X9xRan)< - GrM,Ran de-

scends to Gr

- jee)
Since pres is Sph; gan-linear, we obtain a coaction of O(Np)ran on pres(ICj5g, ). Moreover, by
(the proof of) Proposition [4.5.4.1} we have an isomorphism

InVO(NP) (pres(ICgRan)) = 6GrM,Ran

as Q(fip)Ran-modules, where the action of Q(fip)Ran 0N 0Gry, ., 18 trivial. The proof now follows

by Koszul duality: denote by dGr,, gan o *) — the functor of taking coinvariants for a Q(fp)ran-
’ fp)Ran

module. That is, the inverse functor to the equivalence of Lemma [4.2.7.1/*’| Then:

preS(IC;Ran) = 5GrM,Ran Q(ﬁ:)R InVO(Np)(preS(ICg,Ran)) = 5GrM,Ran Q(ﬁ:)R 5GrM,Ran = O(NP)Ran

O

4.5.6. Finally, let us record a lemma that provides a lower bound on the perverse cohomological

o]
degrees of the !-restriction of IC5  to strata. This will be used in the local-to-global comparison
in Section . .
By £RanNp-equivariance and unitality of ICERan, the sheaf ja’!(ICgRan) descends along p’. That
is, we have

je,! (ICgRan) ~ pO,! (]:0)

for some F9 e D(Gr;\r/lee).

4.5.7. The following lemma is proved in Appendix
Lemma 4.5.7.1. For# # 0, the sheaf F° lies in perverse cohomological degrees = 1+(2(pg—pur), 0).
Remark 4.5.7.2. 1t follows from Corollary below that in fact:

FO =~ U(ip) o [~2(pc — pa), 6)]-

20we apply Lemma {.2.7.1f to the category € = Sph,, g,,, which is easily seen to be dualizable as a module

category for Rep(M )ran-
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5. LOCAL-TO-GLOBAL COMPARISONS

In this section, we will describe a local version of the geometric Eisenstein series functors and
compare them with their global counterparts.

5.1. The relative semi-infinite space. Define a relative version of S0 PRan OVer Buny, as the fiber
product: N
(Bunps x Ran)  x ’g;{anM\SPRan =: GrpBuny, -

BLE, M
Here IB%,SIJDCMM denotes the factorizable prestack parameterizing a point of Ran together with an
M-bundle on its formal neighborhood along X. Note every such bundle is trivial fppf locally on
the base. Unwinding the definition of évrp,BunM, we see by Beauville-Laszlo gluing that there is a
canonical map:

mp : GrpBun,, — Bunp.
5.1.1. Note that @P’BUHM is stratified by the spaces

(Bunps x Ran)  x RanM\SP Ran

Nt
]BLRan

in a way compatible with the stratification on Bunp, cf. Section
Let prg and pry; denote the projections from Gr P,Bun,, tO SRanM \S PRan and Bunj;, respectively.

5.2. Homological contractibility results. In this section, we will show that the map np is
universally homologically contractible.

5.2.1. Let Y be a prestack equipped with a map Y — IB%SRanM. Define

yGrG,Ran =Y X RanM\ GrG Ran
to be the corresponding twisted version of the Beilinson-Drinfeld affine Grassmannian. To simplify
notation, we write:

Bunj, GrG,Ran ‘=Bunj,; x Ran GrG,Ran-
5.2.2.  Note that un,, Grg Ran parameterizes a point x; of Ran, a G-bundle P on X, an M-bundle

M
P on X and an identification of Pg with Py x G away from x;.
Note that there is an action

SPhay/ran @  SPhg Ran = D(Buny, GTG Ran),
D(Ran)

and therefore an action

Rep<M)Ran D(Clé? ) Rep(é)Ran — D(BunM GrG,Ran)

by restriction along the naive geometric Satake functor associated to the reductive group M x G.
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5.2.3. Define ]§T1;1p7p01 — Ran to be the moduli stack parameterizing a point z; of Ran, a G-bundle
Pg, an M-bundle Pp;, and for every G-representation V', injective meromorphic maps
N
V(P

PV (5.2.1)

of coherent sheaves satisfying the Pliicker relations, and which are non-degenerate away from xj.

Inside 1§1\1¥1p7p01 there is the subfunctor ﬁal/lp’zer consisting of points as above with the property
that each map (5.2.1) is regular. In this case, the zeroes of the maps (5.2.1) are automatically
supported on the x;. We have a natural map:

G

]:D)Tl_l/lp@er - B_Il_r/lp x Ran.
5.2.4. Note that there is a canonical map

T Ppol * Buny, GrG,Ran - BunP,pol
taking a generic reduction of a G-bundle to an M-bundle to the resulting (meromorphic) Pliicker
data. The fiber of mp o1 over Bunp,e, is precisely GrpBun,,. We let mp e denote the resulting map:

TP zer - GrP,BunM — TPgzer-

5.2.5. For e Ag.e% define:

GBunP,Zer = BunP,Zer X gBunp.
Bunp

5.2.6. The main property of Bun P,pol 1s that we have a Hecke action:

Rep(M)ran  ® Rep(GQ)ran — D(Bunppo).
D(Ran)

The morphism 7p 0 clearly commutes with Hecke correspondences for M and G, and hence the
functor bol 18 equivariant for the action of Rep(M)ran  ® Rep(G)Ran-
’ D(Ran

5.2.7. For an algebraic group H, define Bun%" to be the stack parameterizing a generically defined
H bundle on X, see [Barl2, §2|. For any homomorphism H — K of algebraic groups, there is an
evident map

Ind%”, - : Bun%” — Bunf"
given by induction of torsors. In particular, we obtain a map Ind$;" , : Bun$" — Bun}".
5.2.8. Before continuing, let us briefly recall the notion of universal homological contractibility
from |Gaill]. A morphism ) — X is said to be universally homologically contractible if for any
affine scheme S mapping to X, the -pullback functor

D($) — D(S x ¥)

along the projection S'x Y — S is fully faithful. Using that any prestack may be written as a colimit
X
of affine schemes, we obtain that for any prestack Xy mapping to X, we have that !-pullback
D(Xp) — D(Xo x )

along the projection is fully faithful.

Lemma 5.2.8.1. The induction map Ind$;" ,» : Bun" — Bun®" is universally homologically

contractible.



40 JOAKIM FERGEMAN AND ANDREAS HAYASH

Proof. Fix an S-point Pp of Bun%". We wish to show that pullback along the projection

S x Bun§"— S
Bun&™"
S

is fully faithful. To this end, if
p:2-UcX xS

is a morphism from a prestack 2 to a domain U in X x S, we can define the prestack
GSectg(X x S,2)

of generically defined sections of p (see [Barl2| for a deﬁnition)@
For a generically defined S-family of P-torsors Pp, we can consider the quotient

Pp x P/M = (Pp x P/M)/P

where P acts diagonally. Note Pp 5 P/M is equipped with the structure of an fppf locally trivial
fibration over U with a universally homologically contractible ﬁbeﬂ given by P/M ~ Np.
Now it is easy to see that there is an isomorphism
P
GSectg(X x S,Pp x P/M) — S x Bunf

gen
Bun?p,

commuting with the projections to S. The result now follows from [Gailll Lemma 3.1.2] using the
fact that P/M ~ Np is an affine space (see also [Barl2, Remark 6.2.12]). O

Proposition 5.2.8.2. The map Tppol : Buny, GG Ran — B_Tl_r/lppol s universally homologically con-
tractible.

Proof. Forgetting the point of Ran, we obtain morphisms

Buny GTG.Ran — Bunf;’ x  Bung, Bunpp, — Bun$” x  Bung

gen gen
Bung, Bung,

such that the diagram

Buny GG Ran — Bunfy® x  Bung

Bung,
7TP,;)()]\L l

Bunppo —— Bun%fn x  Bung
’ Bungéen

is Cartesian. Here the right vertical arrow is obtained via base change from Ind%;", ,. Now the result
follows from Lemma [5.2.8.1] O

Corollary 5.2.8.3. The map 7p : (ﬁRBHnM — ﬁ;ﬁlp is universally homologically contractible.

21Although in [Barl2], the author only defines rational sections for 2 living over the whole curve, the space still
makes sense in this broader generality since, for example, the intersection of any two domains is a domain.

P P
220 course, in general there is no action of Np on Pp x P/M unless Pp is trivial, and hence Pp x P/M is not a
torsor for Np.
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Proof. We have a Cartesian diagram:
GrpBuny;, — Buny GIG,Ran

T P,zer T P,pol

Bunp,ey ———— Bunpp,.
It is easy to see that the forgetful map
B pyer — Bimp

that forgets the point of Ran is pseudo-proper, i.e. its fiber over an affine scheme S can be written
as a colimit of schemes proper over S with closed embeddings as transition maps.

Hence by [Gai2ll Lemma A.2.5|, it suffices to show that its fibers over field-valued points are
homologically contractible. This follows, for example, from [Gai2l, Prop. A.2.7]. O

5.3. Local-to-global compatibility of IC sheaves. In this section we verify that 7T!P(IC
equivalent to the relative semi-infinite IC sheaf, up to suitable shifts.

Eaﬁp) is

5.3.1. There is a natural map

JPpol : Bunp x Ran — Bunp

over Ran taking a P-bundle with a point x; of Ran to the associated non-degenerate Pliicker data
for the induced G-bundle (see e.g. [BG99, §4.1]).

5.3.2. For any 0 € A%, define

0 e + 0
Grppun,, = Buny x Ran < €5 M\Sp ...

+
BLR M

When 6 = 0, we write:
Gr(]:lD,BU.HM =: GrP,BunM .
We denote by j]o; the corresponding embedding;:
]]0:’ : Gr?{BunM - BunMGerRan'
When 0 = 0, we write: j?g =:jp.

5.3.3.  We have a Cartesian square

jp
GrrP,BunM —7 Buny GrG,Ran

W%J lﬂp,pol (5.3.1)

Bunp x Ran ——— Bunp.
.]P,pol
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5.3.4. Note that the partially defined left adjoint 7TP, of the functor 7TP is defined on warp p,,,,, bY
holonomicity of the dualizing sheaf. Moreover, by the universal homological contractibility statement

of Proposition [5.2.8.2] the counit map
Tr]OD,!(wGI‘p’BunM) — WBunp x Ran (532)

is an isomorphism.
Since 7T!P,p01 is Rep(M x G)ran-equivariant and by rigidity of the latter, the functor mp o1, is also

Rep(M x G)Ran-equivariant. We therefore get induced functors

TPpol,! : DrPlMC(D(BunA/IGrG’Ran)) —> DrPlMC(D(Bunp’pol)) : 71'!p7p01,
where the functor from left to right is only partially defined. We have similar assertions for enhanced
Drinfeld-Pliicker structures and Hecke structures.
5.3.5. Recall that we denote by ji the !-extension of wso, to SRan\GrG Ran- By Proposition
1] ji is equipped with a canonical enhanced Drinfeld- Plucker structure. Since the projection

PI'Bun,, * Buny GrG,Ran > SRanM\ GrG,Ran
commutes with Hecke correspondences, the sheaf

BunMj! = pr]!BunM (j')
is also equipped with a Drinfeld-Pliicker structure. As a result, the sheaf

© ©
2 e ! 2
BUUMICP,Ran = PI'Buny, (ICP,Ran)

comes with a canonical identification:

X Hecke y; ~

2 ~ M,G .
Buny ICP Ran = Indgpply, (Bunardt)-

5.3.6. Let us also denote by ngOb the !-extension of wWBunp x Ran along jppor : Bunp x Ran —
1§1\1;1p7p01. By 1} we have:

7ppol (Bunyt) = §F . (5.3.3)
By Proposition j;gbb is equipped with an enhanced Drinfeld-Pliicker structure.

The following lemma is immediate from universal homological contractibility of mp 1 and Rep(M X
G)Ran—equivariance:

Lemma 5.3.6.1. There is a canonical isomorphism.:

2 Hecke; & Heckey; & .glob
BunMICPRan = IndEnhDrPlM (BunyJt) =~ ”Ppol(lndEnhDrpl (J )

Moreover, the counit for 7T'Pp01 applied to Indgfﬁ,lie(J,gIOb) gives an isomorphz’sm:

! Heckey ¢ «glob Hecke 7 sglob
TPpol) © Tppot(Ndgyppr, (7)) = IndEnhDrPl L)
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5.3.7. Let ippo denote the closed embedding:
iPpol : B—l\l_r/lp,zer - B—E;lP,pol-
Moreover, let oblv,e, denote the forgetful map
oblv,er : ]§Tfnp7zer — Bun p.
From the IC-sheaf on Bun p with respect to the perverse t-structure, we define the sheaf:

ICB\u?lP,pol "= Tpol,x (Oblv!zer (Icﬁ\uﬂp ))-

5.3.8. In what follows, we will use the notation dim(Bunp) to denote the locally constant function
on Bunp that takes the value

dim(Bunyy) + dim(Bunp, ) + 2(pe — pm), n)
on the component of Bunp living over the connected component Bun?\/l of Bunjs. We have the

following local-to-global result:

Theorem 5.3.8.1. There is a canonical isomorphism:

Bun,y ICIZRan ~ 7T!P7p01 (Icﬁaﬁp,pol [dim(Bunp)]).

Moreover, the counit morphism

T P,pol,! (BunMICgRan) E—— Icﬁp,pol [dlm(Bunp)]

s an isomorphism.

Proof. By Lemma [5.3.6.1], it suffices to prove that there is a canonical identification:

HeckeM,@

.glob .
IndEnhDrPlNLGv (-];go )[_ dlm(BunP)] = Icﬁlp,pol ’

HeckeM’é

By Lemma (4.4.8.1)) and ([5.3.3), we get that IndEnhDrPlM G(j!gbb)[— dim(Bunp)] is supported on
the image of the closed embedding ip .. We have a commutative diagram:

0 ~
GrrP,BunM ? GrP,BunM ? Bunjs GrG,Ran

| ! !

¢oBunp,er —— Bunp,ee ——— Bunpp (5.3.4)

| |

%Lxg <—— y9Bunp ———— Bunp

with all squares Cartesian and all vertical arrows universally homologically contractible. For the re-
mainder of the proof, we will denote the !-pullback of Indgiikgﬁéﬁ . ( j!gk)b)[— dim(Bunp)] to Bunp e
by .#. We immediately note that .# descends to a sheaf on ]_5;1;113 by unitality, which we will also
denote by .. To complete the proof, it suffices to show that as a sheaf on 1§Tﬁ1p, the ! (resp. #)
restrictions of .# to the strata indexed by 6 # 0 lie in perverse cohomoloigcal degrees > 1 (resp.
< —1), and that the restriction of .# to Bunp coincides with wpyn,[— dim(Bunp)].
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Step 1. Let us first compute the *-restriction of .# to 9]§T1;1p. All sheaves in question are ind-
holonomic, and hence by base change along the diagram (5.3.4)), ¢5(.#) is the !-pushforward of a

sheaf G% on Gr%BunM to gBunp. By Proposition [4.4.9.1, G¢ has the property that it is the -pullback
of O(Np) xo[—2(pc — pu), ) — dim(Bunp)] along the composition

0 + +
GI‘RBunM —>f}(: —>£X9M\GI‘M7X€.

+
M, X0
By universal homological contractibility of the map Gr%BunM — gBunp, it follows that 1y (SF) is
the !-pullback of 5
O(N) xo[=C(pc = pum), ) — dim(Bunp)]

along the projection

pBunp — £1, M\ Gr;\r/LXg . (5.3.5)
We factor the above map as the composition:

S + + +
gBunp — J{M,X" — SXGM\ GrM,X9 .

Recall the t-structure from §3.4.17, A similar argument as in the proof of [Ber2l, Lemma 2.1.15]
shows that !-pullback along the map J{;\} <o — S;GM \ Gr;\} o 1s t-exact up to a cohomological
shift by dim(Bunyy).
Next, fix a component Bun?\/[ of Bunjy; and consider the stratum
g : gﬁf} — ﬁEﬂ}D
By definition of the former, we have an isomorphism:

Bun’ 5 ¢t 0+n
gBun, — HT _, x Bunj, .
P M,x Bunj, P

The projection

gBun;]D ~ Ht

e X Bunﬁ;ﬂ7 —s KT
’ M

0
Bun M.X

is smooth of relative dimension dim(Buny, ) +<{2(pc — par), 0 + 1), by [FGV01, Corollary 2.2.9] and
the discussion in loc. cit. Moreover, for 6 # 0, the sheaf O(Np)xo lives in perverse degrees < —1,

cf. Lemma [3.4.18.2
Putting the results together, it follows that for 8 # 0, the result of I-pulling the sheaf

O(Np) xo[{~2(pa — pum),0) — dim(Bunp)]
back to géa;f]; lives in perverse degrees at most
— 1 —dim(Buny) — dim(Buny, ) — 2(pc — pm), 0 +n) + 2(pc — pum), 0) + dim(Bunp) =
— 1 —dim(Buny) — dim(Buny,,) — 2(pc — pm), 0 + n) + Clpa — pm), 0)
+ dim(Bunys) + dim(Buny, ) + (2(pe — par).n) = —1.
Step 2. For 6 = 0, the !-pullback of O(Np) yo[— dim(Bunp)] along (5.3.5) evidently gives wpyn, [~ dim(Bunp)].

Step 3. Using Lemma [4.5.7.1] a similar computation to Step 1 shows that the !-restriction of .#
along tg : gBunp — Bunp lives in perverse degrees > 1. It follows that .#, when viewed as a sheaf
on Bunp, is canonically isomorphic to IC’BIH;:? concluding the proof. O
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Corollary 5.3.8.2. We have canonical isomorphisms:
y(ICq— ) ~ U(fip) xo X ICRunp;

Bunp
L;(ICEH{IP) = O<NP)X9:[CBunp
as sheaves on gBunp ~ ﬂ{;\} o X Bunp.

BunM

Proof. Using the second assertion of Theorem [5.3.8.1] we essentially proved that
1h(ICz— ) ~ O(Np) xoxIICBun,

Bunp

in the course of the proof of loc.cit@
By Verdier self-duality of ICEHHP and 1) we get the assertion for ng (Icﬁﬁﬁp)'

23More precisely, we saw that we have an isomorphism ¢} (ICgﬁp) ~ O(Np) x6X1ICBunp, up to a cohomological

shift by some integer d. However, tracing through the proof of Theorem [5.3.8.1] and keeping track of the shifts, we
see that d = 0.
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6. RESTRICTION OF REPRESENTATIONS AND THE CASSELMAN-SHALIKA FORMULA

6.1. Whittaker categories. For a factorization category € with an action of the loop group £ranG,
we consider its Whittaker category Whit(€). When € is the category of D-modules on some prestack
Y, we will often use the notation Whit()) := Whit(D())). In particular, we let Whit(Grg ran)
denote the spherical Whittaker category, i.e. the Whittaker category for D-modules on the affine
Grassmannian.

6.1.1. The category Whit(C) := ERanNTWUN— Ran consists of objects in € that are equivariant for
LRanN ™ against a non-degenerate character ¥ x- gan = Ven, N— Of LRan/N ™. In particular Whit(C)
is equipped with a fully-faithful forgetful functor
Oblvg'™lit : Whit(€) — €
admitting a (non-continuous) right adjoint. We will renormalize the right adjoint to be continuous
in the case of € = D(Grg ran) as follows. There are tautological equivalences:
Whit(LranN ™) ~ Whit(Gry- gan) ~ D(Ran).

We write ¢y ran for the images of wran under these equivalences. We write g Ran for the !-
extension of Yn— gan € D(Gry- Ran) along Gry- gan — Gr@ Ran-
Moreover, we write 1y , for the restriction of ¢)n- gan to 7 € X.

6.1.2. Now, convolution provides a pairing
— % —: Whit (/QRanG) &® D(Gr(;,Ran) — Whit(GI‘G’Ran)

LRan G

and for an object F of D(Grg Rran), We write:
AvER N (F) = g pan |+ T,

Ran
We call the functor Avaa“(Ni)’zp : D(Grg,ran) — Whit(Grg ran) renormalized Whittaker averaging.

6.1.3. Denote by Whit(Grg ;) the fiber of Whit(Grg ran) at a k-point = of X. Then Whit(Grg )
has a set of compact generators 1, where ;1 ranges over anti-dominant coweights of G. Specifically,
for some anti-dominant p, the sheaf 1, is given by !-extending the object corresponding to the unit
under the evident equivalence

Whit(S;*) = D(S; )5 YN ~ Vect,

where Sz denotes the u-th semi-infinite orbit for N~ in Grg,. By the cleanness theorem of
[FGV0I], ¢, is equivalently the x-extension from Sy .

6.1.4. Define a t-structure on Whit(Grg ;) by declaring an object F to lie in Whit(Grg ,)S? if an
only if
H’ Homwni(arg ) (F> Yul—k]) =0
for all anti-dominant p for all integers k& > 0.
We have the following geometric Casselman-Shalika formula (see [FGV01] and |[Rasl§]):

Theorem 6.1.4.1. There is a canonical equivalence of Rep(G)Ran factorization module categories
CSg : Whit(Grg ran) — Rep(G)Ran
The -fiber at any k-point x € X gives a t-exact equivalence
CSc. : Whit(Grg.) — Rep(G)
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that sends 1, to the irreducible representation of highest weight wo(p).

6.2. The Jacquet functors. In this section we will construct several functors
Whit(GrG,Ran) - Whit(GrM,Ran)7

where the Whittaker condition on D(Gras,Rran) is understood to be relative to £ran/N;; via the non-
degenerate character ¢y pan Obtained by restricting the same named character along the inclusion

2Ran]\[]\_/[ — LRanN ™.
6.2.1. Consider the prestack

. +
Gras,Ran GrG,Ran = GrM,Ran +X SRanM\ GrG,Ran .

IBSRan

Unwinding the definitions, we see there is a canonical map

GrM’RanGrG,Ran - GrG’,Ran RX GrM7Ran (621)

an

which is easily seen to be an isomorphism. Hence we have an equivalence of categories:
D(GrM,Ran GrG’,Ran) — HomD(Ran) (D(GrG,Ran)a D(GrM,Ran))‘ (622>
That is, we can view D-modules on Gr), ., GG Ran as kernels of functors D(Grg,ran) — D(GrsRan)

relative to the action of D(Ran) on both sides.

6.2.2. Note we have a diagonal action of £ranP on GrgRran X GrasRran and we have an isomor-
Ran

phism
£t NpLranM\ Grgran —> LranP\(CGre Ran = GraRan)
an

such that the diagram

GTM,RanGrG,Ran E— GrG,Ran RX GTM,Ran
an

J !

£r  MERanNp\ Grgran — LrRanP\(Gre Ran = GrisRan)
an

commutes. Here the left vertical map is the projection to SEanM \ Grg Ran followed by the canonical
map to ,Sll;anM LRanNP\ GI'¢ Ran, and the right vertical map is the quotient map.
It follows that we obtain a canonical equivalence:

SIP,Ran = D(Ef}-‘ganNPgRanM\ GrG,Ran) = HomD(ERanP) (D(GrG,Ran)a D(GrM,Ran))~
That is, we can view objects of the semi-infinite category as as L£ranP-equivariant functors from
D(GIG7R3n> to D(GrM,Ran)-
6.2.3. We therefore obtain a canonical pairing

D(GrG,Ran) ® SIP,Ran B D(GTM,Ran)-
D(Ran)

By forgetting from £ran/N™~ equivariance against ¢ to LranlV,,; equivariance against the restric-
tion of x to the latter, we obtain a pairing:

Whit(GrG’Ran) (@ SlijanﬁWhit(GrM’Ran). (6.2.3)
D

Ran)
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jee)
In particular, from the objects ICZ ., j1 € SIpRran, we get functors

Jach!, Jact! : Whit(Grg ran) —> Whit(Gras Ran),
respectively.
6.2.4. Since ICgRan is an object of Hecke; =(SIpRan) by definition, we get that Jacf‘f is Rep(@)Ran—
linear. That is: ) 5
Jactl(V % =) ~ Res]\GZ(V) x Jact (=), V € Rep(G)Ran.
Similarly, from the enhanced Drinfeld-Pliicker structure on ji, we get:

Jac,M(V *—) ~C*(np,V) o * Jac!M(—), Ve Rep(é)Ran.

ﬁP)Ran
6.3. Composing Jacquet functors. We have Jacquet functors
Jacly : Whit(Grg ran) — Whit(GrazRan);
Jac!j;M : Whit(GI‘MVRan) —_— D(GrT,Ran)
associated to the parabolics P and Bj; := B n M, respectively. In the notation, we denote by Ty

the maximal torus T € M to emphasize that the domain of J ac?;M is the Whittaker category of M.
In this section we will show how to compose Jacquet functors for G and M.

6.3.1. In what follows, denote by GrpRran the fiber product

L + 0
GrP,Ran = GrM,Ran X \SRanMSRan'

+
BLR .M

Similarly, define:

~ X + ~0
GrI'P,Ran = GrrM,Ran X SRanM\SRan'
BeY M

© © ~
We will also denote by g, ICj R, the l-pullback of IC5 . to GrpRran along the projection:
GI’P,Ran I Ef—ganM\SORan'
We have the following theorem.

Theorem 6.3.1.1. The composition Jac!T*M oJaCf\f is canonically equivalent to the Jacquet functor
Jacf, : Whit(Grg,ran) — D(Gr7 Ran)

associated to the Borel subgroup B of G.

Proof.

Step 1. We will consider the following commutative diagram

GrP,Ran X GI'BM JRan
Gras,Ran

PP,Bys,Ran qP,BM,RX
~

GrP,Ran GTBM,Ran

%P,Ran m (%n B M,Rkt

GrG,Ran GrM,Ran GrT,Ran .
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T

o Jacf‘f is given by

Base change and the projection formula shows that the functor Jac
_ ~ ~ ~ | ! = ~ @
F > (U, Ran © GP,Bys,Ran)« (PP Ran © PP.ByRan) (F) ® Gry ICE poan Marys ICH | Ran)-
By composing Pliicker data and forgetting the M-bundle, we obtain a map
L GrP,Ran X GrBM,Ran - GrB,Rana
Gr,Ran
which is an equivalence on Grpran X  Grp,, Ran =~ GIrB Ran and such that
Grar,Ran
45, Ran © 4P.Byr,Ran = G5 Ran ©t and PPRan © PP,ByrRan = PBRan O T

T

I oJacf\f is given

Another application of the projection formula shows that the composition Jac
by
_ _ ! © ~ o
F— qB,Ran,*(pB,Ran(I) @ vy (GTM ICI-%,Ran Gl“T ICBgM,Ran))'
To conclude the proof, it therefore suffices to produce a canonical isomorphism

jee} ~ 0 ~ fes}
Grr Icé,Ran - t*(GrM ICIg,Ran Xcry ICE’M,Ran)'
Step 2. To this end, note we have closed embeddings

GrP,Ran > Gra,Ran GrG,Ran
and
GrBM,Ran > GrT’RanGrM,Ran-

oo} oo}
Hence we can identify g, ICAp,, and g 1C EQ),M Ran With their pushforwards along the above maps.
Let us further recall that by (6.2.1)) we have isomorphisms
Grr RanGrG,Ran =~ GrG’,Ran X GrM,Ran
’ Ran

and

Grr Ran GI'M,Ran =~ GTM,Ran RX GrT,Ran
an

that commute with Hecke correspondences for G and M in the first case, and for M and T in the
second.
By the definition of the semi-infinite IC sheaf (see §4.3.7)), we have:

= Hecke 7 4
2 . M,G
ICE Ran = IndDrPlM!G (Ocre ran)

A similar equation holds for the pair (M, Byy).
It follows that the pullback of ICgRan to Grg,ran X GrarRan is the Hecke object induced from

a Drinfeld-Pliicker structure on the delta sheaf g, 5Gr:lRan defined as pushforward of the dualizing
sheaf along the closed embedding

+
IB%’Q’Ram]\4 X GrM,Ran = GI‘M,Ran R GrG,Ran X Ran GrM,Rana

+
BLR M

0
and similarly for g, IC5 gy
The projection map

ba,T - GrG,Ran X GrM,Ran X GrT,Ran - GrG,Ran X GrT,Ran
Ran Ran an
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onto the first and third factors commutes with Hecke functors for G and T'. It follows that the
functor

PG, T,* - D(GTG,Ran X GrM,Ran X GrT,Ran) - D(GrG,Ran X GrT,Ran)
Ran Ran Ran
commutes with the action of the category Rep(G x M x T)Ran, where the latter acts on
D(GTG,Ran X GrT,Ran)
Ran
through the restriction functor
Rep(@ x M x T)Ran — Rep((} X T)Ran
given by forgetting the M module structure.
Step 3. We consider
O(Np\G)Ran ® O(Np\M )Ran := (O(Np\G) ® O(Nar\M))Ran
as an object of Rep(G' x M x T)Ran via the diagonal action of M

The O(Np\G)Ran module structure on Gry0Gre, Ran and the O(Np/\M)Ran module structure on
Grp0Gry,,Ran give an action of

O(NP\G)Ran ® O(NM\M)RMI
on the sheaf

!
Gray 5Grg,Ran ® Grp 5GrM,Ran € D(GrG,Ran RX GrM,Ran X GrT,Ran)7

and therefore a similar action on N "
PG, T (Gry 0CGre,Ran ® Gry0Gry Ran) =~ Gr0Grg ran-
Note that multiplication gives a G x T' equivariant morphism
NP\G x Ny \ M — NG
Hence we get a map
 O(MN\G)ran — O(NP\G)kan ® O(Nar\M)ran (6.3.1)
in Rep(G x M x T')Ran, where we consider M as acting trivially on O(N\G). -

Restricting along the morphism , We VIeW Gry0Grg pan @8 @ module for O(N\G); ie., as a
Drinfeld-Pliicker object.

In order to conclude the proof, it is therefore enough to show that the above Drinfeld-Pliicker
structure on Gr.0Grg ., coincides with the Drinfeld-Pliicker structure constructed in Appendix (B).
The first step towards this is to note the commutativity of the diagram

O(Np\é)Ran ® O(NM\M)Ran—mOd(DGj) E— O(G)Ran @ (’)(G’)Ran-mod(DG,T)

! !

O(N\G)Rran-mod (D¢ 1) » O(G)Ran-mod(Dg 1),

where we have used the notation

DG,T = D(GTG,Ran RX GrT,Ran)-

an
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Here, the horizontal maps are the induction functors from a Drinfeld-Pliicker structure to a Hecke
structure (see §4.2)), and the vertical maps are given by restriction. Commutativity of this diagram
follows in turn from the fact that the square

GxG —-——

|

Np\G x Nyf\M —— G/N

— X

is Cartesian.

Step 4. To identify the Drinfeld-Pliicker structures on Gr;.0Grg r,,, We note that it suffices to identify

them over each power X' of the curve in a compatible way. For simplicity, we identify them when
further restricted to a point x € X @ §
Let € be a category acted on by Rep(G x M x T'). For H € {G, M, T}, denote by bt the corre-

sponding action of Rep(H) on €. An action of the algebra O(Np\G) ® O(Ny/\M) on an object ¢

of € amounts to the data of, for every V € Rep(G), maps

VNP w e — Vxe
M G

satisfying the Pliicker compatibilities, together with, for every representation W e Rep(M ), maps

Whxe—Wxec
T M

satisfying the Pliicker compatibilities.

Restricting to an action of O(N\G) amounts to taking the composition of the maps:
VN{(C= (VNP)NM{(C—>VNP xc— Ve
T T M G
The latter assertion can be seen by unwinding the definitions and from the claim that the map
identifies O(Np\G) with M invariants in O(Np\G) ® O(Np\M).
Lastly, it remains to check that the maps in the Drinfeld-Pliicker structures at a point from
for the pairs (G, P) and (M, Bys) compose to the Drinfeld-Plicker structure for the pair (G, B),
but this is clear. O

6.4. The !«-Jacquet functor and restriction. Let Res]\% denote the symmetric monoidal functor
Resf;[ : Rep(G)Ran — Rep(M)Ran

obtained from the symmetric monoidal functor of restriction of representations via twisted arrows.
Moreover, denote by C*(fp, —) the functor

c* (ﬁP) _) : Rep(é)Ran - Rep(M)Ran
given by restricting along P — G and taking Lie algebra cohomology against #ip, cf. §4.2.6

24As remarked in the footnote in 3, all sheaves involved are in the heart of the relative perverse t-structure
defined in [HS23], and hence it suffices to identify the O(G/N)ran-module structures at a point.
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6.4.1. In this subsection we will prove the following theorem.

Theorem 6.4.1.1. The following diagram commutes:

Jac!l\;[

‘Whit (GrG,Ran) — Whit (GrM,Ran)

CSGl lCSM

Rep(é)Ran R—G> Rep(M)Ran-
Syt

By Koszul duality we obtain the following as a corollary to the above theorem.

Corollary 6.4.1.2. The following diagram commutes:

JacM

Whit(Grg Ran) ——— Whit(Gras Ran)

CSGl lCSM

Rep(G)Ran m Rep(M)Ran-

ee) -
Proof. Since IC5y,, has a coaction of O(Np)Ran, so does the functor Jacf\f )

The functor Invex,) Jac) given by post-composing with the functor of taking O(Np)-

Ran (

el
invariants is therefore given by the kernel Invy ). (ICZ Rapn) under the pairing (6.2.3). Now the
result follows from Theorem and Proposition [£.5.4.1] observing that we have an isomorphism
of functors:

InvoNp)an © Resf;l ~ C*(ap,—).
U

6.4.2. It remains to prove Theorem We will reduce this theorem to a certain vanishing
assertion when P = B where we can invoke results of Raskin [Ras21].
Consider the commutative diagram:

T _ —
GIpp- B Ran

— T

-0 ~ ~ -0
SpRan , X GIPRan GrpRan X S Ran
GrG,Ran TM ,Ran
-0 ~- -0
B,Ran GFP’Ran SBM,Ran
GI.“G Ran GrM,Ran

all of whose squares are Cartesian. For convenience, we have denoted the fiber product

0 ~ —0
SB,Ran x GrP,Ran x SBM,Ran
GrG,Ran GrM,Ram

by GrP,B*,B]_V[,Ran'
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6.4.3. We have the vacuum Whittaker object 1g Rran, Which is cleanly extended to Grg ran from
Sg’%an = Gry- Ran- We would like to understand the sheaf

Fy =g, (Jact! (G Ran)) (6.4.1)

as an object of the category Whit(S];J’g Ran>' Here ¢p,, denotes the inclusion S];’\S Ran — GT'M Ran-

We claim that in the diagram above, we can replace E}Vrp,Ran with the open locus

GrP,Ran - GrP,Ran-
That is, we claim that the open embedding
-0

Gr =9 x  Grpran X Sz < Gr
P,B—,B,,,Ran B,Ran Gre Ran s CrarRan BM,Ran P,B—,B,,;,Ran

is an isomorphism. Indeed, that we are taking the fiber over SB Ran forces the P-reduction over
the disc to be non-degenerate. In more detail, the data of an S—pomt of the fiber product

SB,Ran X GI'P7Ran

is the data, for every irreducible representation V' of G, of a point (z1, Pq, @) of Grg ran and a point
(xr, Py, Pg) of GrpRran such that the corresponding meromorphic maps

Np

V?]\/I VCP I OXXS - V?(%

G

are regular and the second map is non-degenerate. Note we are assuming V' is irreducible for the
last equality. Requiring that the corresponding point of Grysran lands in SJ;\S,Ran is the condition
that the composition of the above maps is non-degenerate for every representation V. Whenever
VNP is one-dimensional, non-degeneracy of the composition implies non-degeneracy of the first map.
Moreover, non-degeneracy of the generalized P-reduction can be checked using only representations
V such that VNP is one-dimensional. N

It follows that %, can be computed by base-change along the above diagram, replacing GrpRran

by GrP,Ran-
Lemma 6.4.3.1. The composition

-0 -0
GrP,B*,B&,Ran > GrpRan . X Spi, Ran — OBa Ran
M,Ran

18 an isomorphism.

Proof. The group £ranN,; acts on Grp ;- B;, Ran in such a way that the projection

-0

prp, : Glpp- BM,Ran — 5By Ran

is equivariant for the usual action of £ran/N,, on Sp’ B Ran- Since the latter action is transitive, it
follows that prp,, is an fppf locally trivial fiber bundle ‘with typical fiber

_70
GrPB B~ Ran X Ran_SB,Ran X Grpran X Ran

M ];}\(/)I Ran GrG,Ran GrM,Ran

where the map Ran — S];]’\S Ran 15 the canonical section to the factorization morphism.

We have

-0 ~0 0
SgRan . X Grpran  x Ran=>~Spp. x  Spgr., ~ Ran,

GrG,Ran Grkl,Ran GrG,Ran

and the result follows. O
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Corollary 6.4.3.2. There is a canonical isomorphism:
y@b — L!BM (T/’M,Ran)

Proof. This follows by diagram chase along

GrP,B*,BJ\_/[,Ran

using base change, taking into consideration the equivalence
-0 ~
D<SBM,Ran) - D(GrP,B:B;l,Ran)
afforded by Lemma [6.4:3.1] a
6.4.4. Consider the counit map:

U Ran > LBy © Uy, (Jacty (G Ran)) — Jacly (G Ran)- (6.4.2)

Here the first isomorphism comes from Corollary In the remaining part of this subsection,
we will prove:

Theorem 6.4.4.1. The counit map s an isomorphism.
We start by noting that the above theorem is sufficient for our purposes:

Lemma 6.4.4.2. Suppose the counit map s an isomorphism. Then the assertion of Theorem
holds.

el
Proof. Recall that the Hecke structure on the semi-infinite IC sheaf IC2 . gives Jacf the structure

of a Rep(G)Ran linear functor, see §6.2.4
By the Casselman-Shalika formula for G and M, we have

Homg ) (Whit(Grg Ran), Whit(Grasran)) > Hompg o) (Rep(G)Rans Rep(M)Ran), (6.4.3)

while the right-hand side is nothing other than Rep(M)gay. It follows that any Rep(G)gan-linear
functor Whit(Grg ran) — Whit(Gras Ran) is determined by where it sends g Rran. Thus, we may

check that J acf\f and Res]\GZ coincide by checking that they both send ¢ Ran t0 ¥ar,Ran- O

6.4.5. Hence we need to prove Theorem [6.4.4.1] To do this, we will use Theorem to reduce
to the principal case; i.e., when P = B. As such, let us assume that Theorem holds for an
arbitrary reductive group (e.g., G or M) whenever the corresponding Levi is a torus. Under this
assumption, let us prove Theorem for an arbitrary Levi.

We write JaciM : Whit(GrasRan) — Whit(Gry ran) for the !«-Jacquet functor from the Levi M

[F

to the maximal torus 7T'. It suffices to check that (6.4.2)) is an isomorphism after applying the functor
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Jacﬁ“ . Indeed, having assumed Theorem [6.4.4.1|is true in the principal case, Lemma|6.4.4.2| implies

that Theorem [6.4.1.1|is true in the principal case. This in turn implies that J acaM is conservative.
However, by Theorem [6.3.1.1] we have:

JaC!ZM (Jac!]\f(¢G,Ran)) = Jaclj; (¢G,Ran) = 6GrT,Ran = JaCﬁM (wM,Ran)'

Hence we are reduced to showing that Theorem [6.4.4.1 holds in the principal case.

6.4.6. We will produce two proofs in the principal case. The first argument uses a result of Raskin
from [Ras21], and the second uses techniques from [GL19]. Since the first argument will be rigorous,
we will allow ourselves to only give a sketch of the second.

The reason we will not provide full details for the second argument is that in [GLI9| the authors
work in a twisted setting with a non-degeneracy assumption on the twisting. As such, we cannot cite
their results directly. However, one can show that their arguments can be adapted to the non-twisted
setting and that the main difficulty in doing so is notational. Although we allow ourselves to forego
complete rigor, we still believe an indication of the second proof is valuable in that it avoids the use
of perverse t-structures.

First proof of Theorem in the principal case. We need to show that for any k-point
a: pt — GrrRan

that does not lie in the image of the unit section
Ran — Gr7Ran,

the vector space a'(Jaci, (G Ran)) vanishes. Since we are in the principal case, we write Grp Rran

instead of &B,Ran.
Consider the diagram

Grp.

P iy

GTG’m iB,(L‘ GI“T@

iG,x GI‘B’Ran iT,x

%B,Ran qB,PVk\

GrG’,Ran GrT,Rana
where x is the composition of a with the projection Grrran — Ran. By factorization, we may
assume that x factors through the image of the main diagonal X — Ran. Base change along this
diagram shows that the functor z'Tm o Jac!:'; : Whit(Grg ran) — D(Grr) is given by:

_ 1 2 L 1

'F I qB,x,*(ZB,x(GrT,RanICé,Ran) ®pB,x(ZG,x(°F)))
jee} o] — ~

Here, we have denoted by GrT,RanICBg Ran the -pullback of ICZ i, along Grp ran — SﬁanT\S% Ran-

Applying this to F = ¥g Ran gives

1 T _ N $ L
i © Jac!*(wG7Ran) = qB,w,*(ZB7£E(GrT,RanICBg7Ran) ®pB,x('¢G,r))7

and we want to show that the right hand side is supported only in the 0’th component of Grr .
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Let us now further base change along the inclusion of a connected component
tA — GI‘T,I

with A # 0, where we recall that Grr, is (on the level of reduced schemes) the disjoint union of

tNs, with A € A.

The fiber of Grg & over t* is the closure S of the semi-infinite orblt S2 A in GrG » indexed by A.

Unwinding the definitions, we have note the !-pullback of GrT,RanIC B Ran O S is equivalent to the

0 © ©
translation t* IC b, of IC5, = Z‘GI (ICS Ran) by the automorphism induced by multiplying by A
We therefore want to show that

— o |
Hip(Sy 0 8,0, CE , @) = 0 (6.4.4)

for each A € A\0.

If ?;‘ A S0 s empty there is nothing to show. Otherwise, it is a closed subscheme of a finite-
dimensional scheme Z called the Zastcwa space. By [Gai2ll Prop. 3.8.3], the semi-infinite IC sheaf
restricted to the intersection g)\ NSy Y is equivalent to the perverse intersection cohomology sheaf of
Z restricted to the same intersection, up to a cohomological Shlft.ﬁ Hence the vanishing of (6.4.4 -
is exactly Theorem 3.4.1 of [Ras21].

jee)
Second proof of vanishing in the principal case. The Hecke structure on ICj ;. gives a canonical
commutative triangle:
G

Res
Whit(GrGRan) — 0 Whit(GrG’Ran) & Rep( )Ran

Rep(G)Ran
k lJaCT:k Hecke
D (GrT,Ran) .

By construction, under geometric Casselman-Shalika, the functor ResG corresponds to the same

named functor Rep(G)Rran — Rep(T)Ran- Hence it suffices to show that taking the fiber of J acT Hecke

at a point x € X coincides with the identity functor
idgep(7) Rep(T) — Rep(7T).

Note the functor J acT Hecke

kernel ICE . € D(Grgz).

We will carry out the following construction. For each A € A, we will produce an object M? in

Whit(Grg,) & Rep(T). The collection of M*’s will satisfy the following:
Rep(G

given by J aclj;’HeCke followed by taking the fiber at x is given by the

(1) Each M* belongs to the heart of the natural t-structure of the category

Whit(Grg,) ® Rep(T) ~ Rep(T).
Rep(G)

25We remark that given Theorem |5.3.8.1} the proof of Proposition 3.8.3 in [Gai21] reduces to a relative version of
[Gail8, Prop. 3.6.5(a)], which compares the IC-sheaf on Buny and the Zastava space.
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(2) For each A, there is a surjective map
MY — A,

where k* is the 1-dimensional representation of T' given by .

A T,H

(3) The functor ®* given by Jac;,,
resented by M?.

(4) We have that

ecke followed by taking the A-component in Rep(T) is corep-

Homp, ) (MA MH) =k
if u = A, and is 0 otherwise.

Assuming the existence of the M?*’s, let us finish the proof. First, (1) and (4) together imply that
M?* is irreducible, and hence that the map M?* — k* from (2) is an isomorphism. By (3), for every
V € Rep(T),

we therefore have
(V) = Homgp 7 (M, V) =~ Hompg, oy (K, V) = V(N),
where V'()) is the A-component of the T-representation V. But

T,Hecke A
Ja‘c!*,m - C—D @7,
AeA
from which we conclude that J acﬁ’geCke is the identity.

Let us now define the M*’s. First, define
MO = Avi N ¥ (gr IC2 ).

Here, gr ICEI is the graded Hecke object corresponding to ICEQC. That is,

gr ICEI € D(Grgz) ® Rep(T)
’ Rep(G)

is the image of ICg} ., under the functor
Heckey; 5(SIpz) =SIp,  ®  Rep(T) > Slpy, ® Rep(T) — D(Grg,) & Rep(T).
’ Rep(T)®Rep(G) Rep(G) Rep(G)
Here, the first functor is right adjoint to the projection:
Slpe ® Rep(T) >SIpe  ®  Rep(T).
Rep(G) Rep(T)®Rep(G)

The second functor is induced by the forgetful functor SIp, — D(Grg ).

For an arbitrary A € A, let M = MO R KA.

The properties (1) — (4) can be verified following |[GL19|. To direct the reader to the relevant

arguments: Property (1) is proved in the same way as Corollary 25.2.3 in loc.cit., Property (2) is
Corollary 25.4.4, Property (3) is the content of Section 26, and Property (4) is Theorem 25.5.2. [
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APPENDIX A. COLIMIT DESCRIPTION OF INTERSECTION COHOMOLOGY SHEAF

The goal of this Appendix is to prove lemma and lemma [£.5.7.1] To do so, we will realize
(the fibers of) IC2y,, as a suitable colimit, following [Gail8].

A.1. Proof of Lemma [4.4.8.7]
A.l.l. Leti,:2 — X — Ran be a k-point of X. Let ICZ_ := i} (IC2R,,). We have

e Hecke y;
2 _ M,G
ICP,IIT - IndDI‘PlA;LG (6GrG,x)’

where we now consider D(£} M\ Grg ;) as acted on by Rep(M)@Rep(G)m and with dgy , defining
an object of DrP1(D (L] M\ Grg,,)). That is:

107, ~ Fun(Np\G)  ®  dcng,.
7 Fun(Np\G)

A.1.2. Let A]T/[ < A be the set of dominant cocharacters that are orthogonal to the roots of M.
That is, A € A lies in A]T/[ if and only if it is dominant and saitisfies {a;, \) = 0 for all o; € Jxs.

Note that such a X defines a character of M, and so the corresponding highest weight represen-
tation V]\} of M is 1-dimensional. In this case, we write e* := VJ\)/‘I. We continue to write V> for the
highest weight representation of G corresponding to .

A.1.3. We consider A]T/[ as a poset via the relation A\{ < Ay < A9 — Ay € AL. We note that this
poset is filtered due to the assumption that G is semisimple and simply connected.

A.14. Let @ be a category acted on by Rep(M) ® Rep(G), and let ¢ € DrPI(€) be an object
of ¢ equipped with a Drinfeld-Pliicker structure. We remind (cf. §4.1.5) that these correspond in
particular to a coherent family of maps

Axc—cex VA Ne A, (A.1.1)
In this case, we get a natural functor A]T/[ — C given by
Ao e e VA
and for Ay = A1 + A, the corresponding transition map is:
e Maer VM S e Mae M aex VAR VM 5 e 2w en V2,

Here, the first map is given by ¢ — e~ x ¢* V* induced by (A.1.1)), and the last map is induced by
the Pliicker map VAQ VA — yAtA
As such, we may form the corresponding colimit:

colim e ™ x ¢ x V.
XeAF;

26We remind that the action of Rep(M) is always twisted by the functor 1}
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A.1.5. We have the following generalization of |[Gail8, Prop. 6.2.4] to the parabolic setting. The
proof follows that of loc.cit.

Lemma A.1.5.1. The functor

coincides with the functor

¢ colim e x ¢ VA,
XeAt,

Proof. 1t suffices to consider the universal case where C = Rep(M) ® Rep(G) and ¢ = Fun(Np\G).
We have a natural map of M x G-representations:
colim e ® Fun(Np\G) @ V* — Fun(G)
XeAT,

induced by the algebra map Fun(Np\G) — Fun(G) and then multiplying by the function g —
($,g-v). Here, ¢ € (VN)* is the lowest weight vector e™* — (V*)* and v e V.

We need to verify that this map is an isomorphism. Since AX/[ is filtered, the colimit lies in
the heart of the ¢-structure of Rep(M ) ® Rep(G’). As such, it suffices to show that the map is an
isomorphism after applying the functor Homg(V*#, —) for each dominant coweight u.

On the one hand, we have Homx(V#, Fun(G)) ~ (V#)*.

On the other hand, suppose A € AL is sufficiently large compared to u. That is, A + v is dom-
inant for all M-dominant coweights v appearing as highest weights in (V#)* considered as a M-
representation. For such an M-dominant coweight, we write Vy for the corresponding highest weight

representation of M.
In this case, we have:

Homx(V*#, e AMQFun(Np\G) @ V) ~ e ® Homg (k, Fun(Np\G) @ (V) * @ V).
By Lemma below, we may further rewrite this as:
= @ e * @ Homg (k, Fun(Np\G) @ VM @ Hom (VY (V*)*))

~ P e @Hom ; (VY, (V*)*) @ Homg((V)*, Fun(Np\G))
) ~ @ e @ Homy (Vi (VH)*) @ VT
~ é Hom y; (V7 (V") ® Vi ~ (V)™
By construction, the induced mf:p
(VH)* ~ Homg(V*, e ® Fun(Np\G) ® V) — Homg(V#, Fun(G)) ~ (VH)*
is the identity, as required. ]

Lemma A.1.5.2. Let \ € A]T/[ and let V be a G-representation. Suppose that for all M-dominant

coweights v that appear as highest weights in Res%(V), the coweight \ + v is dominant (for G).
Then we have a canonical decomposition

VeV~ @ VM ®@Hom (VY V)

v
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as G-representations. Here, the direct sum is over all M-dominant coweights v.
Proof. Denote by )

Resg : Rep(G) — Rep(P)
the restriction functor, and denote by

coIndg : Rep(P) — Rep(G)
its right adjoint given by coinduction. Then we have:

VeVi~TV® coIndg(eA) ~ coIndIG;(Resg(V) ®eY)
~ P coIndg(VA’ff RN ® Hom 7 (Vy,, V)
~ @ colndS (V™) @ Hom (VY V)

~ @ V" @ Homy, (V¥ V).

A.1.6. We proceed with the proof of Lemma Recall the semi-infinite IC sheaf:
ICERHH € D(’g;{anM\ GrG,Ran)~

©
First, we need to verify that IC2 g, is equivariant for the group £ran/Np. That is, we need to verify
jeel
that IC5 ., lies in the subcategory
SIM,Ran = D(SRanNPSP_{anM\ GrG,Ran) < D(EﬁanM\ GrG,Ran) .

A.1.7. For a category € and a field-extension k € K, we write Cx := € ® Vectyx for its base
Vect

change to K.
The following lemma allows us to check equivariance on field-valued points:

Lemma A.1.7.1. Let C,D be D(Ran)-module categories and suppose we are given a fully faithful
embedding D — C. Then an object c € C lies in D if and only if for all finite sets I and field-valued
points j : Spec(K) — X!, the image of ¢ under the functor:

QK

C—tser~Cx ® DRan)x -25ex ® Vecty
D(Ran) g D(Ran) g

liesin Dg &  Vectg.
D(Ran) i

Proof. It suffices to check that c lies in D when restricted to X! — Ran for each finite set 1. By a

standard Cousin complex argument (see e.g. JAGKT20, Lemma 9.2.8]), we may write the dualizing

sheaf wy: as a colimit of sheaves of the form j.(K), where j : Spec(K) — X1 is a field-valued

point. Since wyr acts as the identity on € D(%? : D(X'), any object in the latter category admits a
an

similar colimit description. ]

Lemma A.1.7.2. The sheaf ICERan 18 LRanNp-equivariant.

Proof.
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Step 1. By Lemma it suffices to check equivariance when restrictinoog to each field-valued
point Spec(K) — X!, For ease of notation, we assume that K = k. Since IC;Ran is a factorization
algebra, we may further assume that the point Spec(k) — X I factors through X. In other words,
it suffices to show that ICEQE e D(Lf M\ Grgy) is £, Np-equivariant.

Step 2. Since Np is unipotent, the loop group £, Np is an ind-group scheme. That is, we may write
£,Np as a filtered colimit of group schemes {Nq}aea, where A is a filtered category. As such, it

suffices to establish equivariance against each NV,.

The subset A}, , € A}, of those A such that Ad,»(Na) S N(O;) is cofinal. For such a A and
F e D(&f NpLtM\Grg,), note that e=* = F is N,-equivariant. This shows that the colimit

Y A
colim e™" % dGyg , * V
eAt,

is Ny-equivariant. By Lemma |A.1.5.1} the above colimit identifies with ICEQC. U
A.1.8. The above lemma together with the following finish the proof of Lemma [4.4.8.1

Lemma A.1.8.1. The sheaf ICPRan is supported on §937Ran.

Proof. As in Step 1 of the proof of Lemma [A.1.7.2] we may check this after restricting to points
z € X(k). Let 0 € Ag,p\A% and choose a lift 6’ of 6 to Ag,p. Let 5% be the corresponding semi-

infinite orbit (i.e., the £, N-orbit through ). Since S? contains S’%I, it suffices to show that the
restriction of IC 13 . to 5’9 is zero. However this follows from the colimit description of IC P and

the fact that if Sg A Gr Gz # &, then A — ¢ is a sum of positive simple roots with non-negative
integral coefficients. O

A.2. Proof of Lemma [4.5.7.1].

A.2.1. Recall the notation of §4.5.60 We need need to show that the sheaf F? lies in perverse
degrees = 1 + (2(pg — par), ) whenever 6 # 0.

Since the sheaf ICERan factorizes over Ran, the sheaf F = P F? factorizes over Confg p.
’ aeAneg

As such, it suffices to show that A'(F?) e D(GrM Cont X X) lies in perverse degrees > 1 + (2(pg —

pM)v 9>a where
+.,0
A GrM Conf 7 x X — GrM Conf

is induced by the diagonal map:
A:X>X 20502

Lemma A.2.1.1. A'(F%) is ULA over X.
Proof. By working étale-locally on X, we may assume that X = A!. In this case, we have:
Grg,x ~ Grg xX, Gryrx =~ Gryr xX, S%’X ~ Sf; x X.

Moreover by construction, the restriction of the factorization algebra O(Np\G) (resp. O(G)) along
(Rep(M) ® Rep(G))ran — (Rep(M) @ Rep(C))ran | ®  D(X) > Rep(M) @ Rep(C) @ D(X)
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is isomorphic to Fun(Np\G) X wx (resp. Fun(G) X wx). As such, the restriction of IC2g,  to

Grg,x ~ Grg x X is isomorphic to (Fun(G)  ®  dgr,)Kwy. Since Gr}, y maps isomorphically
Fun(Np\Q) '
+ . .
onto Gr M Conf ;{JX , the result follows. ]

Proof of Lemmal4.5.7.1 Let x € X. Recall that ICEQE denotes the !-restriction of ICERan to x € Ran.

Let ig : Gr}jz — Grg, be the natural embedding. By factorization of F? and Lemma |A.2.1.1
it suffices to show that the l-restriction of F¢ under

+0
GrrM, GrM Conf 7 X {37 - M Conf

lies in perverse degrees > 2 + (2(pg — pa ), 0). However, this restriction coincides with ig’!(IC P

Recall the isomorphism (see Lemma [A.1.5.1)):
©
IC7, ~ colim e % 0Gre , * V.
’ AeAT, '

The colimit is filtered, and since the t-structure on D(Gr;\;{) is compatible with filtered colimits, it
suffices to show that i%" (e_A*éng’x *V*) lies in perverse cohomological degrees > 24+(2(pg—par), 0)
for any A.

Let IC* be the IC-sheaf on Gr)c‘;@ corresponding to V*. By definition, the assertion exactly
amounts to showing that i*+?(IC*) is in perverse degrees > 2.

Note that when 6 # 0, the intersection GrJr ’\+9

the parity vanishing of IC*. ]

N Gré,z is empty. Thus, the result follows from

APPENDIX B. DRINFELD-PLUCKER STRUCTURE ON DELTA SHEAF
In this section, we construct a natural Drinfeld-Pliicker structure on dgr, Ran-

B.0.1. Ezternal convolution. Recall that the category Rep((v}')};{aLn comes equipped with an external
convolution monoidal structure. §
For a finite set I, let Rep(G)xr := Rep(G)ran ® D(XI) Let * denotes the pointwise convo-
DR

an

lution monoidal structure on Rep(G)Ran defined in Then external convolution is defined as
the composition

Rep(G) xr ® Rep(G) x7 — Rep(G) y1o7 @ Rep(G) 100 = Rep(G) y1us.

Here, the first functor comes inserting the unit along I — I 1 J and J — I 1 J, cf. the unital
structure on Rep(G)Ran, see This defines an external convolution product:

Rep( )Ran ® Rep( )Ran - Rep(G)Ran~

By construction, applying external convolution to an objects supported over x and y, respectively,
the result is supported over x L y.
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B.0.2. Naive geometric Satake. In addition to the usual (pointwise) convolution structure on the
spherical category Sphg gay, this category similarly comes equipped with an external convolution

product defined in the same way as for Rep(G)Ran. By construction, the (naive) geometric Satake
functor

Sat™ : Rep(G)Ran — SPhg Ran
is monoidal for both the pointwise and external convolution structures.

B.0.3. We will apply the above setup for G replaced by M x G.
We need to construct an action

O(NP\G) - 5Grc,Rana

where O(Np\G) is considered as an algebra object of Rep(M X G)ran =~ Rep(M) ® Rep(G)Rran
D(Ran)

with its pointwise convolution product.

By definition of O(Np\G), cf. §4.2.1| this amounts to a family of compatible maps
Sat™ (Fun(Np\G)®' Mwxs) * Sarg x1 = Sarg x1 (B.0.1)
for each (I — J) € TwATrr.
B.0.4. First suppose that I = J = # is a singleton. Then a map

Sat™ (Fun(Np\G) K wx) * 6Gra,x — 0Gra, X (B.0.2)
amounts to a compatible family of maps
Vﬁ,x *0Gr.X = 0Gr.x * VR (B.0.3)

for each dominant coweight A. As usual, V]\% denotes the irreducible representation of M with

highest weight X\, and V* is the irreducible representation of G with highest weight A. The sheaves
VJ\% x € Sph,y, V)? € Sphy denote the corresponding spherical sheaves over X constructed in the

usual way (see e.g. [Gai07, App. B]).
We have a canonical such map. Indeed, denote by IC}, € D(Grys),IC* € D(Grg) the IC-sheaves

on Grﬁm Grg, respectively. We consider ICﬁ/[ as a sheaf on Grg via the embedding Gry; — Grg.
From the canonical identification

A < T
IC [2<pG — PM; )‘>:”Grﬁ4 - ICM ’GrRI’
we get a canonical map
1ICy, — ICH.
This gives the desired map (B.0.3]).
B.0.5. Note that (B.0.2)) gives a map
Sat™ (Fun(Np\G) Bwx) % Sgug x7 — SGrg x7o% (B.0.4)

for each finite set I. Indeed, (B.0.4) is obtained from (B.0.2)) by applying ins,(wx:X—) : D(Grg,x) —
D(Grg xrux), where ins : X' x Grg,x — Grg xrux inserts an I-tuple of points from which we further
restrict the trivialization of the point (z,Pg, a) € Grg x.
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B.0.6. Next, suppose I = J. By definition of Sat™", we have:
Sath(Fun(WpI Wxr) e? Satn"(Fun(m) wx).
By iteratively applying , we thus obtain a map
Sat™ (Fun(Np\G)®! Bwxr) ¥ Sgug x1 — Ocrg,x1or-
I-pulling back along the diagonal X! — X! we obtain the map
Sat™ (Fun(Np\G)®! Bwxr) * Sarg,x1 = Oar,x1- (B.0.5)

B.0.7. Finally, let (I — J) € TwArr be arbitrary. Let A7 : X/ — X! be the corresponding
diagonal embedding. We now get a map:

Sat™ (Fun(Np\G)®! R wys) * OGra.xI =~ Sat™ (Fun(Np\G)®! R A7 7, (wxs)) * OGrg.x1 =

= Sat™ (Fun(Np\G)® Blwyr) * g 7 Singxt-
Here, all maps take place in D(M (O)Rran\ Grg Ran). Note that the above factors as:

Sath(Fun(NP\é)®I wXJ) * 5GrG,XI - AI—”J* (5GrG,XJ) — 0ar

a,xI’

B.0.8. As such, we have constructed the necessary family of maps (B.0.1]). They naturally come

equipped with the higher coherence data required to give an action of O(Np\G) on 5GrG,Ran

27An alternative way to see this is to use the relative perverse t-structure of Hansen-Scholze [HS23|. Indeed,
both O(Np\G)xr and dGr,, ; naturally lie in the heart of the relative perverse t-structure. Moreover, pointwise
convolution on Sphg yr is exact for this t-structure, so the higher compatibilities are automatic.



[ABB*05]

[ABC*24|

[AGK™*20]

[Bar12]

[Ber21]
[BFGMO02|

[BGYY]

[BGO1]
[BGOG]

[CCFT24]

[CR23]
[DL25]
[FFKM97]
[FGVO1]
[FM97]
[FR22]

[Gai07]
[Gail0]

[Gaill]
[Gail8]

[Gai21]

[GL19]
[GR17]
[GR19]

[Hay25]
[HHS24|

[HS23]

PARABOLIC GEOMETRIC EISENSTEIN SERIES AND CONSTANT TERM FUNCTORS 65

REFERENCES

Sergey Arkhipov, Roman Bezrukavnikov, Alexander Braverman, Dennis Gaitsgory, and Ivan Mirkovic.
Modules over the small quantum group and semi-infinite flag manifold. Transformation groups, 10:279—
362, 2005.

Dima Arinkin, Dario Beraldo, J Campbell, L Chen, J Faergeman, Dennis Gaitsgory, K Lin, S Raskin, and
N Rozenblyum. Proof of the geometric Langlands conjecture II: Kac-Moody localization and the FLE.
arXiw preprint arXiv:2405.03648, 2024.

Dima Arinkin, Dennis Gaitsgory, David Kazhdan, Sam Raskin, Nick Rozenblyum, and Yasha Varshavsky.
The stack of local systems with restricted variation and geometric Langlands theory with nilpotent singular
support. arXiv preprint arXiw:2010.01906, 2020.

Jonathan David Barlev. D-modules on spaces of rational maps and on other generic data. PhD thesis,
Harvard University, 2012.

Dario Beraldo. On the geometric Ramanujan conjecture. arXiv preprint arXiv:2103.17211, 2021.
Alexander Braverman, Michael Finkelberg, Dennis Gaitsgory, and Ivan Mirkovié. Intersection cohomology
of Drinfeld’s compactifications. Selecta Mathematica, 8(3):381-418, 2002.

Alexander Braverman and Dennis Gaitsgory. Geometric Eisenstein series. arXiv preprint math/9912097,
1999.

Alexander Braverman and Dennis Gaitsgory. Crystals via the affine Grassmannian. 2001.

Alexander Braverman and Dennis Gaitsgory. Deformations of local systems and Eisenstein series. arXiv
preprint math/0605139, 2006.

Justin Campbell, Lin Chen, Joakim Faergeman, Dennis Gaitsgory, Kevin Lin, Sam Raskin, and Nick
Rozenblyum. Proof of the geometric Langlands conjecture III: compatibility with parabolic induction.
arXw preprint arXiw:2409.07051, 2024.

Justin Campbell and Sam Raskin. Langlands duality on the Beilinson-Drinfeld Grassmannian. arXiv
preprint arXiw:2310.19734, 2023.

Gurbir Dhillon and Sergey Lysenko. Semi-infinite parabolic IC sheaf. arXiv preprint arXiv:2310.06386,
2025.

Boris Feigin, Michael Finkelberg, Alexander Kuznetsov, and Ivan Mirkovié. Semiinfinite Flags. II. Local
and Global Intersection Cohomology of Quasimaps Spaces. arXiv preprint alg-geom /9711009, 1997.
Edward Frenkel, Dennis Gaitsgory, and Kari Vilonen. Whittaker patterns in the geometry of moduli spaces
of bundles on curves. Annals of Mathematics, 153(3):699-748, 2001.

Michael Finkelberg and Ivan Mirkovi¢. Semiinfinite Flags. I. Case of global curve P'. arXiv preprint
alg-geom,/9707010, 1997.

Joakim Faergeman and Sam Raskin. Non-vanishing of geometric Whittaker coefficients for reductive
groups. arXw preprint arXiv:2207.02955, 2022.

Dennis Gaitsgory. On de Jong’s conjecture. Israel Journal of Mathematics, 157(1):155-191, 2007.

Dennis Gaitsgory. A generalized vanishing conjecture, 2010. Available at
https://people.mpim-bonn.mpg.de/gaitsgde/GL/GenVan.pdf.

Dennis Gaitsgory. Contractibility of the space of rational maps. arXiv preprint arXiv:1108.1741, 2011.
Dennis Gaitsgory. The semi-infinite intersection cohomology sheaf. Advances in Mathematics, 327:789-868,
2018.

Dennis Gaitsgory. The semi-infinite intersection cohomology sheaf-II: the Ran space version. In Represen-
tation Theory and Algebraic Geometry: A Conference Celebrating the Birthdays of Sasha Beilinson and
Victor Ginzburg, pages 151-265. Springer, 2021.

Dennis Gaitsgory and Sergey Lysenko. Metaplectic Whittaker category and quantum groups: the "small"
FLE. arxiv preprint arXiv:1903.02279, 2019.

Dennis Gaitsgory and Nick Rozenblyum. A Study in Derived Algebraic Geometry: Volume II: Deforma-
tions, Lie Theory and Formal Geometry. Mathematical surveys and monographs, 221, 2017.

Dennis Gaitsgory and Nick Rozenblyum. A study in derived algebraic geometry: Volume I: correspondences
and duality, volume 221. American Mathematical Society, 2019.

Andreas Hayash. Semi-infinite flags and Zastava spaces. arXiv preprint arXiw:2311.13067, 2025.

Linus Hamann, David Hansen, and Peter Scholze. Geometric Eisenstein series I: finiteness theorems. arXiv
preprint arXiv:2409.07363, 2024.

David Hansen and Peter Scholze. Relative perversity. Communications of the American Mathematical
Society, 3(09):631-668, 2023.



66

[Lin23]
[Lur09]
[Lurl7?]
[MVOT]
[Ras15]
[Ras18§]
[Ras21]

[Ras24]
[Sch15]

JOAKIM FERGEMAN AND ANDREAS HAYASH

Kevin Lin. Poincaré series and miraculous duality. PhD thesis, Harvard University, 2023.

Jacob Lurie. Higher topos theory. Princeton University Press, 2009.

Jacob Lurie. Higher algebra, 2017.

Ivan Mirkovi¢ and Kari Vilonen. Geometric Langlands duality and representations of algebraic groups
over commutative rings. Annals of mathematics, pages 95—-143, 2007.

Sam Raskin. Chiral categories, 2015. Preprint available at
https://web.ma.utexas.edu/users/sraskin/chiralcats.pdf.

Sam Raskin. Chiral principal series categories II: the factorizable Whittaker category. available at
https://gauss.math.yale.edu/ sr2532/cpsii.pdf, 2018.

Sam Raskin. Chiral principal series categories I: finite dimensional calculations. Advances in Mathematics,
388:107856, 2021.

Sam Raskin. An arithmetic application of geometric Langlands. preprint, 2024.

Simon Schieder. The Harder—Narasimhan stratification of the moduli stack of G-bundles via Drinfeld’s
compactifications. Selecta Mathematica, 21(3):763-831, 2015.



