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Abstract. We study the Clifford dimension of an integral curve. To do so,
we extend the notion of Clifford index, allowing torsion-free sheaves on its

computation. We derive results for arbitrary curves, and then focus on the

monomial case. In this context, we obtain combinatorial formulae for the
Clifford index and apply them to the case of Clifford dimension 2.

1. Introduction

Let C be an integral and complete curve over an algebraically closed field of
arbitrary characteristic. First, assume C is smooth. Let L be a line bundle
on C of degree d and r + 1 independent global sections. Its Clifford index is
Cliff(L) = d − 2r. So it measures how far L is from satisfying Clifford’s equality.
Set Cliff(C) = min{Cliff(L) |h0(L), h1(L) ≥ 2}. As well known [12, Thm. IV.5.4],
unless C is hyperelliptic, the trivial and canonical bundles are the only satisfying
Clifford’s equality. So the Clifford index of a curve measures how far it is from
being hyperelliptic.

This invariant has been studied by numerous authors in various ways, especially
in the context of Green’s conjecture [10, Conj. (5.1)] (see, for instance, [2]). Here, we
are particularly interested in a closely related concept. Namely, say L computes the
Clifford index if Cliff(L) = Cliff(C). Following [8, []p. 174] and [11, p. 88], the Clif-
ford dimension of C is defined as Cld(C) := min{h0(L)− 1 |L computes Cliff(C)}.

It is well known that Cld(C) = 1 if and only if Cliff(C) = gon(C)− 2, and thus
Clifford index and gonality are essentially the same concepts in this case. Rather, if
r := Cld(C) ≥ 2, then C admits a closed immersion C ↪→ Pr [8, Lem. 1.1]. The case
r = 2 is known: curves of Clifford dimension equal to 2 are precisely the smooth
plane curves of degree d ≥ 5. Also, Cliff(C) = deg(C)− 4 = gon(C)− 3 (see [8, p.
174]). The first equality was recently obtained by Feyzbakhsh-Li in [9, Cor. 5.6] by
means of Bridgeland stability and as a particular case of Clifford indeces for higher
rank bundles.

The case r = 3 was addressed by Martens in [16]. He proved that a curve has
Clifford dimension 3 if and only if it is (isomorphic to) a complete intersection of
two cubics in P3. He also proved the restrictions for higher dimension are strong.
But he conjectured, for every r ≥ 3, the existence of curves C ⊂ Pr of genus 4r−2,
Clifford index 2r − 3, and Clifford dimension r [11, Problem (3.10)].

Eisenbud-Lange-Martens-Schreyer characterize those conditions in [8, Thm. 3.6],
prove they are necessary for r ≤ 9 in [8, p. 203], sufficient for curves lying on certain
K3 surfaces [8, Thm. 4.3], and then derive the existence of such curves.

Another way of studying this problem is via gonality. In fact, in [5, p. 193]
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Coppens-Martens deduced that if r ≥ 2, then Cliff(C) = gon(C)−3, so this equality
characterizes higher Clifford dimension. They call exceptional curves satisfying this
property. As a natural continuation of the study of curves onK3 surfaces, Knutsen-
Lopez proved in [15, Thm. 1.1], that there are no exceptional curves on Enriques
surfaces other than plane quintics.

The aim of this article is to address the general integral case, so that, in particu-
lar, C can be possibly singular. To begin with, we recall an extended version of Clif-
ford’s Theorem proved by Eisenbud-Harris-Koh-Stillman in [7, App., Thm. A] and
also by Kleiman-Martins in [13, Lem. 3.1.(a)]. Namely, let F be a torsion-free sheaf
of rank 1 on C of degree d. If h0(F), h1(F) ≥ 1 then d− (h0(F)−1) ≥ 0. Moreover,
equality also holds for a new class of curves, which are rational, with a unique sin-
gularity, for which the maximal ideal agrees with the conductor [7, Thm. A.(ii).(c)].
They were called nearly normal in [13, Def. 2.15], as they are the only ones whose
canonical model C ′ is arithmetically normal [13, Thm. 5.10] (see (2.3) for details).

So a general theory of Clifford index should allow rank 1 torsion-free sheaves
in its computation. In fact, this is the approach adopted by Altman-Kleiman in
[1, p. 190] when defining linear series, and, for instance, in [17] (and implicitly in
[19,21]) for the definition of gonality, i.e., it is the smallest degree of a torsion-free
sheaf F of rank 1 on C with h0(F) ≥ 2. Within this framework, it is proved in
[19, Thm. 2.1] that C is rational nearly normal iff gon(C) = 2, and computed by
a g12 with an irremovable base point (a notion introduced in [21, p. 190]). Thus,
the Clifford index of an integral curve, if defined in the same spirit, keeps being a
measure of how far a curve is from having gonality 2.

Hence, for the remainder, given a torsion-free sheaf F of rank 1 on C, set its
Clifford index as Cliff(F) = deg(F)− 2(h0(F)− 1). The Clifford index of C is

Cliff(C) = min
{
Cliff (F) |h0(F) ≥ 2 and h1(F) ≥ 2

}
.

Say again F computes the Clifford index of C if Cliff(F) = Cliff(C), and, accord-
ingly, define the Clifford dimension of C as

Cld(C) := min{h0(F)− 1 |F computes Cliff(C)}.

In this setup, we address some of the problems mentioned earlier, extending the
discussion to singular curves. We summarize the results that we obtained below.

Theorem. Let C be an integral and complete curve over an algebraic closed field.
Assume that r := Cld(C) ≥ 2. We have that:

(I) If Cliff(C) is computed by an invertible sheaf, then:
(i) there exists a closed immersion C ↪→ Pr; in particular, if r = 2, then

C is (isomorphic to) a plane curve;
(ii) if C is a plane curve of degree d ≥ 5, then:

(a) Cliff(C) ≤ d− 4;
(b) gon(C) ≤ d − 1, and equality holds if the gonality is computed

by a base-point-free pencil;
(II) If C is a plane, monomial, unicuspidal curve of degree d ≥ 5, then:

(i) Cld(C) = 2;
(ii) Cliff(C) = d− 4 and is computed by an invertible sheaf;
(iii) gon(C) = d − 1 and is computed by both a base point free pencil and

by a pencil with an irremovable base point.
(III) There’s a nonplanar C with a point of multiplicity α and Cld(C) = 2, ∀α.
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The proof of the above statements is carried out in (3.6) and (5.4). The key
ingredients for (II) are: (1) we prove in (5.1) that both the Clifford index and
gonality of a monomial curve can be computed by a sheaf F generated by monomial
sections; (2) we get in (4.1) a formula for h1(F) for any such an F, showing, in
particular, if it is eligeble or not to compute the Clfford index; (3) we develop in
(4.3) a combinatorial method for computing the Clifford index of any such F. Thus,
(1), (2) and (3) provide an algorithm to compute the Clifford index of a monomial
curve. We give a simple example of the method in (5.6) for a curve which turns
out to be exceptional of Clifford dimension 3. Also, (5.1) enable us to characterize
trigonal monomial curves in (5.3).

Surprisingly, (III) yields that the expected result that plane curves (of degree
d ≥ 5) are the ones with Clifford dimension 2, as in the smooth case, does not hold
in general. Indeed, in (5.4).(ii) we exhibit a family of curves of Clifford dimension 2
which are not planar. We calculated their Clifford index as well, and, as predicted
by (I), it is not computed by any invertible sheaf. Finally, based in [17, Thm. 2.2],
we also observe in (3.7) that it’s possible to define a scrollar dimension of a pencil
on C via its canonical model of C ′ and we show in (3.8) how it characterizes Clifford
dimension 2.

There are natural questions related to the present article, of which we highlight
some: (1) Does the equivalence Cld(C) ≥ 2 ⇐⇒ Cliff(C) = gon(C) − 3 hold for
any integral curve? We figure the answer is likely affirmative if the Clifford index
is computed by an invertible sheaf, as it seems possible to adjust the techniques
used in [8] when so; (2) Assume Cliff(C) is computed by a non-invertible sheaf
and Cld(C) = r; pull it back to C, remove torsion, and use the resulting pencil

to get a curve C̃ ⊂ Pr. The curve C̃ stands for a Clifford model of C, as its
construction mimics the one of the canonical model C ′ of a non-Goresntein curve
C (see [13]); since, for instance, C ′ encodes the gonality of C [17, Cor. 2.3], what

can be said about C by dint of C̃? (3) As it happens for Clifford dimension 2, are
there unexpected curves of Clifford dimension 3 which are not intersection of two
cubics? We hope to address at least part of those problems in a forthcoming work.

Acknowledgments. This work corresponds to part of the Ph.D. Thesis [24]
of the fourth-named author. The third-named author is partially supported by
CNPq grant number 308950/2023-2 and FAPESP grant number 2024/15918-8. The
fourth-named author is supported by CAPES grant number 88887.821937/2023-00.

2. Preliminaries

This section provides a brief overview of several concepts that will be used later
on, including linear systems, gonality, canonical models, nearly normal curves, semi-
group of values, and scrolls.

To start with, and throughout, C stands for an integral and projective curve of
arithmetic genus g defined over an arbitrary algebraically closed field k. Let OC ,
or simply O, dentote the structure sheaf of C, and let ω be its dualizing sheaf.

Recall that a point P ∈ C is Gorenstein if the stalk ωP is a free OP -module. The
curve C is said to be Gorenstein if all of its points are Gorenstein, or equivalently, if
ω is invertible. Also, recall that C is hyperelliptic if there is a double cover C → P1.
If C is hyperelliptic, it is nessarily Gorenstein [13, Prp. 2.6.(2)]. We will later see
that hyperelliptic curves are the only Gorenstein curves with Clifford index zero.
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(2.1) (Linear Series). Following [1], a linear series of degree d and dimension r
on C (referred as a grd for short) is a set of exact sequences, identified by a pair

(F, V ) = {0 → I
ιx−→ ω −→ Qλ → 0}x∈V \{0}

where F is a torsion-free sheaf of rank 1 on C with degF := χ(F)− χ(O) = d, and
V is a nonzero subspace of H0(F) of dimension r+1. Also, I := Hom(F, ω) and as
x ∈ V \ {0}, it induces an injection φx : O ↪→ F; so set ιx := Hom(φx, ω). Finally,
let λ ∈ P(V ∗) be the point associated to x, then Qλ = coker(ιx).

Note that, if O ⊂ F, then

degF =
∑
P∈C

dim
(
FP

/
OP

)
(2.1.1)

In addition, call a point P ∈ C a base point of (F, V ) if, for all x ∈ V , the injection
φx,P : OP ↪→ FP is not an isomorphism. Call a base point removable if it isn’t
a base point of (O⟨V ⟩, V ), where O⟨V ⟩ is the O-submodule of F generated by V .
Say (F, V ) is base point free if it has no base points. If F is invertible and it is
generated by V , then the linear system induces a morphism C → Pr. If (F, V ) is
complete, i.e., V = H0(F), then write (F, V ) = |F|.

(2.2) Definition. The gonality of C is the minimal d for which there’s a g1d on C,
or equivalently, for which there’s a torsion-free sheaf F of rank 1 on C of degree d
and h0(F) ≥ 2. Denote the gonality of C by gon(C). Let F be a torsion-free sheaf
of rank 1 on C. Say F contributes to the gonality if h0(F) ≥ 2, and say F computes
the gonality if, besides, deg(F) = gon(C).

(2.3) (Canonical Model). Given a sheaf G on C, if φ : X → C is a morphism
from a scheme X to C, set

OXG := φ∗G/Torsion(φ∗G)

and for each coherent sheaf F on C set

Fn := SymnF/Torsion(SymnF).

Consider the normalization map π : C → C. In [22, p. 188] Rosenlicht showed
that the linear system (OCω,H

0(ω)) is base point free. He then considered the

induced morphism ψ : C → Pg−1 and called its image C ′ := ψ(C) the canonical
model of C. Rosenlicht also proved [22, Thm. 17] that if C is nonhyperelliptic, then

the map π : C → C factors through a map C ′ → C. Let Ĉ := Proj(⊕ωn) be the

blowup of C along ω and π̂ : Ĉ → C be the natural morphism. In [13, Dfn. 4.8] one
finds another characterization of the canonical model C ′, namely, it is the image of

the morphism ψ̂ : Ĉ → Pg−1 defined by the linear system (OĈω,H
0(ω)). If C is

nonhyperelliptic, then ψ̂ : Ĉ → C ′ is an isomorphism [13, Thm. 6.4].

Let C := Hom(O,O) be the conductor sheaf. Note that, for each P ∈ C, we
have the equality CP = (OP : OP ), where OP is the integral closure. That is, the
stalk of the conductor sheaf agrees with the local conductor. As in [13, Dfn. 2.15],
call C nearly normal if h0(O/C) = 1. So C has only one singular point, say P , and
CP = mP , where mP is the maximal ideal of OP . Note that, if g ≥ 2, then C is
necessarily non-Gorenstein.

By [13, Thm. 5.10], C is nearly normal iff C ′ is arithmetically normal, meaning
the homogeneous coordinate ring of C ′ is normal. We will later see that rational
nearly normal curves are the only non-Gorenstein curves with Clifford index zero.
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(2.4) (Semigroup of Values). Let P be a unibranch point of C, that is, there is
a unique point P in the normalization C which lies over P . As P is smooth, its local
ring OC,P is a discrete valuation domain. Let k(C) be the field of rational functions

of C (which agrees with the field of fractions of OC,P ). We have a valuation map

vP : k(C)∗ −→ Z
So, for any x ∈ k(C)∗, set

v(x) = vP (x) := vP (x) ∈ Z (2.4.1)

The semigroup of values of P is

S = SP := v(OP ).

The set of gaps of S is
G := N \ S = {ℓ1, . . . , ℓg}.

The last gap γ := ℓg is called the Frobenius number of S. Set

α := min(S \ {0}) and β := γ + 1. (2.4.2)

Both numbers contain relevant local and geometric information. The value α cor-
responds to the multiplicity of P ∈ C, while β, called the conductor of S, satisfies

v(CP ) = {s ∈ S | s ≥ β}
Similarly, the invariant

δ = δP := #(G)

agrees with the singularity degree of P ∈ C, that is,

δ = dim(OP /OP ). (2.4.3)

As well know, if g is the geometric genus of C, i.e., the arithmetic genus of C, then

g = g +
∑
P∈C

δP (2.4.4)

Assume C is rational and unicuspidal, that is, C has only one singular point P , and
P is unibranch. Then (2.4.4) yields g = δP , that’s why δ is often called the genus
of the semigroup S.

(2.5) (Scrolls). A (rational normal) scroll S := Sm1...md
⊂ PN with invariants

m1 ≥ . . . ≥ md, is a projective variety of dimension d which, after a suitable choice
of coordinates, is the set of points (x0 : . . . : xN ) ⊂ PN such that the rank of(
x0 x1 . . . xm1−1

x1 x2 . . . xm1

∣∣∣∣ xm1+1 . . . xm1+m2

xm1+2 . . . xm1+m2+1

∣∣∣∣ . . .
. . .

∣∣∣∣ . . . xm1+...+ml

. . . xm1+...+ml+1

)
(2.5.1)

is smaller than 2. So, in particular,

N = e+ d− 1 (2.5.2)

where e := m1 + . . .+md

Note that S is the disjoint union of (d− 1)-planes determined by d points points
lying on rational normal curves of degree mi lying on complementary spaces on PN .
We will refer to any of these (d− 1)-planes as a fiber. So S is smooth if mi > 0 for
all i ∈ {1, . . . , d}. From this geometric description one may see that

deg(S) = e (2.5.3)

The scroll S can also naturally be seen as the image of a projective bundle. In fact,
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taking E := OP1(m1)⊕ . . .⊕OP1(md), one has a birational morphism

P(E) −→ S ⊂ PN

defined by OP(E)(1). The morphism is such that any fiber of P(E) → P1 is sent to a
fiber of S, and it is an isomorphism iff S is smooth (see [6,20,23] for more details).

3. Clifford Dimension

In this section, we focus primarily on the Clifford dimension of a curve C. This
concept arises from the definitions of the Clifford index for sheaves and curves.
When C is smooth, the discussion is framed in terms of line bundles. However, in
the broader context of integral curves, the strong connection to gonality requires a
revised formalization.

(3.1) Definition. Let F be a torsion-free sheaf of rank 1 on C. The Clifford index
of F is defined as follows

Cliff(F) := deg(F)− 2(h0(F)− 1).

Accordingly, the Clifford index of C is

Cliff(C) := min
{
Cliff (F) |h0(F) ≥ 2 and h1(F) ≥ 2

}
.

Say F contributes to the Clifford index if h0(F) ≥ 2 and h1(F) ≥ 2. Say F computes
the Clifford index if, besides, Cliff(F) = Cliff(C). The Clifford dimension of C is

Cld(C) := min{h0(F)− 1 |F computes Cliff(C)}.
Finally, say C is exceptional if Cld(C) ≥ 2

To study those invariants, we begin by recalling an extended version of Clifford’s
Theorem. It was proved by Eisenbud-Harris-Koh-Stillman in [7, Thm. A] and also
by Kleiman-Martins in [13, Lem. 3.1]. For later use, chose to restate it below.

(3.2) Clifford’s Theorem for Integral Curves. Let F be a torsion free sheaf
of rank 1 on C such that h0(F) ≥ 1 and h1(F) ≥ 1. Then

(i) The following inequality holds

2(h0(F)− 1) ≤ deg(F) (3.2.1)

or, equivalently, by Riemann-Roch,

h0(F) + h1(F) ≤ g + 1 (3.2.2)

or, in terms of Clifford index,

Cliff(F) ≥ 0 (3.2.3)

(ii) Equality holds in (3.2.1),(3.2.2) and (3.2.3) if and only if
(a) h0(F) = 1 and F = O, or h1(F) = 1 and F = ω, or
(b) h0(F) ≥ 2, h1(F) ≥ 2, and, either

(b.1) C is hyperelliptic and F a multiple of the g12 , or
(b.2) C is rational nearly normal and F = O⟨1, t, . . . , td⟩ for d ≤ g−1.

We can derive from the above result the following one.

(3.3) Proposition. Cliff(C) = 0 if and only if gon(C) = 2.

Proof. By (3.2).(ii), Cliff(C) = 0 iff C is either hyperelliptic or rational nearly
normal, which holds iff gon(C) = 2 by [18, Thm. 2.1] and [13, Thm. 3.4]. □
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Therefore, Clifford index makes sense as long as the genus is at least 3 by (3.2.2).
But the following result shows that even the case where g = 3 may be disregarded.

(3.4) Proposition. Assume g = 3. Then there is a sheaf on C contributing to
the Clifford index if and only if gon(C) = 2.

Proof. Sufficiency holds by (3.3). For necessity, assume F on C contributes to the
Clifford index. Then Cliff(C) := g+1− (h0(F)+h1(F)) = 4− (h0(F)+h1(F)) ≤ 0.
So Cliff(C) = 0, thus gon(C) = 2 by (3.3). □

So if g = 3, the Clifford index of C can be defined if and only if gon(C) = 2.
But, in this case, we know that Cliff(C) = 0 by (3.3), and, as easily follows from
the definition, Cld(C) = 1. Therefore, for the remainder, we always assume g ≥ 4.
We first recall that, by [14, Lem. 3.1], we have that gon(C) ≤ g.

(3.5) Proposition. The following hold:

(i) if gon(C) < g then Cliff(C) ≤ gon(C)− 2;
(ii) if gon(C) < g and Cliff(C) = gon(C)− 2, then Cld(C) = 1;
(iii) if Cld(C) = 1 then Cliff(C) = gon(C)− 2;
(iv) if gon(C) = g then Cld(C) ≥ 2;
(v) if gon(C) = 3 then Cliff(C) = 1.

Proof. Assume F computes Cliff(C), and G computes gon(C). As h0(F) ≥ 2, then:
(a) F contributes to gon(C). On the other hand, h0(G) = 2 by [14, Lem. 3.1]. Thus
h1(G) = h0(G) + (g − deg(G))− 1 = 1 + (g − gon(C)) and hence: (b) G contributes
to Cliff(C) if and only if gon(C) < g.

If g > 0, then, by (b), Cliff(C) ≤ deg(G) − 2 = gon(C) − 2, so (i) holds. Now
note that Cliff(G) = gon(C) − 2. So if g > 0 and Cliff(C) = gon(C) − 2, then, by
(b), Cliff(G) = Cliff(C). Thus Cld(C) = 1 and (ii) follows.

Now assume gon(C) = g. Then, by (a), deg(F) ≥ g. Thus

h0(F) = (deg(F)− g) + 1 + h1(F) ≥ 3

and hence Cld(C) ≥ 2. So (iv) holds.

If Cld(C) = 1, then h0(F) = 2 and Cliff(C) = deg(F)−2. Now deg(F) ≥ deg(G)
by (a). But gon(C) < g by (iv); thus (b) yields deg(G) − 2 ≥ deg(F) − 2. So
deg(F) = deg(G) = gon(C). Hence Cliff(C) = gon(C)− 2 and (iii) follows.

As g ≥ 4, item (v) follows directly from (i) and (3.3). □

The expected equivalence Cld(C) = 1 ⇐⇒ Cliff(C) = gon(C)−2 may potentially
hold true. This would follow from condition (i) above and Brill-Noether’s bound
gon(C) ≤ ⌊(g + 3)/2⌋. To the best of our knowledge, besides smooth curves, this
bound was obtained for smoothable curves [14, Prp. 2.6] and unicuspidal monomial
curves [4, Thm. 3.(ii)].

(3.6) Theorem. Assume Cld(C) = r ≥ 2, and that the Clifford index and the
gonality are computed by invertible sheaves. Then:

(i) there is a closed immersion C ↪→ Pr;
(ii) if Cld(C) = 2, then C is (isomorphic to) a plane curve;
(iii) if C is a plane curve of degree d ≥ 5, then:

(a) Cliff(C) ≤ d− 4;
(b) gon(C) = d− 1.
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Proof. To prove (i), assume F computes the Clifford index. Then it is generated
by global sections. Indeed, otherwise the subsheaf U := OC⟨H0(F)⟩ ⊂ F, is such
that deg(U) < deg(F), h0(U) = h0(F), and hence h1(U) > h1(F) ≥ 2. Thus,
Cliff(C) ≤ Cliff(U) < Cliff(F) = Cliff(C) which is a contradiction. Therefore, as
F is invertible and globally generated, the complete linear system |F| induces a
morphism, say φ : C → Pr.

Assume F is not very ample, or, equivalently, φ is not an immersion. Then,
either: (1) φ does not separate points, or (2) φ does not separate tangent lines. We
will prove that both statements lead to a contradiction.

To do so, for R ∈ C consider the sheaf M{R} defined by the exact sequence

0 −→ M{R} −→ O −→ OR/mR −→ 0

where mR is the maximal ideal of OR. That is, M{R} agrees with O outside R, and
its stalk at R is mR.

If (1) holds, there are P,Q ∈ C, P ̸= Q, with H0(M{Q}M{P}F) = H0(M{Q}F).
So consider the sheaf G1 := M{Q}M{P}F. On the other hand, if (2) holds, then

the natural map v : H0(M{P}F) → H0(M{P}F/M
2
{P}F) is not surjective. So,

take a vector subspace V ⊂ H0(M{P}F/M
2
{P}F) of codimension 1 and containing

v(H0(M{P}F)). Then take a subsheaf H ⊂ M{P}F/M
2
{P}F with H0(H) = V . Let

ϕ : M{P}F → M{P}F/M
2
{P}F be the natural map, and consider G2 := ϕ−1(H).

Now, the proof of [13, Lem. 4.10] yields

h0(Gi) = h0(F)− 1 and h1(Gi) = h1(F) + 1

for i = 1, 2. But note that as F is invertible, both G1 and G2 are torsion free sheaves
of rank 1. Moreover, h1(Gi) ≥ 3 and h0(Gi) = r ≥ 2. On the other hand, we have

Cliff(Gi) = g+1− (h0(Gi)+h
1(Gi)) = g+1− (h0(F)+h1(F)) = Cliff(F) = Cliff(C)

which yields Cld(C) ≤ r − 1, a contradiction. Thus, F is very ample and φ is a
closed immersion.

To prove (ii), just note that it is an immediate consequence of (i).

To prove (iii).(a), let P ∈ C be a simple point. The pencil of lines through P
is a g1d. Removing P we get a base-point-free g1d−1. So gon(C) ≤ d− 1.

Suppose gon(C) ≤ d − 2. By our assumption, the gonality is computed by an
invertible sheaf F on C such that deg(F) = m ≤ d− 2 and h0(F) = 2 [17, Cor. 2.3].
Then, by [17, Thm. 2.2], we have that |F| yields an inclusion C ′ ⊂ S ⊂ Pg−1, where
S is a rational normal scroll of dimension m− 1.

So let us first find C ′. Note that ω = O(d− 3). Indeed, it suffices to show that
O(d− 3) is of degree 2g − 2 and has at least g independent global sections. Recall
g = (d−1)(d−2)/2. Then deg(O(d−3)) = d(d−3) = 2((d−1)(d−2)/2)−2 = 2g−2.
On the other hand, consider the exact sequence

0 → IC(d− 3) → OP2(d− 3) → O(d− 3) → 0. (3.6.1)

We have H1(OP2(d− 3)) = 0 and H2(OP2(d− 3)) = H0(OP2(−d)) = 0. So the long
exact sequence in cohomology of (3.6.1) yields H1(O(d−3)) = H2(IC(d−3)). As C
is a divisor in P2, IC = OP2(−d); soH2(IC(d−3)) = H2(OP2(−3)) = H0(OP2) = k.
Thus h1(O(d− 3)) = 1; h0(O(d− 3)) = 2g− 2+1− g+1 = g, and the claim holds.

Therefore, writing P2 = {(X : Y : Z)} and taking x = X/Z, y = Y/Z, we have
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that the canonical model of C is

C ′ = (1 : x : x2 : . . . : xd−3 : xy : . . . . . . : xyd−4 : y : . . . : yd−3) ⊂ Pg−1 (3.6.2)

for (1 : x : y) ∈ C.

Now, C ′ ⊂ S ⊂ Pg−1 where S is the scroll induced by |F|. The fibers of S are
(m−2)-planes in Pg−1 because S is of dimensionm−1. A generic fiber of S contains
m distinct points of C ′ because, since F is invertible, |F| is a base point free g1m,
and the fibers of S cut out this g1m. Say those points are P1, . . . , Pm, and say they
correspond, for 1 ≤ i ≤ m, to points (1 : xi : yi) ∈ C ⊂ P2. So, by genericity, we
may assume xi, yi ̸= 0 for all i, and that the xi/yi are all distinct for 1 ≤ i ≤ m.
Consider the vectors vi := (1, xi/yi.(xi/yi)

2, . . . , (xi/yi)
d−3) for 1 ≤ i ≤ m. They

are distinct and form a Vandermonde matrix m × (d − 2). But m ≤ d − 2, so the
vi are linearly independent and, hence, so are the Pi, viewed as vectors in kg. But
this is impossible as the Pi lie in an (m− 2)-plane of Pg−1. Thus gon(C) = d− 1.

To prove (iii).(b) consider the exact sequence

0 → IC(1) → OP2(1) → O(1) → 0. (3.6.3)

As IC = OP2(−d) and d ≥ 5, it follows that H0(IC(1)) = 0. Also, we have that
H1(IC(1)) = H1(OP2(−d + 1)) = 0. Thus the long exact sequence in cohomology
of (3.6.3) yields H0(OP2(1)) ∼= H0(O(1)). So h0(O(1)) = 3. Also, deg(O(1)) = d.
Thus Cliff(O(1)) = d − 2(3 − 1) = d − 4. So we have to check whether this sheaf
contributes to the Clifford index. Indeed, by Riemann-Roch, we get

h1(O(1)) = h0(O(1))− deg(O(1))− 1 + g

= 3− d− 1 +
(d− 1)(d− 2)

2
=

(d− 2)(d− 3)

2
≥ 2

iff d = 0 (precluded) or d ≥ 5. Therefore, Cliff(C) ≤ Cliff(O(1)) = d − 4. In par-
ticular, Cliff(C) ≤ d−4 under our hypothesis of the Clifford index being computed
by an invertible sheaf. We are done. □

(3.7) (Scrollar Dimension). Let F be a torsion free sheaf of rank 1 on C such
that h0(F) ≥ 2. Let V ⊂ H0(F) be a subspace such that dim(V ) = 2. By
[17, Thm. 2.2], the pencil (F, V ) induces an inclusion C ′ ⊂ S(F,V ) ⊂ Pg−1, where
C ′ is the canonical model and S(F,V ) is a rational normal scroll. Also, from the

proof of [17, Thm. 2.2.(I)], we get that dim(S(F,V )) = deg(F) − (h0(F) − 1). In
particular, the scroll S(F,V ) depends on V , but its dimension does not. So we may
define the scrollar dimension of F, denoted by scd(F), as dim(S(F,V )), whatever is

the 2-dimensional vector space V ⊂ H0(F). Therefore,

scd(F) = deg(F)− (h0(F)− 1). (3.7.1)

As an immediate consequence of (3.7.1), we have the following relation

Cliff(F) = scd(F)− (h0(F)− 1). (3.7.2)

We know that the minimal dimension of a scroll containing C ′ is gon(C)− 1 owing
to [14, Thm. 5.2]. It is the scrollar dimension of any sheaf computing gonality. In
the following result, we characterize curves admitting other sheaves with such a
property under certain hypotheses, which, as stressed in the Introduction, hold for
any smooth curve.
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(3.8) Theorem. Assume gon(C) < g and Cliff(C) ≥ gon(C) − 3. Then there is
a sheaf on C with minimal scrollar dimension but not computing its gonality if and
only if Cld(C) = 2.

Proof. Let F be a torsion-free sheaf of rank 1 on C such that scd(F) = gon(C)− 1
and deg(F) > gon(C). Then (3.7.1) yields

h0(F) = 2 + (deg(F)− gon(C)) ≥ 3 (3.8.1)

On the other hand,

h1(F) = h0(F)− deg(F) + g − 1

= (2 + (deg(F)− gon(C)))− deg(F) + g − 1

= 1 + (g − gon(C)) ≥ 2

Therefore, F contributes to the Clifford index. Now (3.7.2) and (3.8.1) yield

Cliff(F) = (gon(C)− 1)− (h0(F)− 1) ≤ gon(C)− 3 (3.8.2)

But Cliff(C) ≥ gon(C) − 3. Thus Cliff(F) = Cliff(C) = gon(C) − 3, and hence
the equality in (3.8.2) yields h0(F) = 3. So Cld(C) ≤ 2. But if Cld(C) = 1, then
Cliff(C) = gon(C)− 2 by (3.5).(iii), which is precluded. It follows that Cld(C) = 2
as desired.

Conversely, assume Cld(C) = 2. Then (3.5).(ii) yields Cliff(C) = gon(C) − 3.
Say F computes the Clifford index. Then h0(F) = 3 and Cliff(F) = gon(C)− 3. So
(3.7.2) yields scd(F) = gon(C) − 1. But (3.7.1) yields deg(F) = gon(C) + 1, so F

does not compute the gonality. We are done. □

4. Clifford Index of Monomial Curves

In this section, we introduce monomial curves, which will be studied in detail.
We aim to obtain combinatorial formulae that compute their Clifford index in terms
of the semigroup of values of their singularities.

To begin with, a curve C is said monomial, if it is the image of a map

P1 −→ Pm

(s : t) 7−→ (snm : snm−n1tn1 : · · · : snm−nm−1tnm−1 : tnm)

which, for short, we write

C = (1 : tn1 : · · · : tnm−1 : tnm).

If n1 ≥ 2, then P = (1 : 0 : . . . : 0) is a singular point of C. For the remainder,
we assume C is unicuspidal, that is, it has only one singularity (which is a cusp).
Also, we assume P is this point. Then Q := (0 : . . . : 0 : 1), which is the point of
C at infinity, is regular, which happens iff nm = nm−1 + 1. Now recall (2.4). Let S
be the semigroup of P , let G the set of gaps of S, and γ be its Frobenius number.
As C is assumed to be unicuspidal, then we will refer to S as the semigroup of C

By [17, Thm. 4.1], the dualizing sheaf ω of C admits an embedding on the
constant sheaf of rational functions K, such that

H0(ω) = {ti | i ∈ γ −G} (4.0.1)

Therefore, the canonical model of C is

C ′ = (1 : tb2 : . . . : tbδ) (4.0.2)

where {0, b2, . . . , bδ} = γ −G := {γ − ℓ | ℓ ∈ G}.
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We now fix some notation. Following [3, p. 420], set

K := {a ∈ Z | γ − a ̸∈ S} (4.0.3)

referred as the standard canonical relative ideal of S. Let v be the valuation map
at P defined in (2.4.1). By [25, Thm 2.11], we have

v(ωP ) = K (4.0.4)

In the case of a unicuspidal monomial curve, (4.0.4) can also be seen by (4.0.1) and
the fact that ω is generated by global sections. Following again [3, p. 420], given
A,B ⊂ Z, set

A−B := {z ∈ Z | z +B ⊂ A}.
Finally, given f1, . . . , fn ∈ k(C), let F := O⟨f1, . . . , fn⟩ be the subsheaf of K

generated by the fi. In particular, the stalks of F are

FR = OR⟨f1, . . . , fn⟩ := f1OR + . . .+ fnOR

for every R ∈ C.
Later on in (5.1), we will see that the Clifford dimension (and consequently the

Clifford index) of a unicuspidal monomial curve can be computed using a sheaf
generated by monomial sections. These sheaves play a crucial role in our analysis,
and we aim to derive some results regarding them. We begin with the following.

(4.1) Lemma. Let C be a unicuspidal monomial curve with semigroup S, set of
gaps G, and Frobenius number γ. Let also F := O⟨1, ta1 , . . . , tan⟩. Consider the set
G′ := {ℓ ∈ G | ℓ > an and ℓ /∈

⋃n
i=1(ai + S)}. Then

Hom(F, ω) = ⟨ti | i ∈ γ −G′⟩. (4.1.1)

In particular,
h1(F) = #(G′) (4.1.2)

and F contributes to the Clifford index if and only if #(G′) ≥ 2.

Proof. Set I := Hom(F, ω). Then H0(I) = Hom(F, ω). Note that IR = (ωR : FR)
for every R ∈ C. By (4.0.1), we have ωR = OR + tb2OR + . . . + tbδOR, where
{0, b2, . . . , bδ} = γ −G, for every R ∈ C, because ω is generated by global sections.
On the other hand, FR = OR + ta1OR + . . . tanOR, for every R ∈ C, by the very
definition of F. Therefore, if R ̸= P,Q, then IR = (OR : OR) = OR. For Q, we have
IQ = (tγ−1OQ : tanOQ) = tγ−1−anOQ. For P , set F := v(FP ) = S

⋃(
∪n
i=1(ai+S)

)
.

Thus, using (4.0.4), we have that

IP = OP ⟨ ti | i ∈ K− F⟩.
As H0(I) = ∩R∈CIR, it follows that

H0(I) = ⟨ ti | i ∈ (K− F) ∩ [0, γ − 1− an]⟩. (4.1.3)

So we have to prove that

(K− F) ∩ [0, γ − 1− an] = γ −
(
(G \ F) ∩ [an + 1, γ]

)
First note that [0, γ − 1− an] = γ − [an + 1, γ]. Now G \ F = N \ F because S ⊂ F.
So it remains to prove that K − F = γ − (N \ F). To prove “⊂”, write a ∈ K − F
as a = γ − b. We have to show that b /∈ F. As γ − b ∈ K− F, by (4.0.3) we have

γ − ((γ − b) + f) /∈ S ∀f ∈ F. (4.1.4)

So if b ∈ F, taking f = b in (4.1.4), yields 0 = b− b /∈ S, a contradiction.
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To prove “⊃”, suppose that a /∈ F. We have to show that γ − a ∈ K − F. If
γ−a ̸∈ K−F, then there exists f ∈ F such that γ−a+f /∈ K. So, γ−(γ−a+f) ∈ S,
which implies a− f ∈ S and thus a ∈ f + S ⊂ F, a contradiction. □

The formula (4.1.2) will be useful for calculating the Clifford index of a unicusp-
idal monomial curve, which we will do shortly. Additionally, an explicit expression
such as (4.1.1) is helpful for determining the scroll associated with any linear sub-
pencil of |F|, as exploerd in the following example. We illustrate that the scrollar
dimension of F, as defined in (3.7), is independent of the choice of subpencil.

(4.2) Example. Consider the curve

C = (1 : t5 : t6 : t10 : t11 : t12 : t15 : t16 : t17 : t18) ⊂ P9

It is a rational unicuspidal monomial curve. The semigroup of C is

S = {0, 5, 6, 10, 11, 12, 15, 16, 17, 18, 20,→}.
So g = δP = 10. Note S = K, so ωP = OP , and hence C is Gorenstein. By (4.0.1),

H0(ω) = ⟨1, t5, t6, t10, t11, t12, t15, t16, t17, t18⟩
Now, consider the sheaf F = OC⟨1, t4, t5, t6⟩. We will describe two different scrolls
induced by (F, V ) for two different spaces V . Set I := Hom(F, ω). To use (4.1.3), we
compute v(FP ). Note FP = OP+t

4OP . Thus v(FP ) = S∪(S+4) = S∪{1, 9, 14, 19},
which yields γ −G′ = 19− {7, 8, 13} = {6, 11, 12}. Hence (4.1.3) yields

H0(I) = Hom(F, ω) = ⟨t6, t11, t12⟩

First, take V := ⟨1, t5⟩ ⊂ H0(F), and consider the multiplication map

φ : V ⊗H0(I) −→ H0(ω)
ti ⊗ tj 7−→ ti+j

The scroll defined by (F, V ) is given by det2(Aφ), where Aφ is the 2×h0(I) matrix
defined as (Aφ)i,j = ti+j . Now write

P9 = P(H0(ω)) = {(1 : t5 : . . . : t18)} = {(x0 : . . . : x9)}
Thus S := S(F,V ) is the scroll on P9 cut out by the 2× 2 minors of

Aφ =

(
x2 x4 x5
x4 x7 x8

)
Hence, by (2.5.1), S = S2,1,0,0,0,0,0, and dimS = 7. Clearly, C ′ = C ⊂ S.

Now, consider V = ⟨t4, t6⟩. Then

Aφ =

(
x3 x6 x7
x4 x8 x9

)
,

S = S1,1,1,0,0,0,0 and dimS = 7.
Let us now compute the degree of F to check (3.7.1). We will use (2.1.1). Set

degR(F) := dim(FR/OR). We have FR = OR for every R ̸= P,Q, so degR(F) = 0.
Also, FQ = t6OQ so degQ(F) = 6. Finally, degP (F) = #(v(FP ) \ S) owing to
[3, p. 438]. But v(FP ) = S ∪ {1, 9, 14, 19} as computed earlier. So degP (F) = 4.
Hence deg(F) = 6 + 4 = 10, and (3.7.1) yields

scd(F) = deg(F)− h0(F) + 1 = 10− 4 + 1 = 7

Now we consider a non-Gorenstein curve. In such a case, though C ′ ̸∼= C, the
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computation is similar. Set

C = (1 : t3 : t6 : t9 : t10 : t12 : t13 : t14) ⊂ P7

The semigroup of C is

S = {0, 3, 6, 9, 10, 12, 13, 14 →}.

So its genus is g = δP = 7. Note that S ̸= K, so C is non-Gorenstein. By (4.0.1),

H0(ω) = ⟨1, t3, t4, t6, t7, t9, t10⟩

Now, consider the sheaf F = OC⟨1, t3, t4, t6⟩. Again, we will describe two different
scrolls induced by (F, V ) for two different spaces V . By (4.1.3), one can check that

H0(I) = ⟨1, t3⟩

First, take V := ⟨1, t4⟩ ⊂ H0(F), and write

P6 = P(H0(ω)) = {(1 : t3 : . . . : t10)} = {(x0 : . . . : x6)}.

The scroll S defined by (F, V ) is given by the 2× 2 minors of

Aφ =

(
x0 x1
x2 x4

)
Thus, by (2.5.1), S = S1,1,0,0,0, and dimS = 5.

Now, consider V = ⟨t3, t6⟩. Then,

Aφ =

(
x1 x3
x3 x5

)
,

S = S2,0,0,0,0 and dimS = 5. In fact, by (3.7.1), we have that

scd(F) = deg(F)− h0(F) + 1 = 8− 4 + 1 = 5

In the following result, we present a formula for the Clifford index of sheaves
generated by monomial sections. Combining (4.1), (4.3) and (5.1) ahead we get a
method to compute the Clifford index of any unicuspidal monomial curve.

(4.3) Lemma. Let C be a unicuspidal monomial curve with semigroup S, set of
gaps G, and Frobenius number γ. Let also F := O⟨1, ta1 , . . . , tan⟩. Consider the set
E :=

⋃n
i=1(ai + S). Then

Cliff(F) = #
(
(G \ E) ∩ [1, an]

)
−#

(
S ∩ [1, an]

)
+#

(
(E \ S) ∩ [an + 1, γ]

)
. (4.3.1)

If F is invertible, then

Cliff(F) = #
(
G ∩ [1, an]

)
−#

(
S ∩ [1, an]

)
(4.3.2)

Proof. Let G′ be as in (4.1). Note that G′ = (G \E)∩ [an + 1, γ]. Also, by (4.1.2),
we have that h1(F) = #(G′). On the other hand, if R ̸= P,Q, then FR = OR; for
Q, we have FQ = tanOQ; and for P , set I :=

(
S∪E

)
∩ [0, γ], and note that we have

FP =
(
⊕i∈I kt

i
)
⊕ tγ+1OP . As H0(F) = ∩R∈CFR, then

H0(F) = ⟨ti | i ∈
(
S ∪ E

)
∩ [0, an]⟩. (4.3.3)

Therefore

Cliff(F) = deg(F)− 2(h0(F)− 1) = (g − h1(F))− (h0(F)− 1)

= #
(
G \G′)−#

(
(S ∪ E) ∩ [1, an]

)
. (4.3.4)
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Now

G \G′ =

((
(G \ E) ∪ (E \ S)

)
∩ [1, an]

)⋃(
(E \ S) ∩ [an + 1, γ]

)
.

and hence

#(G\G′) = #
(
(G\E)∩[1, an]

)
+#

(
(E\S)∩[1, an]

)
+#

(
(E\S)∩[an+1, γ]

)
. (4.3.5)

On the other hand, (
S ∪ E

)
∩ [1, an] =

(
(E \ S) ∪ S

)
∩ [1, an].

and hence

#
(
(S ∪ E) ∩ [1, an]

)
= #

(
(E \ S) ∩ [1, an]

)
+#(S ∩ [1, an]) (4.3.6)

So (4.3.1) follows from (4.3.4), (4.3.5) and (4.3.6).

To prove (4.3.2), first note that OP ⊂ FP ⊂ OP . Now F := v(FP ) = S∪E, hence
S ⊂ F ⊂ N. But as F is invertible, then F is a translation of S. But this cannot
happen unless F = S, which yields E ⊂ S. Thus, (4.3.1) turns into (4.3.2). □

5. Clifford Dimension of Monomial Curves

In this section, we study the Clifford dimension of unicuspidal monomial curves.
We start by showing that this invariant can always be computed by a sheaf gener-
ated by monomial sections. The proof can be easily adapted to show that the same
property applies to gonality, leading to a characterization of trigonal monomial
curves. Next, we apply the formulae obtained in the previous section to calculate
the Clifford dimension of plane curves. Finally, we provide a simple example to
illustrate how the method works for a curve of Clifford dimension of 3.

(5.1) Lemma. Let C be a unicuspidal monomial curve with Cld(C) = r. Then,

(i) Cld(C) is computed by a sheaf of the form OC⟨1, ta1 , . . . , tar ⟩ for ai ∈ N∗;
(ii) gon(C) is computed by a sheaf of the form OC⟨1, ta⟩ for a ∈ N∗.

Proof. Assume F computes the Clifford dimension of C. In particular, it computes
the Clifford index of C. Thus it is generated by global sections as seen in the proof
of (3.6). Now F has r + 1 independent global sections. But any torsion free sheaf
of rank 1 with a global section can be embedded in the constant sheaf of rational
functions K so that

O ⊂ F ⊂ K. (5.1.1)

Thus we may write F = OC⟨1, z1, . . . , zr⟩ with zi = taifi/hi, and fi, hi ∈ k[t] with
no common factor, and not having zero as a root either. We may first assume
that ai ≥ 0 for any i ∈ {1, . . . , r}, i.e, the zi do not have a pole on P . Indeed,
if not, as deg(xF) = deg(F) for any x ∈ k(C), replace F by t−aiF. We may
further assume ai > 0 for every i ∈ {1, . . . , r}, just replacing zi by zi − zi(0) if
necessary. Therefore, the Clifford dimension of C can be computed by a sheaf
of the form F = OC⟨1, ta1f1/h1, . . . t

arfr/hr⟩, with fi, hi ∈ k[t], gcd(fi, hi) = 1,
fi(0) ̸= 0 ̸= hi(0), and ai > 0.

Set G := OC⟨1, ta1 , . . . , tar ⟩. We will prove that deg(G) ≤ deg(F). As always, let
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P be the singularity, and Q the point at infinity. Set U := C \ {P}. We have that

degU (F) = degU\{Q}(F) + degQ(F)

=

r∑
i=1

deg(hi) + max
1≤i≤r

{0, ai + deg(fi)− deg(hi)}

If the second term of the right hand side of the equality vanishes, then deg(hi) ≥ ai
for every 1 ≤ i ≤ r. Hence degU (F) =

∑r
i=1 deg(hi) ≥ maxi{ai} = degU (G).

Otherwise, say as + deg(fs) − deg(hs) ≥ aj + deg(fj) − deg(hj) for all j. Fix j.
Thus as + deg(fs) + deg(hj) ≥ aj + deg(fj) + deg(hs). Then we have

degU (F) =

r∑
i=1

deg(hi) + as + deg(fs)− deg(hs) =
∑
i ̸=s

deg(hi) + as + deg(fs)

=
∑
i ̸=s,j

deg(hi) + as + deg(fs) + deg(hj)

≥
∑
i ̸=s,j

deg(hi) + aj + deg(fj) + deg(hs) ≥ aj

Therefore, degU (F) ≥ maxi{ai} = degU (G). On the other hand,

degP (F) = #(v(FP ) \ S)

≥ #
( r⋃
i=1

(S + ai) \ S
)
= #(v(GP ) \ S) = degP (G)

where monomiality is used in the second equality above. Now, by construction,
h0(G) ≥ r + 1 = h0(F). On the other hand, we proved that deg(G) ≤ deg(F); so
this implies that h1(G) ≥ h1(F)) ≥ 2. Hence G contributes to the Clifford index.
But Cliff(G) = deg(G)−2(h0(G)−1)) ≤ Cliff(F). So G computes the Clifford index
as F does. So (i) follows. To prove (ii), just repeat the proof above with r = 1. □

(5.2) Example. Consider the non-monomial curve C = (1− t : t2 : t4 : t5) ⊂ P3.
It has a unique singularity at P = (1 : 0 : 0 : 0), which is a cusp, so C is unicuspidal.
The local ring at P is

OP = k ⊕ k
t2

1− t
⊕ k

t4

1− t
⊕ t5OP

and its semigroup is S = {0, 2, 4,→}. Set F = OC⟨1, z⟩ where z = t2/(1 − t). We
have that degP (F) = 0 since z ∈ OP ; while, following the proof of the above lemma,
degU (F) = 1 + (2− 1) = 2, so deg(F) = 2.

Now set G := O⟨1, t2⟩. Note that we may write z = t2/(1− t) = t2 + t3 + . . . by
taking its power series. Now both t2 and z are in GP . Thus, as t2 − z = t3 + . . .,
we have that v(G) \S = {3}, so degP (G) = 1. On the other hand, degU (G) = 2 and
hence deg(G) = 3. Therefore, degF < deg G and this stands for a counterexample
for the proof of (5.1). Let us proof that it is also a counterexample for the statement
of (5.1). Indeed, by [14, Prop. 3.2.(1)] we have that gon(C) = 1 iff g = 0. But
here g = 2, so gon(C) ≥ 2. Now, deg(F) = 2, so gon(C) = 2. So it suffices to
show, for all r ∈ N, that deg(Hr) ≥ 3, where Hr = O⟨1, tr⟩. If r = 1, we have that
degP (H1) = #(v(H1) \ S) = 2; while degQ(H1) = 1, so deg(H1) ≥ 3. If r = 2,
deg(H2) = 3, as seen above. And if r ≥ 3, note that deg(Hr) ≥ degQ(Hr) = r ≥ 3.

Based on the prior result, we now characterize trigonal monomial curves.



16 L. FEITAL, N. GALDINO, R. V. MARTINS, AND A. SOUZA

(5.3) Theorem. Let C be a unicuspidal monomial curve with semigroup S. Then
C is trigonal if and only if, either

(i) S = {0, α, α+ 1, · · · , α+ k, α+ k + ℓ,→} for α ≥ 3, k ≥ 0, and ℓ ≥ 2;
(ii) S = {0, α, α+ 2, · · · , α+ 2k,→} for α ≥ 3, and k ≥ 1;
(iii) α = 3 and α ̸= β.

Proof. By (5.1), the gonality of C can be computed by a sheaf F := OC⟨1, tr⟩ with
r > 0. For all R ∈ C, we have that

FR = OR + trOR.

If R ∈ C \ {P,Q}, then FR = OR, and thus degR(F) = 0. On the other hand,
FQ = trOQ, thus degQ(F) = r. Also, degP (F) = #D where D := v(FP ) \ S. So

deg(F) = r +#D. (5.3.1)

Now, as C is monomial, v(FP ) = S + r, so D = (S + r) \ S.
Note that if α = 1 then gon(C) = 1; if α = 2, then gon(C) = 2 computed by

OC⟨1, t2⟩; and if α = β then gon(C) = 2 computed by OC⟨1, t⟩. Thus we can
further assume that α ≥ 3; α ̸= β; and, by (5.3.1), r ≤ 3 if F computes gonality.
case (i): r = 1.
Assume F = OC⟨1, t⟩ computes trigonality. Note that

deg(F) = 3 ⇐⇒ #D = 2

⇐⇒ S = {0, α, α+ 1, · · · , α+ k, α+ k + ℓ,→}.

for k ≥ 0 and ℓ ≥ 2. Thus S agrees with (i) in the statement of the theorem.
Conversely, let us show that a curve with such an S cannot have lower gonality.
First note that deg(OC⟨1, tr⟩) ≥ 3 for r ≥ 3. So we only need to test r = 2. But
deg(OC⟨1, t2⟩) = 2 if and only if S = {0, 2, 4,→}, which is precluded as α ≥ 3.
case (ii): r = 2.
Assume F = OC⟨1, t2⟩ computes trigonality. Note that

deg(F) = 3 ⇐⇒ #D = 1

⇐⇒ S = {0, α, α+ 2, · · · , α+ 2k,→}

for k ≥ 1. Thus S agrees with (ii). To show a C with such an S is trigonal, we need
to test only r = 1. But it is easily seen that deg(OC⟨1, t⟩) ≥ 3.
case (iii): r = 3.
Assume F = OC⟨1, t3⟩ computes trigonality. Note that

deg(F) = 3 ⇐⇒ #D = 0 ⇐⇒ α = 3

Thus S agrees with (iii). To get the converse, just note that one can easily check
that deg(OC⟨1, tr⟩) ≥ 3 if r ≥ 1, 2 for any C with such an S. □

Now we get back to Clifford dimension, studying plane monomial curves. We
further show that those curves are not the only ones of Clifford dimension 2.

(5.4) Theorem. The following hold.

(i) If C is a plane unicuspidal monomial curve, then
(a) Cld(C) = 2, Cliff(C) = d−4, and Cliff(C) is computed by an invertible

sheaf;
(b) gon(C) = d − 1 and is computed by both a base point free pencil and

by a pencil with an irremovable base point.
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(ii) For α ≥ 4, let C :=
(
1 : tα : t2α−1 : t3α−2 : · · · : tα2−(α−1) : tα

2−(α−1)+1
)
.

Then: (a) C is nonplanar; (b) multP (C) = α; (c) Cld(C) = 2; (d) Cliff(C)
is computed only by non-invertible sheaves, and (e) Cliff(C) = α− 3.

Proof. To prove (i).(a), If C is plane and monomial, then C = (1 : tα : tb) ⊂ P2,
where α is the multiplicity of P = (1 : 0 : 0). But as C is unicuspidal, i.e., P is its
unique singular point, then b = α+ 1. Thus the semigroup of C is S = ⟨α, α + 1⟩.
So let us first describe the structure of S. To this end, for short, for any integers
a, b, we set [a, b] := [a, b] ∩ N. So we may write

[1, γ] = G1 ∪ S1 ∪G2 ∪ . . . ∪ Sα−2 ∪Gα−1 (5.4.1)

with Gi = [(i − 1)α + i , (i − 1)α + (α − 1)] ⊂ G and Si = [iα , iα + i] ⊂ S. Note,
in particular, that #(Si) = i+ 1 and #(Gi) = α− i.

Let F := OC⟨1, ta1 , . . . , tan⟩ be a sheaf on C that contributes to the Clifford
index. Set F := v(FP ). Let j be the largest integer such that Gj \ F ̸= ∅, and say
e := #(Gj\F). Then note that #(Gj−i\F) ≥ i+e for 0 ≤ i ≤ j−1. Indeed, this is a
consequence of the following fact: if ℓ ∈ Gi\F then, clearly, ℓ−α, ℓ−α−1 ∈ Gi−1\F
because S+F ⊂ F since FP is an OP -module. Set k := #(F∩G1). So, in particular,
taking i = j − 1, we have j − 1 + e ≤ #(G1 \ F) = α− 1− k. Thus j ≤ α− k − e.

We claim that Gα−i ⊂ F for 1 ≤ i ≤ k. Indeed, suppose Gα−m \ F ̸= ∅ for some
1 ≤ m ≤ k. Then α −m ≤ j, so #(G(α−m)−i \ F) = j − (α −m) + i + e ≥ i + 1.
Taking i = α−m− 1, we have that #(G1 \ F) ≥ α−m− 1 + 1 = α−m ≥ α− k.
But #(F ∩G1) = α− 1− k, a contradiction. So the claim follows.

Assume first that an ∈ Sl for some l. As F contributes to the Clifford index,
(4.1.2) yields j ≥ l+1. Set E :=

⋃n
i=1(ai +S). Then F = S∪E. By (4.3.1), we get

Cliff(F) = #((G \ E) ∩ [1, an])−#(S ∩ [1, an]) + #((E \ S) ∩ [an + 1, γ])

=

l∑
i=1

(#(Gi \ E)−#Si) + (lα+ l − an) +

j∑
i=l+1

#(E ∩Gi) +

α−1∑
i=j+1

(α− i)

= ((α− k − 1)− 2) +

l∑
i=2

(#(Gi \ E)−#Si) + (lα+ l − an)

+

j∑
i=l+1

#(E ∩Gi) +

α−1∑
i=j+1

(α− i)

≥ (α− 3− k) +

l∑
i=2

((j − i+ e)− (i+ 1)) + (lα+ l − an)

+

j∑
i=l+1

#(E ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

α−1∑
i=α−k

(α− i)

= (α− 3− k) +

l∑
i=2

(j + e− 1− 2i) + (lα+ l − an)

+

j∑
i=l+1

#(E ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

α−1∑
i=α−k

(α− i)

= (α− 3− k) +
(
(l − 1)(j + e− 1)− (l − 1)(l + 2)

)
+ (lα+ l − an)
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+

j∑
i=l+1

#(E ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

α−1∑
i=α−k

(α− i)

= (α− 3) +

(
(l − 1)

(
(j + e− 1)− (l + 2)

))
+
(
lα+ l − an

)
+

j∑
i=l+1

#(E ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

((
α−1∑

i=α−k

(α− i)

)
− k

)
≥ α− 3.

Indeed, the third to sixth terms in the two lines before last above are all trivially
non-negative. Let us show the second term is non-negative as well. Note that it
suffices to prove that (j+e−1)−(l+2) ≥ 0, or equivalently, (j−(l+1))+(e−2) ≥ 0.
Now, by (4.1.2), h1(F) = #(G′) and h1(F) ≥ 2 since F contributes to the Clifford

index. But G′ = (G \E)∩ [an +1, γ]. So write #G′ =
∑j

i=l+1 #(Gi \E) ≥ 2. Also,
1 ≤ e = #(Gj \E). So if j = l+1 then e ≥ 2 and we are done. Otherwise, j ≥ l+2
and we are done again since e ≥ 1.

Thus we have proved that Cliff(F) ≥ α − 3. Assume equality holds. Hence∑j
i=l+1 #(E ∩ Gi) = 0, and then k = 0, because if k ̸= 0 then #(E ∩ Gi) ≥ 1

for every 2 ≤ i ≤ α − 1. This kills the sixth term. Also,
∑α−1

i=j+1(α − i) cannot
appear. But this holds if and only if j = α−1, which is equivalent to saying F = S.
But if so, then FP = OP , that is, F is invertible. Finally, if equality holds, then
an = lα + l and, either l = 1, or (j + e − 1) − (l + 2) = 0. But j = α − 1, and so
e = 1. Summing up, we have an = lα+ l with l = 1 or l = α− 3.

Thus, among all sheaves of the form

F := OC⟨1, ta1 , . . . , tan⟩ (5.4.2)

contributing to Clifford index, with an ∈ S, we found only two of minimal Clifford
index. Both are invertible, so they can be written as F = O⟨1, tan⟩. Those are
F1 = OC⟨1, tα+1⟩ and F2 = OC⟨1, t(α−3)(α+1)⟩. But one can check by (4.3.3) that
h0(F1) = 3 and h0(F2) = ((α− 1)(α− 4)/2) + (α− 1) ≥ 3.

Now assume an ∈ Gl and set j, e, k as above. Then, similarly, (4.3.1) yields

Cliff(F) =
l−1∑
i=1

(#(Gi \ E)−#Si) + #((Gl \ E) ∩ [(l − 1)α+ l, an])

+ #((E ∩Gl) ∩ [an + 1, (l − 1)α+ α− 1]) +

j∑
i=l+1

#(E ∩Gi) +

α−1∑
i=j+1

(α− i)

≥ (α− 3) +

(
(l − 2)((j + e− 1)− (l + 1))

)
+#((Gl \ E) ∩ [(l − 1)α+ l, an])

+ #((E ∩Gl) ∩ [an + 1, (l − 1)α+ α− 1]) +

j∑
i=l+1

#(E ∩Gi)

+

α−k−1∑
i=j+1

(α− i) +

((
α−1∑

i=α−k

(α− i)

)
− k

)
Call (∗) the last three lines above. Again, note that all third to seventh terms in
(∗) are trivially non-negative. Assume l ≥ 2. Then the second term is non-negative
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too because (j + e − 1) − (l + 1) ≥ 0 since j ≥ l + 1 and e ≥ 1. But, clearly,
#(E ∩ Gi) ≥ 1 for every l ≤ i ≤ α − 1. Thus (∗) is strictly greater than α − 3.
Assume l = 1, then

Cliff(F) = #((G1 \ E) ∩ [1, an]) + #((E \ S) ∩ [an+1, γ])

But note that as an ∈ G1, then E ∩ Gi ̸= ∅ for 2 ≤ i ≤ α − 1. Therefore, the
second term is at least α− 2. Hence Cliff(F) > α− 3 if l = 1.

Thus, all sheaves of the form (5.4.2) contributing to Clifford index, with an ̸∈ S,
have Clifford index strictly greater than α−3. Now by (5.1), the Clifford dimension
of C can be computed by a sheaf like (5.4.2). So Cld(C) = 2 and Cliff(C) = α− 3.
But, plainly, C has degree d = α+ 1, which implies Cliff(C) = d− 4.

To prove (i)(b), by (5.1)(ii), the gonality of C can be computed by a sheaf of
the form F = O⟨1, ta⟩ for some a ∈ N∗. Set E = a+ S. Then

deg(F) = a+#(E \ S)

So the smallest degree of F for a ∈ S occurs when a = α, which yields deg(F) = α.
Thus, if a ̸∈ S, we may assume 1 ≤ a ≤ α − 1. But if so, #(Gi ∩ E) ≥ 1 for
all 1 ≤ i ≤ α − 1, and is exactly 1 if a = 1. Hence, the smallest degree of F for
a /∈ S occurs when a = 1, which yields deg(F) = 1 + (α− 1) = α. Now |O⟨1, tα⟩| is
base-point free since O⟨1, tα⟩ is invertible, while |O⟨1, t⟩| has an irremovable base
point at P since O⟨1, t⟩P is not free.

To prove (ii), consider the following family of monomial unicuspidal curves

C := (1 : tα : t2α−1 : t3α−2 : · · · : tα2−(α−1) : tα
2−(α−1)+1) ⊂ Pα+1 with semigroup

S = ⟨α, 2α−1, 3α−2, . . . , α2− (α−1)⟩. Note that the last component tα
2−(α−1)+1

guarantees that C is unicuspidal. Clearly, C is non-planar (in fact, C is non-
Gorenstein) and multP (C) = α. Note that S is such that mα − 1 + (S \ {0}) ⊂ S
for m ∈ N∗. Let a be the greatest integer such that an > aα − 1, then, clearly,
Cliff(F +

∑a
i=1 t

i(α−1)O) ≤ Cliff(F). So we may assume ti(α−1) is a global section
of F for all 1 ≤ i ≤ a. In particular, Cliff(C) is computed only by non-invertible
sheaves.

As in (5.4.1), write S as Si = [iα− (i− 1), iα] and Gi = [(i− 1)α+ 1, i(α− 1)].
Also, #(Si) = i and #(Gi) = α− i.

Let F := OC⟨1, ta1 , . . . , tan⟩ be a sheaf that contributes to the Clifford index. Set
F := v(F). Assume the largest integer outside F is in Gj , and say #(Gj \ F) = e.
Note that #(Gj−i \ F) ≥ i+ e− 1 for 1 ≤ i ≤ j − 1.

Note also that if # ((F ∩G1) ∩ [1, α− 2]) = k, then Gα−i ⊂ F for 1 ≤ i ≤ k.
Considering this adjustment, the same observations of the previous item hold. So,
assume first that an ∈ Sl for some l. So (4.3.1) yields

Cliff(F) = #((G \ E) ∩ [1, an])−#(S ∩ [1, an]) + #((E \ S) ∩ [an + 1, γ])

=

l∑
i=1

(#(Gi \ F)−#Si) + (lα− an) +

j∑
i=l+1

#(F ∩Gi) +

α−1∑
i=j+1

(α− i)

= ((α− 1)− (k + 1))− 1) +

l∑
i=2

(#(Gi \ F)−#Si) + (lα− an)

+

j∑
i=l+1

#(F ∩Gi) +

α−1∑
i=j+1

(α− i)
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≥ (α− 3− k) +

l∑
i=2

((j − i+ e− 1)− i) + (lα− an)

+

j∑
i=l+1

#(F ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

α−1∑
i=α−k

(α− i)

= (α− 3− k) +

l∑
i=2

(j + e− 2i− 1) + (lα− an)

+

j∑
i=l+1

#(F ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

α−1∑
i=α−k

(α− i)

= (α− 3− k) +
(
(l − 1)(j + e− 1)− (l − 1)(l + 2)

)
+ (lα− an)

+

j∑
i=l+1

#(F ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

α−1∑
i=α−k

(α− i)

= (α− 3) +

(
(l − 1)((j + e− 1)− (l + 2))

)
+
(
lα− an

)
+

j∑
i=l+1

#(F ∩Gi) +

α−k−1∑
i=j+1

(α− i) +

((
α−1∑

i=α−k

(α− i)

)
− k

)
≥ α− 3.

Indeed, again, the second to sixth terms in the two lines before last above are all
non-negative. For the second term, proceed exactly as in (i).(a).

Now assume equality holds. Thus,
∑j

i=l+1 #(F ∩ Gi) = 0, then k = 0. Also,∑α−1
i=j+1(α− i) cannot appear. Therefore, j = α− 1. Finally, if equality holds, then

an = lα + l and, either l = 1, or (j + e − 1) − (l + 2) = 0. But j = α − 1, and so
e = 1. Thus an = lα with l = 1 or l = α− 3.

Thus, there are only two sheaves as in (5.4.2) that contribute to the Clifford
index, with an ∈ S, of minimal Clifford index. Those are F1 = OC⟨1, tα−1, tα⟩ and
F2 = OC⟨1, tα−1, t2α−2, . . . , t(α−3)(α−1), t(α−3)α⟩. But h0(F1) = 3 and h0(F2) ≥ 3.

Now, assume an ∈ Gl for some l and set k, j as above. Then (4.3.1) yields

Cliff(F) =

l−1∑
i=1

(#(Gi \ E)−#Si) + #((Gl \ E) ∩ [(l − 1)α+ 1, an])

+ #((E ∩Gl) ∩ [an + 1, l(α− 1)]) +

j∑
i=l+1

#(E ∩Gi) +

α−1∑
i=j+1

(α− i)

≥ (α− 3) +

(
(l − 2)((j + e− 1)− (l + 1))

)
+#((Gl \ E) ∩ [(l − 1)α+ 1, an])

+ #((E ∩Gl) ∩ [an + 1, l(α− 1)]) +

j∑
i=l+1

#(E ∩Gi)

+

α−k−1∑
i=j+1

(α− i) +

((
α−1∑

i=α−k

(α− i)

)
− k

)
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Again, call (∗) the last three lines above, and note that all third to seventh terms in
(∗) are trivially non-negative. Assume l ≥ 2. Then the second term is non-negative
too because (j + e− 1)− (l + 1) ≥ 0. But #(E ∩Gi) ≥ 1 for every l ≤ i ≤ α − 1.
Thus (∗) is strictly greater than α− 3. Assume l = 1, then

Cliff(F) = #((G1 \ E) ∩ [1, an]) + #((E \ S) ∩ [an+1, γ])

But note that if G1 ∩ [1, α− 2] ̸= ∅, then E ∩Gi ̸= ∅ for 2 ≤ i ≤ α− 2. Therefore,
the second term is at least α − 2. Hence Cliff(F) > α − 3. On the other hand, if
G1 ∩ [1, α− 2] = ∅, then F = O⟨1, tα−1⟩. In this case, Cliff(F) = α− 2 > α− 3.

Thus, all sheaves of the form (5.4.2) contributing to Clifford index, with an ̸∈ S,
have Clifford index strictly greater than α − 3. Therefore the clifford index is
computed with an ∈ S, which yields Cliff(C) = α− 3 and Cld(C) = 2. □

(5.5) Example. Now we give a simple example to illustrate (5.4)(ii). Consider
the curve C := (1 : t5 : t9 : t13 : t17 : t21 : t22). It is unicuspidal due to the presence
of t22, which was inserted to avoid a singularity at (0 : . . . : 0 : 1). Its semigroup is
S = ⟨5, 9, 13, 17, 21⟩ and the set of gaps G, as in the proof of (5.4).(ii), can be broken
down into G1 = {1, 2, 3, 4}, G2 = {6, 7, 8}, G3 = {11, 12} and G4 = {16}. So C has
genus 10 and it is non-Gorenstein as the conductor is 17 ̸= 2g = 20. The gonality
of C is computed by the sheaves O⟨1, t⟩, O⟨1, t4⟩ and O⟨1, t5⟩, all of degree 5, the
first ones non-invertible and the last one locally free. As they compute gonality,
they all have Clifford index gon(C) − 2 = 3, which can easily be checked directly.
The Clifford index of C is computed by F := O⟨1, t4, t5⟩. We have deg(F) = 6 and
h0(F) = 3. So Cliff(C) = Cliff(F) = 2 and Cld(C) = 2.

(5.6) Example. We finish this work with an example of a unicuspidal monomial
curve with Clifford dimension 3. Let C = (1 : t6 : t8 : t9). It is unicuspidal with
semigroup S = ⟨6, 8, 9⟩. The set of gaps is G = {1, 2, 3, 4, 5, 7, 10, 11, 13, 19}. So C
has genus g = 10 and it is Gorenstein as the conductor is 20 = 2g. As in the prior
example, the gonality of C is computed by three sheaves generated by monomial
sections, namely, O⟨1, t⟩, O⟨1, t3⟩ and O⟨1, t6⟩, all of degree 6, and, again, the last
one is the only invertible.

Now we will show that Cld(C) = 3. By (4.1), the Clifford dimension can be
computed by a sheaf of the form F = OC⟨1, ta1 , . . . , tan⟩. With no loss of generality,
we may further assume n = h0(F) − 1. So n = Cld(C). If n = 1, then, by
(3.5).(ii), we have Cliff(C) = gon(C) − 2 = 4, so n ̸= 1. Now note that for
G := OC⟨1, t6, t8, t9⟩, Cliff(G) = 9− 2× 3 = 3, so Cliff(C) ≤ 3. This implies that if
n = 2, then

deg(F) ≤ 7 if n = 2, and deg(F) ≤ 2 + 2n if n ≥ 4. (5.6.1)

This easily shows that among all (eligible) invertible sheaves, G is of smallest Clifford
index. Assume F is non-invertible. Let a be the smallest element in A :=

⋃n
i=1(ai+

S) ∩ G. By (4.1), we see that a ∈ {1, 2, 3, 4, 5, 7, 10}. Also, (4.1) implies that if
a = 1, then an ≤ 4; if a = 2, 4, 5, then an ≤ 6; if a = 3, 7, an ≤ 9; and if
a = 10, then an = 10. One can check, after an easy though laborious case by
case analysis, that those constraints on the an for each a, along with the ones of
(5.6.1), yield that G computes the Clifford dimension of C, which is 3. Note that
C ⊂ P3 = {(w : x : y : z)} is the intersection of the cubics wz2−x3 e xz2−y3. Also,
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the system (G, ⟨1, t6, t8, t9⟩) provides the Clifford embedding of C as in (3.6)(i).
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