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ABSTRACT. In this paper, we study the vertex functions of finite type A bow varieties. Vertex
functions are K-theoretic analogs of I-functions, and 3d mirror symmetry predicts that the g-
difference equations satisfied by the vertex functions of a variety and its 3d mirror dual are the
same after a change of variable swapping the roles of the various parameters. Thus the vertex
functions are related by a matrix of elliptic functions, which is expected to be the elliptic stable
envelope of M. Aganagic and A. Okounkov. We prove all of these statements.

The strategy of our proof is to reduce to the case of cotangent bundles of complete flag varieties,
for which the g¢-difference equations can be explicitly identified with Macdonald difference equa-
tions. A key ingredient in this reduction, of independent interest, involves relating vertex functions
of the cotangent bundle of a partial flag variety with those of a “finer” flag variety. Our formula
involves specializing certain Kahler parameters (also called Novikov parameters) to singularities of
the vertex functions. In the i — oo limit, this statement is expected to degenerate to an analogous
result about I-functions of flag varieties.
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1. INTRODUCTION

1.1. Motivation from 3d mirror symmetry. Three dimensional supersymmetric quantum field
theories have been a key source of inspiration for algebraic geometry and representation theory.
One aspect of these theories, called 3d mirror symmetry, predicts deep relationships between dif-

ferent algebraic varieties. Given such a theory 7, one can construct a Higgs branch Xy and a
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2 VERTEX FUNCTIONS FOR BOW VARIETIES AND THEIR MIRROR SYMMETRY

Coulomb branch X(!), which are Poisson affine algebraic varieties and are expected to have sym-
plectic singularities.

We assume both branches have symplectic resolutions, denoted by X and X' respectively. We
will refer to X and X' throughout this paper as 3d mirror dual varieties. One basic expectation is
that these spaces are equipped with actions of tori T and T' such that [XT| = |(X !)T! |; in particular,
these sets are both finite. See [23] for a survey of other statements. A much more sophisticated
expectation, stemming from the insights of Okounkov [36, 37], asserts that particular curve counts
in X and X' known as vertex functions are “equivalent”. This is the focus of the present paper.

When T is a quiver gauge theory, X is a Nakajima quiver variety [32], and vertex functions
were defined in [36] using quasimap technology developed in [12]. Vertex functions are generating
functions recording equivariant counts of quasimaps from a parameterized P! to X. The “pole
subtraction” property proven in [1] indicates that vertex functions of X should be equivalent to
vertex functions of X'. Unfortunately, since quasimap technology only applies to varieties with a
GIT quotient presentation, it is not known how to define vertex functions of X'.

Nevertheless, another expectation from physics [22] is that there should exist a dual theory T
such that the Higgs branch of 7' is the Coulomb branch of 7, and vice versa. If this is true,
then X' should also have a GIT quotient presentation leading to a definition of vertex functions.
Although it is not known how to construct 7* from 7 in general, there are some cases in which it
can be done. Strictly speaking, the theories themselves are not well-defined mathematical objects,
but the Higgs and Coulomb branches are. Bow varieties, which we turn to now, provide a rich

class of examples in which both X and X' can be given a uniform and precise description.

1.2. Bow varieties. Bow varieties, originally defined by Cherkis [9, 10, 11] and later given a
quiver description by Nakajima and Takayama [33], are a class of smooth holomorphic symplectic
varieties that fit into the above discussion. In particular if X is a Nakajima quiver variety of type
A, then both X and X' can be described as bow varieties. More generally, the dual of any bow
variety is another bow variety, although the same statement is generally false for a quiver variety'.

A bow variety X is determined by a combinatorial object called a brane diagram D, like the

following

D ://2\\2//2\\4//3/3/4\\3/2\\2\\.
The horizontal black segments are called D5 branes, the red segments are called NS5 branes, and
the red ones are called D5 branes. The non-negative integers lying above the D3 branes are the
bow variety analog of the dimension vector of a quiver variety.

Given D, it is trivial to construct the brane diagram D' for the mirror dual X': it suffices to

swap D5 branes (written as \) and NS5 branes (written as /):

D! \2/2\2/4\3\3\4/3\2/2/
=\ 7/ N/ D4 N /7 7.

Rimanyi and Shou [42] showed that X (resp. X') is equipped with the action of a torus T (resp.
T!) with finitely many fixed points. They also describe explicitly the expected bijection
XTs fo flexhT

lWhether a bow variety is isomorphic to a Nakajima quiver variety can be established directly from the brane
diagram. We refer to [42, §5.1] for the precise statement and examples.
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between fixed points.

For a bow variety X and some choices of additional data, one can define a certain elliptic
characteristic class called the elliptic stable envelope, denoted Stab™ (f), for each fixed point f €
XT. By restricting to torus fixed points, one obtains a matrix of elliptic functions Stabf](} =
StabX(f)|g depending on variables Q1,...,Qm_1,U1,...,Un—1,h,¢°>. Three dimensional mirror
symmetry of bow varieties from the perspective of elliptic stable envelopes was studied by Rimanyi
and the first author in [6].

1.3. Main theorem. The vertex function of X is defined as the formal power series

X ._ ZeVp,* ( Vlr) Q'€ Ky ey (Xiocl[@]];

where ev,, : QMY »(X) = X and QMnSp( ) is the moduli space of stable quasimaps from P! to
X nonsingular at a chosen point p € P'. We refer to §4 for further explanation of the notation.
Although we only write explicitly the dependence on (), the Kéhler parameters, the restriction of
the vertex function to a fixed point f € X' is an element of

VX(Q) :=VXQ)ly € Qua,- .. un—1,0,9)[[Q1, - -, Qum-1]]-

In (25), we specify a particular normalization of the vertex which we denote by V¥ (Q).

Similarly, we have the vertex functions of X':

VX (Q)€Q<u17"'7u;n—lv )[[Ql?"' Qn -

Notice that the roles of m and n have switched.
The choice of character for the GIT quotient used to construct X' provides a chamber € for the
torus action on X, and vice versa. With respect to this chamber, we can decompose the tangent

space at a fixed point into attracting and repelling directions:

_N- Nt
TfX—Nf —l—Nf.

We need one more transcendental function, the reciprocal of the g-gamma function, defined on

nonzero torus characters by
oo

o(x) == [J(1 - zq").
i=0
and extended to sums and differences by the rule ®(x + y) = ®(x)®(y). Then we define

+ -1 +
O =d((¢g—h )N, ).
Our main theorem, mirror symmetry of vertex functions, is the following.

Theorem 1.1 (Theorem 8.1). Let X be a bow variety with dual X'. For each f € XT, we have
(q>+ VE(@Q ) Y stab @, VE(QY).

geXT
where the identification of parameters r is defined by

1 !
d=q e (@) "EQ sy up e gV EQ;

and w(-) is the weight of the brane.

2Here m and n are the number of NS5 and D5 branes in D, respectively.
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At first glance, Theorem 1.1 does not appear symmetric. By using mirror symmetry of stable
envelopes from [6], we show in Theorem 8.2 how to rewrite mirror symmetry of vertex functions
with the roles of X and X' swapped.

It is instructive to consider a degeneration of the previous theorem. Upon specializing h = 1
(equivalently, 1'q' = 1), the various terms degenerate as follows:

Vi@ =1 Stabyy b,y @h—o1 @y []

weights w
of Ng°

So we obtain the equality

K (v.;g!(Q!)yhzq!ﬂ) ST

w

allowing one to extract the weights of TX at fixed points from the vertex functions of X'. Con-
versely, we immediately see that Vif, ! QY 4—1 is the power series expansion of a rational function.

Other interesting and less-extreme degenerations of Theorem 1.1 were studied by Smirnov and
the second author in [17] and [44]. The techniques of [17] immediately apply to our setting, giving
an interpretation of K-theoretic stable envelopes of X in terms of the “index limits” of vertex
functions of X'. As in the i = 1 degeneration, rationality of these index limits, a nontrivial and
new result, follows immediately.

3d mirror symmetry for vertex functions of cotangent bundles of Grassmannians and their duals
was studied from a combinatorial perspective in [16]. There it is shown how a special case of
mirror symmetry is equivalent to an explicit description of eigenvectors and eigenvalues of the

Ruijsenaars-Macdonald operators of row type defined in [34].

1.4. Strategy of the proof. The proof of Theorem 1.1 parallels the strategy used in [6] to prove
mirror symmetry of elliptic stable envelopes. Namely, we prove the statement by induction on the
weights of the D5 and NS5 branes in D, with the base case being when all the branes have weight
1, see §2 for the definition of weight. When all the branes have weight 1, the bow variety is known
to be isomorphic to the cotangent bundle of a complete flag variety for which mirror symmetery
was proven by the second author in [14] using the fact that the g-difference equations satisfied by

vertex functions in both the () and w variables are Macdonald difference equations.

1.5. Reduction of D5 weights. The reduction of D5 brane weights takes the following form.
Let D be a brane diagram and let A be a D5 brane in D of weight w > 2. Choosing a splitting
w = w' +w"”, we consider the brane diagram D in which A has been replaced by two D5 branes
A’ and A" of weights w’ and w”. Let X and X be the corresponding bow varieties which are
equipped with actions of tori T and ']1‘ respectively. As we will review in §5, [6] constructs a closed
embedding j : X — X equivariant along an inclusion ¢ : T — T. We prove that the corresponding
pullback in K-theory preserves vertex functions:

Theorem 1.2 (Theorem 5.10). The following holds:
Intuitively, this result holds because of the following property of j. For any z1,z9 € X, any

morphism f : P! — X satisfying f(0) = j(xl) f(o0) = j(x2) must lie entirely in j(X). Due
to the presence of singularities, quasimaps to X need not literally have the form f : P! — X.



VERTEX FUNCTIONS FOR BOW VARIETIES AND THEIR MIRROR SYMMETRY 5

Nevertheless, we are able to extend the above observation to quasimaps compatibly with the
obstruction theories.

1.6. Reduction of NS5 weights. The reduction of NS5 brane weights is more complicated and
takes the following form. Let D be a brane diagram and let Z be an NS5 brane in D of weight
w > 2. Let D be the brane diagram obtained by replacing Z by two NS5 branes Z’ and Z” of
weights w’ and w”, where w = w’ +w”. In this case, the two bow varieties X and X are related

by a Lagrangian correspondence:
(1) X<l 12X

where j is a closed immersion and p is a Grassmannian fibration. The two maps are equivariant
for natural actions a single torus T on each term. It was proven in [6] that convolution in the
above diagram relates stable envelopes of X to those of X. There is an extra Kéhler parameter
Q' for X, and this must be specialized as 1*Q’ = k¥ for some k € Z. In view of this, one might
expect the vertex functions to be related by
V¥ Q) £ pui VI Q. Q)

Here we encounter a new difficulty with vertex functions: VX is a formal power series in the
variables (@, Q'), and the specialization ¢* is not well-defined on power series.

A first attempt to correct this issue proceeds as follows. The power series defining a vertex
function is known to be convergent in a certain region in the Kéhler parameters. So one may hope
that ¥* may nevertheless be convergent. Unfortunately this does not happen either. Instead, the
power series defining vX diverges at 1*. Moreover, 1* is precisely a point on the boundary of the
radius of convergence.

As a second attempt, one may try to apply ¥* to the meromorphic function of (Q, Q") defined
by an analytic continuation of VX, Since vertex functions are known to satisfy certain scalar
g-difference equations [39, §8.3], they can automatically be analytically continued. At first glance,
this idea also fails: the specialization ¥* really is a singularity of this meromorphic function.
Nevertheless, we prove that the singularity at 1)* is a simple pole. By multiplying by an appropriate

factor to cancel this pole, we are able to achieve our comparison.
Theorem 1.3 (Theorems 7.11 and 7.12). Let f € X and let f € LT such that p(f) = f. Then
VH(Q) = @ v (CQTHTVEQ.Q))

For the notation in this theorem, we refer to §7. It is interesting to consider a few special cases
of Theorem 1.3. For a certain choice of brane diagram D, X = T*FLg, 4, . 4,,, the cotangent

bundle to the partial flag variety parameterizing quotients
FLg, dy....dy, = {C = Vi = Vit — ... = V4 | dimV; = d;}

Then Y = T* FLdlz'"vdkflv

Theorem 1.3 recovers the vertex functions of X from those of X. We are not aware of other places

dyd,....dm+ the cotangent bundle to a flag Variety3 “refining” that of X.

where curve counts, for example I-functions, of such varieties are related. In the A — oo limit,
these vertex functions are expected degenerate to the K-theoretic I-functions of the corresponding
flag varieties, see [26, §4.4].

3In terms of brane weights as above, w = dj, — di—1, W = d — de—1, and W'’ = dj, — d.
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Iterating the procedure, one can take X = T* FLy, and X =T FL1 2, ». The vertex functions
of X are equal to the classical hypergeometric functions ,¢,_1, see [19], for certain values of the
parameters. The vertex functions of X are the “Macdonald functions” (also called “non-stationary
Ruijsenaars functions”) studied, for example, in [7, 27, 35]. Then Theorem 1.3 roughly states that
the basic hypergeometric function is a specialization of the Macdonald function.

As a final example, one could take X = T*FLg4,, = {pt} and X = T*FLo 4, d,.. d,,- In this
case, VX =1 and we obtain an explicit and nontrivial evaluation formula for VY(QI, oo, Q) at
(Q1,...,Qum) = (1,h~h h=%  p=dm-1) There is nothing special about 7% FL in this example
and one could similarly obtain evaluation formulas for vertex functions of any bow variety.

1.7. Connection with quantum groups actions. Theorem 1.2 and Theorem 1.3 can be thought
of as the enumerative manifestation of a classical representation theoretic construction known as
fusion of R-matrices, which, albeit not directly used in the paper, has been an important source
of inspiration.

Up to isomoprhism, a bow variety X with m NS5 and n D5 branes is uniquely determined by
a pair of dimension vectors r € N and ¢ € N" recording the charges of the branes. Accordingly,
we will sometimes denote it by X (r,¢). The equivariant cohomology (resp. K-theory or elliptic
cohomology) of the disjoint union LI, X (r, ¢) admits a natural action of the Yangian® (resp. quantum
affine algebra or elliptic quantum group) of sl,,, and, with respect of this action, is identified with
the evaluation representation

A C™(a1) ® - - @ A C™(ay).

The braidings for the Yangian action can be reconstructed geometrically via the stable envelopes,

whose transition matrix
R(ay — az) := (Staby, <ay3) " 0 Stabyy,sa,3 € End(A C™(a1) @ A C™(az))
provides a solution of the spectral Yang-Baxter equation
R (a; — ag) R (ay — az) R (ag — a3) = R®(ay — a3) R™ (a1 — a3) R (a1 — ag).

It is well known, see for example [13], that the R-matrices of all exterior power representations
can be uniquely reconstructed from those of a suitable tensor product of fundamental evaluation
representations A C™(a) = C™(a), which geometrically, correspond to those bow varieties that
are isomorphic to the cotangent bundle of a partial flag variety.

This classical construction can be geometrically realized by means of the embeddings j : X — X ,
which, inductively, embed any bow variety in the cotangent bundle of a partial flag variety. In
fact, it is shown in [6, §6.6] that this embedding preserves the stable envelopes of the bow varieties
X and X , and induces fusion for the associated R-matrices.

In conclusion, Theorem 1.2 can be seen as an enumerative analog of fusion of R-matrices.
Likewise, Theorem 1.3 can be seen as the mirror dual statement, which was not known classically.

1.8. Extended worked example. To aid the reader, we have written all of our results explicitly

in the simplest nontrivial example, X = T*P!, in Appendix A. We explicitly write out the mirror

4This action can be realized via stable envelopes and the RTT formalism (cf. [41]) using the logic of [31] or via
cohomological Hall algebras. The equivalence of the two approaches follows from [5, 45] and the fusion procedure
described here.
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symmetry statements, including Theorem 1.1. We also write out the statements of Theorems 1.2
and 1.3. Because the vertex functions of X are the basic hypergeometric function 2¢; introduced
by Heine [21], we are also able to prove all the statements directly and explicitly using well-known
properties of the basic hypergeometric function. We encourage the reader unfamiliar with vertex

functions and stable envelopes to start here before proceeding to the rest of the paper.

1.9. Outline of the paper. In §2, we review the definition and basic properties of bow varieties,
and we fix notation that will be used throughout the paper.

In §3, we provide a brief review of elliptic stable envelopes and fix the normalizations that will
be used in our main theorem. We also review the mirror symmetry theorem for stable envelopes
proven in [6].

In §4, we review the theory of quasimaps to GIT quotients. We apply this to bow varieties. In
particular, we provide an explicit combinatorial formula for vertex functions, study their invariance
under Hanany-Witten transition, and fix the normalizations that appear in Theorem 1.1. When
X = T*FL, we give a refined formula which parallels that of the “Macdonald function” of [35].
We also discuss various analytic properties of vertex functions.

In §5, we prove Theorem 1.2.

In §6, we review the construction of (1) and the corresponding compatibility of stable envelopes.

In §7, we prove Theorem 1.3. Our proof takes several steps. First, we review the explicit
g-difference equations in the u variables identified for the vertex functions of cotangent bundles
of partial flag varieties in [26]. A straightforward calculation shows the compatibility of these
equations under ¢*. Since these equations have unique solutions up to leading term, we are able
to prove Theorem 1.3 for these special cases. The subtle aspect of the proof involves justifying
that the specialization ¥* is well-defined in the right hand side. We do that inductively by making
use of results from [35] about the singularities of the Macdonald function. Then we prove Theorem
1.3 in full generality by combining this partial result with Theorem 1.2.

In §8, we assemble all of our results together to prove mirror symmetry of vertex functions.

1.10. Further directions. One interesting manifestation of 3d mirror symmetry was explored
recently by Smirnov and Varchenko, who use 3d mirror symmetry in cohomology to study p-adic
approximations of vertex functions, [45, Theorem 3.4]. It would be interesting to understand how
the K-theoretic mirror symmetry studied here degenerates to cohomology. In K-theory, vertex
functions can be written as g-integrals, whereas the cohomological vertex functions are expected to
be legitimate contour integrals. In particular, a new phenomenon in cohomology is the appearance
of multi-valued functions.

In this paper, we succeed in proving 3d mirror symmetry of vertex functions of finite type A
bow varieties. It is of great interest to extend our techniques to affine type A bow varieties. In
particular, the Hilbert scheme of points on C? is self dual, and its quasimap vertex function is the
same as the 1-leg PT vertex [40]. Similarly, vertex functions of Hilbert scheme of points on other
resolutions of type A surface singularities are related to curve counting in 3-folds, see [29]. We are

unsure which, if any, of the techniques used here can be extended to affine type A.

1.11. Conventions and notation. All schemes and stacks are defined over C.
In this article, we will constantly compare certain objects associated to mirror dual bow varieties
X and X'. To clarify which side of the mirror symmetry an object belongs to, we will sometime
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use superscripts. For instance, although our standard notation for the stable envelope is Stab, we
will sometimes write Stab¥ or Stab”® to stress whether Stab is the stable envelope of X or its
dual X'

We also have two notations for both the stable envelope (Stab and Stab) and the vertex function
V and V. While Stab and V are the “bare” stable envelopes and vertex functions, namely the
ones most commonly defined in the literature, Stab and V are those normalized to make mirror

symmetry more natural.

1.12. Acknowledgments. We would like to thank Davesh Maulik, Leonardo Mihalcea, Andrei
Okounkov, Richard Rimanyi, Jun’ichi Shiraishi, and Andrey Smirnov for helpful conversations
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2. BOW VARIETIES

2.1. Brane diagrams. Combinatorial objects like D = /2\2/2\4/3/3/4\3/2\2\ will be called
(type A) brane diagrams. The red forward-leaning lines are called NS5 branes, denoted by Z.
The blue backward-leaning lines are called D5 branes, denoted by A. The positions between 5-
branes are called D3 branes, denoted by X, and the integer sitting there is called its multiplicity
or dimension and will be written dy.

If all NS5 branes are to the left of all D5 branes, we call the diagram separated. If all NS5 branes
are to the right of all D5 branes, we call the diagram co-separated.

The charge of an NS5 brane Z or a D5 brane A is defined by

ch(Z) =(dz+ — dz-) + |[{D5 branes left of Z}|,
ch(A) =(d4- — d4+) + |[{NS5 branes right of A}|.
The superscripts +, — refer to the branes directly to the right and left, respectively. We define the
local charge (or “weight”) of 5-branes by w(Z) = |dz+ — dz-|, w(A) = |dg+ — d4-|. For an NS5
brane Z, let /(Z) denote the number of D5 branes left of Z.
Branes of the same type are labelled from left to right with increasing positive integers. Ac-

cordingly, we collect the D5 (resp. NS5) charges in a vector ¢ = (c1,...¢p) (resp. r = (r1,...79))
where r; = ch(A4;) (resp. ¢; = ch(Z2;)).

2.2. The bow variety. To a D3 brane X', we associate a complex vector space Wy of the given
dimension. To a D5 brane A we associate a one-dimensional space C4 with the standard GL(C 4)

action and the “three-way part”

M4 =Hom(W 4+, W4-) @ hHom(W 4+,C 4) & Hom(C 4, W4-)
® hEnd(Wy-) @ hEnd(W 4+),
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with elements denoted (A4,b4,a4,Ba,By), and Ny = hHom(W 4+, W4-). To an NS5 brane 2
we associate the “two-way part”

MZ == hHOm(Wz+, Wz—) @ HOm(Wz— 3 Wz+),

whose elements will be denoted by (Cz,Dz). To a D3 brane X we associate Ny = AEnd(Wy).
In these formulas, the i factor means that the corresponding term is endowed with the weight 1

action of a one dimensional torus denoted by C;. Let

(2) M= PMsaPHMz
A Z

(3) N=PNsoEPNx.
A X

We define a map p : M — N componentwise as follows.

e The N 4-component of p is B4As — AaB/y + asba.
e The Ny-components of i depend on the diagram:
\-\ If X' is in between two D5 branes then it is B%_ — By+.
/=/ If X is in between two NS5 branes then it is Cy+ Dy+ —Dy-Cy-.
/-\ If X~ is an NS5 brane and X't is a D5 brane then it is —Dy-Cy— —By+.
\-/ If X~ is a D5 brane and X'~ is an NS5 brane then it is Cy+ Dy+ + B’

Let M consist of points of ~(0) € M for which the stability conditions

(S1) if S < W4+ is a subspace with B/((S) C S, A4(S) =0, ba(S) =0 then S =0,
(S2) if T'< Wy~ is a subspace with B4(T) C T, Im(Aa) + Im(as) C T then T = Wy

hold for all D5 branes A. Although the stability conditions (S1) and (S2) are manifestly open
conditions, the variety M is affine [46, §2].
Let G =[], GL(Wx) and consider the character

(4) X:G —C%, (920)2 = [ [ det(ga),

X
where the product in the definition of the character runs over D3 branes X’ such that (X”)~ is an
NS5 brane (in picture /X’). The bow variety X (D) is defined as the GIT quotient of the affine
variety M with respect to the action of G and the character y:

X (D) := MJXG.

The resulting variety X (D) is smooth and holomorphic symplectic. It comes with the action of
the torus T = A x C;°, where A = [] ; GL(C4) and the action of the subtorus C; is induced by
the A-weighting of M. The vector spaces Wy associated with the D3 branes induce “tautological”
bundles £y (of the given rank).

Since there are no strictly semistable points and all the stabilizers of the stable points are trivial,
the bow variety is isomorphic to the quotient stack MX™%/G. As a consequence, we have an open
embedding

X(D) — X(D),
where X(D) is the Artin stack M/G. Whenever the brane diagram is understood, we will drop it
from the notation and write X and X in place of X (D) and X(D), respectively.
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2.3. Hanany-Witten isomorphims. The local surgery
di/do\d3g <> di\d1 +d3s — do + 1/d3

on diagrams is called Hanany-Witten transition. It is a fact [33, Prop. 8.1] that under such
transition the associated bow varieties are isomorphic.

The charges of 5-branes are invariant under HW transition, and in fact, the vectors of NS5 and
D5 charges r and c¢ are a complete invariant of a HW equivalence class. Any brane diagram can be
made separated or co-separated by a sequence of HW moves. We will call a bow variety X = X (D)

as separated (resp. co-separated) if D is separated (resp. co-separated).

2.4. Affinization and handsaw variety. Assume that D is either separated or co-separated.
Although the stability conditions (S1) and (S2) are open, the variety M is affine [46, §2]. As a

consequence, bow varieties come with a projective morphism
7 : X (D) = Xo(D) := Spec(C[M]%)
to an affine variety. By neglecting the two-way parts of the diagram, we get a map
prs : (©aMa) = (©aNa) & (Bx Ny).

The subscript refers to the shape of the associated quiver, which resembles a handsaw. Set Ggg =
[Tu CL(Wa_).

Let Mps denote the subvariety of pi},5(0) satisfying the conditions (S1) and (S2). It is also
affine and its quotient

HS(D) := Spec(C[Mg)“#s)

is called a handsaw variety. As shown in [46, Prop. 2.9 and Cor. 2.21], the Gyg action on M is free
and all its orbits are closed, so HS(D) is just the orbit space Mygs/Gpg. The natural projection
M — Mpgs descends to an affine morphism p : Xo(D) — HS(D). Including the stack X(D) to our
picture, we have a commutative diagram

xX(D) 22— Xo(D) —2— HS(D)
(5) I =
X(D)

2.5. Tangent space and tautological bundles. Let X (D) be a bow variety. By definition, a
polarization for X is a K-theory class T'/2X (D) € K1(X (D)) such that

(6) TX = T'2X(D) + i(T'*X(D))" € Kr(X(D)).

Let a« = ap € K1(X (D)) be the class

(1) a:=h|EPHom(E,Es-) @ Hom(Ca, Ea-) & @) Hom(éz-, Ez+) © @D Hom(€,€)
A Z ¢
It is proven in [43] that for separated or co-separated X (D), there exists a class 5 € KC; (%)
such that a + f is a polrization in the sense of (6). Therefore, if X (D) is separated or coseparated,

we will make a slight abuse of terminology and refer to « itself as a polarization.
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Remark 2.1. This result together with the Hananay-Witten isomorphism, cf. §2.3, implies that
any bow variety (possibly not separated nor coseparated) admits a polarization. However, we
stress that this may not be directly related with the class a as (7) in because the Hanany-Witten
isomorphism is not T equivariant, but only equivariant along a given automorphism of T, see [42,
§3.3].

2.6. Mirror dual bow varieties. In physics, bow varieties arise naturally as (resolutions of)
Higgs and Coulomb branches of 3d N' = 4 quiver gauge theories of type A [33]. Throughout this
article, we refer to a pair of bow varieties that describe, respectively, the Higgs and Coulomb branch
of a given gauge theory as “dual varieties” and denote them by X and X'. From a combinatorial
perspective, the dual of a bow variety X = X (D) is obtained by simply swapping NS5 and D5
branes in D. For example D = /1/2\2/2/3\3\3/2\2/1\1/ and D' = \1\2/2\2\3/3/3\2/2\1/1\
are 3d mirror dual brane diagrams and we have X' = X (D').

2.7. Fixed points of bow varieties and their mirror symmetry. Let X (D) be a bow variety
with m NS5 and n D5 branes and consider the action of the torus A. Its torus fixed points are
isolated and can be combinatorially described as follows:

Theorem 2.2 ([42]). The A-fized points in X (D) are in one-to-one correspondence with either of
the following equivalent combinatorial objects:

e Tie diagrams over D.

e m X n binary contingency tables (BCTs) with sums of the rows (resp. columns) equal to
the charge vector r (resp. c).

e Butterfly diagrams over D, i.e. colored acyclic quivers B = (Bg, B{, ¢) with vertices Bg,
arrows B{, and coloring map ¢ : Bg — {D3 branes} = {1,2,...,m + n — 1} satisfying
| c~1(X)| = dx for all D3 branes X. In other words, there are exactly dy vertices of Bf of
color X.

We refer to the article in loc. cit. for the definitions of tie diagrams and BCTs. As an example,
consider the bow variety X (D) where D = /2\2/2\4/3/3/4\3/2\2\. Its charge vectors are r =
(2,1,1,2,3,2) and ¢ = (5,2,2,0,2). One fixed point in X (D) is represented by the tie diagram

PN TN
/2N 2 y2\ 4 /3 /3 y4\ 3 /2 2\
/~— N 7 N 7 7 7 N 7 Y \

)

Zq ./41\\\\2\2 ’:fi:g_f’/ \:/Zﬁ Ay As
or, equivalently, by the following BCT:

Ay Ay Az Ay As

5 2 2 0 2
Zy 2111|0010
Zy 11100010
Zz 1/0]0]1]01]0
Zy 2|1]0|1]|0]0|
Zs 3/1[1(10]|0]1
Zg 21110001
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We also refer to [42, Figure 3] for the pictorial presentation of the corresponding butterfly diagram.

In the whole paper, we assume that D is such that X (D) has at least one fixed point. The
Gale-Ryser theorem [8, §6.2.4] is a combinatorial characterization of the charge vectors for which
this condition holds. It is expected that X' is empty (because there are no stable points) if X has
no torus fixed points.

Fixed points of dual bow varieties are manifestly in one-to-one correspondence. Explicitly, given
a bow variety X and a fixed point f € X, we denote by f' € (X!)A! the fixed point whose tie
diagram is obtained by reflecting the tie diagram of f along the z-axis of the page.

3. ELLIPTIC STABLE ENVELOPES

3.1. Recollection of elliptic cohomology. Fix an elliptic curve £ = C* /¢%. Throughout this

article, we consider G-equivariant elliptic cohomology as scheme-valued co-variant functor
Eq(—) : G-spaces — Schemesg,, .

We refer to [1, 4, 6] for details. Here, Eg := Eg(x) is the elliptic cohomology of the one-point space.
If G is either a rank n torus 7' or GL(n), then Er = Cochar(T) ®z F = E™ and Eqp,) = EM),
the symmetrized n-th Cartesian power of E. The Chern class of a rank r vector bundle V' — X is

a morphism
(8) e(V) : Eg(X) = Eqrn(x) = BV,

called elliptic characteristic class of V', see [20, §1.8] and [18, §5]. The coordinates in the target
are called the elliptic Chern roots of V. Associated with V is an invertible sheaf, the Thom sheaf
of V
O(V) = (V)" O(D),
obtained by pulling back the line bundle associated to the effective divisor D = {0} +E~D < B,
We denote its canonical global section by ¥(V'), which is the fundamental example of an elliptic
cohomology “class”. For computations, it is useful to pull-back #(V') to K-theory via the Chern
character map
ch : Spec(Kg(X) ® C)*™ — Eq(X).
Indeed, the pullback ch* ©(V) is trivial for all V' and hence we can treat ©¥(V') as a function on
Spec(Kg(X) ® C)?". In the case X = *x and G = C* the Chern character is simply given by the
quotient map C* — E = C*/¢%, and we can choose a trivialization of ch* O(0) that identifies its
canonical section with the odd Jacobi theta function
I(w) = (@7 —a ) [ - ¢"x)(1 - ¢"27").
n>0

Its quasi-periods are
(9) W z) = (~1)Fqg ¥ Pa % 9(x)  keZ.

It follows from the compatibility of the Chern character with the map (8) that the trivialization
of an arbitrary line bundle ch* ©(V') can be uniquely determined by the previous universal case.
With this convention, the pullback of ¥(V') by ch is the function

[Tow)
=1
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in the Chern roots t; of V.
Fix now a one dimensional torus torus C acting trivially on X and a vector bundle V. We
define

(10) UV, 2) =0 ((v 1@k, 1)) € PicEg, o (X).

It admits a canonical meromorphic section, which is the pullback by ¢(V') of the canonical section

r

- ﬁ(tiz)
(11) [Iét.2) =1l
i=1 i1 V()9 (2)
of the line bundle ®;_, ©((t; — 1)(# — 1)) on EGL(T)XC; (x). Notice that
(12) 0"z y) =y da,dy) =" keZ.

A list of properties of U(V, z) can be found in [38, App. 1] and [6, Lemma 4.1].

3.2. Functorality. Elliptic cohomology is contravariant with respect to any equivariant continu-
ous map f : X — M or a change of group map ¢ : H — G, and covariant for a proper complex
oriented map g : X — M. We denote the corresponding pullback and pushforward by f®, ©®,
and gg. We refer to [6, §4] for the precise definitions. Here, we only make the following important
observation: if p : X — x is proper, then there is a well-defined map

O(TX) 2% Opys)-

As a consequence, for any line bundle £ on Eg(X), it is natural to define its dual by £V :=
L1 ®6(TX) [38]. Then, whenever p : X — x is proper (or, more generally, equivariantly proper,

via localization), we get a natural map
LY ®L=0(TX) X% O .

3.3. Elliptic stable envelopes—basics. In the following two sections, we recall the definition
and the main features of stable envelopes on bow varieties, cf. [6, 38]. Let X be a smooth variety
equipped with the action of a torus 1. Fix a subtorus A C T. The stable envelopes are certain
distinguished correspondences depending on a choice of generic cocharacter A : C* — A, ie. a
cocharacter such that XMC*) = X4, Notice that a character is not generic if and only if it lies on
some codimension one hyperplane in Cochar(A) ®z R given by the zero locus of some A-weight of
the normal bundle of X4. We denote a connected component of the resulting chamber arrangement
in Cochar(A) ®z R by €.
Intuitively, stable envelopes encode the geometry of the attractors

Atte(XE ) ={z e X | %irr(l) A(t) -z € X4 for any (equiv. every) A € ¢}
ﬁ

Notice that the latter is reducible. Its irreducible components are given by the closures of the
subsets Atte(F), where F' C X4 is a connected component of X4. In fact, Atte(F) is an affine
bundle over F. If the variety X admits a proper A-equivariant map to an affine variety X — Xj,
then the transitive closure of the relation

Atte(F)NF' #0, = F > F'

. . X . .
induces a partial order on m(XC"), sometimes known as a “generalized Bruhat order”.
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For a fixed component F, consider the three T-invariant subspaces in X4 x X
AttZ(F) = | FxAtte(F),  X=F=Xx\ (] Atte(F),

F/<F FI<F
X*F=Xx\ | Atte(F").

F'<F
Notice that X>* C XZF and the inclusion j : Atte(F) < F x X=F is well defined and closed.
Informally speaking, the envelopes of a fixed component F' is a specific correspondence on F' x X
that is supported on Att% (F) and restricts to the graph of j on F x XZ¥. Technically, to make this
precise in elliptic cohomology one needs to fix a distinguished line bundle Lx on Ep(X), known

(13)

as an attractive line bundle. By definition, it satisfies

(14) deg s (ipLx) = degs(O(Ng ),
for all components F C X4, See [38, App. B.3] for the definition of deg 4(-).

3.4. Elliptic stable envelopes—definition. Let L4 r = :Lx ® G)(—N;/X) and consider the
exterior tensor product
(Lar)' ®Lx,
which is a bundle bundle on the elliptic cohomology scheme E(F x X). Here, the upperscript in
(La,r)Y is the duality functor defined in §3.2.
The following is Okounkov’s notion definition of the elliptic stable envelope.

Theorem 3.1 ([38]). Let € be a chamber for the action of A on X and let Lx be an attractive

line bundle. For every connected component F C X4, there exists a unique section
Stabg(F) el ((ﬁA,F)v X ,CX(OOA))

proper over X, such that

(i) (The diagonal aziom) The restriction of Stabe(F) on F x X=F is equal to [Atte(F)).
(ii) (The support axiom) The restriction of Stabe(F') to F' x X \ Att% (F) is zero.

The notation coA stands for a singular behavior of the stable envelope on the “resonant locus”
A C Ep(x). Informally, sections of G(coA) are sections of G with arbitrary singularities on A. For
the precise definition and the geometric interpretation of A, we refer to [38, §2.3] and [6, §5.2].
For stable envelopes of bow varieties, which are the main focus of the paper, A will be a divisor
of Ep(x).

Consider now the canonical maps

Ep(F) «22— Ep(X4 x X) —2— Ep(X).
Since Stabg(F') proper over X, it induces a morphism via convolution (cf. [6, §4.7])

Stabe(F) : (pa)s(La,r) = peLx(00A) 7= pg (Stabe(F) x (pa)* (7))
which is commonly denoted in the same way.

Remark 3.2. The space Attg(F) is a singular closed subspace of F' x X. It contains the so-
called full attracting set Afte(F'), which is also T-invariant and is defined as the set of pairs
(f,z) € F x X connected via a chain of closures of attracting orbits. It is shown in [38, §2.5] that
the stable envelopes are actually supported on Afte(F).
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3.5. Stable envelopes of bow varieties. Let X be a bow variety with m NS5 branes (ordered
from left to right), n D5 branes, and the torus T = A xC; acting on it. We introduce the
Kahler torus Z = (C*)™ and let (z1,...2mn) be a set of coordinates spanning Z. We also set
T =TxZ=AxC; x Z. It may be beneficial to think about the subtorus A xZ as the ambient
space of two tuples of parameters (ai,...a,) and (z1,...2,) that are attached to the similarly
named five-branes.

Set # := Er«z(*) and let n; be one (any) of the bundles in between the NS5 branes Zj and
Zi11. The construction will eventually be independent of such choice. Consider the line bundle
on Er«z(X) given by

m—1

o Rk 202 )—ch(Zk)>
15 U= Uu , —— R\ EktT
(15) @ (Uk oo

where U(n,z) is the line bundle defined in (10) and the integers ¢(Z), ch(Zy) were defined in
§2.1. Recalling the definition of the polarization «, see §2.5, we further define

(16) Lx :=06(a)dU.

Proposition 3.3 ([6, §5.5]). The line bundle Lx is attractive for the action of A on X. Moreover,
the following statements hold:

(1) Assume that X1 = Xy are Hanany-Witten isomorphic bow varieties and let F; C (Xl)A

and Fy C (Xo)® be isomorphic fired components. Then we have an isomorphism
(‘CA,Fl)v X Lx, (OOA) = (‘CA,Fz)v X Ly, (OOA)

(2) The line bundle Lx 1is non-degenerate, i.e. the complement of resonant locus A in ECrX w7 (%)
is open and dense. Furthermore, A is contained in the complement of the union of

codimension-one abelian varieties of the form {z;/z;h% =1} for certain a;j € 7.

The following result is a direct consequence of Okounkov’s general theory and the previous
proposition.

Theorem 3.4 ([6, Thm. 5.10]). Fiz an arbitrary subtorus A C A, a chamber € for the A-action,
and a connected component F C XA. Then the stable envelope

StabQ(F) € F(£Z7F X »CX)mer
exists and is unique. Furthermore,

o The elliptic stable envelopes of Hanany-Witten equivalent bow varieties match.

e The elliptic stable envelopes are holomorphic in the complement of the resonant locus A.

3.6. Matrix stable envelope. Let X be a bow variety with m NS5 branes and n D5 branes.
We now focus on the action of the torus A acting on all n D5 branes. The tangent weights for
the A action on X are of the form a;/a;, with 1 <i,j < n [42, §4]. Hence, a permutation of the
a; variables determines a chamber. By slight abuse of notation we will write {as1) <+ < ay(n)}
for the chamber it determines, in which weights of the form a,(;)/aq(;) for i < j is repelling.
The chamber {a; < --- < ay} associated to the identity permutation will be called the standard
chamber for the action of A.
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As discussed in §2.7, the fixed locus X* is finite. Given an arbitrary chamber € for the A-action,
we define the matrix of stable envelope restrictions Sg by setting®

— Stabe (),
' Stab@(fj”fj

If the fixed points are ordered consistently with the partial order defined in §3.3, namely if

(17) (Se)ij = (Se)ij

fi < f; implies ¢ < j, then (Sg)i; is an upper triangular matrix whose elements are sections of

some bundle on the abelian variety
E’]I‘XZ =FE" x E™ x Eh,

and hence can be seen as functions in the variables (a, z, i) with prescribed quasi-periods.

3.7. Duality of stable envelopes. As explained in [1, §3.7], the inverse of the matrix stable
envelope can be characterized geometrically. In view of applications of this characterization to
mirror symmetry of vertex functions, it is convenient to introduce a slightly different normalization
for the stable envelopes. Firstly, given an arbitrary bow variety X, we define the following line
bundles on Er x z(X):

m—1
U = Qu (% 2k h—Z(ZkH)—i-ch(Zk))
k=1 i+l

LPP = O(aopp) @ UPP

Here, aopp = ha” is the dual of the class « defined in (7). We leave as an exercise the check that
Theorems 3.3 and 3.4 hold after replacing the line bundle £x with £5*. Hence there is a well

defined stable envelope map
Stabg™?(F) € T(LAR" B’ LEY ) mer

that is invariant under Hanany-Witten transition. In agreement with the general logic of elliptic

stable envelopes, this map differs from Stabg(F') by a shift of the Kéhler parameters. The advantage
of this alternative definition is that, setting

Stabg™” (f;)

(SOPPY, ;= fi

Stabg™ (f;) ;

J

we obtain:
Proposition 3.5. Let €°PP be the chamber opposite to €. Then

(Se(a, 2, b))~ = (SOPP (a,z*l,h))T.

Copp
Here (—)7 stands for matriz transposition.

Sopp
Copp”’

variety X is separated. Then by [6, Prop. 5.15] (and taking into account the different conventions),

Proof. By Hanany-Witten invariance of both Sg and it suffices to assume that the bow

we have
(Se(a,z,h) ™t = (Se,,, (@, 2 17, B)) "

5This matrix differ by a transposition and a normalization from the one considered in [6].
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Therefore, it suffices to check that ngfp(a, 2L h) = Seopp (@ 2z7A", h) for any chamber €. This
follows from uniqueness of stable envelopes, the definitions of £Lx and £, and the fifth statement
of [6, Lemma 4.1]. O

3.8. Mirror symmetry for stable envelopes. Consider an arbitrary bow variety X with m
NS5 branes and n D5 branes and its dual variety X'. In this section, the choice of the standard
chamber is always understood, and hence the symbol € is dropped from the notation. For instance,
we will write Stab™ (f) as a shortcut for the stable envelope Stabg (f) of X with standard chamber
C={a; < - <ap}.

For a fixed point f € X*, let the sign ex(f) be defined as (—1) to the power of

n m
22D b,
i=1 j=1 k>i
I>j
where b;; are the entries of the BCT table of f introduced in §2.7. Mirror symmetry for stable

envelopes of bow varieties, which is the main result of [6], states that:

Theorem 3.6. Mirror symmetry for stable envelopes of bow varieties holds, i.e.

stabX' (¢')]
Stab™' ()]

Stab™ ()l

18) Stab™ (9)),

(a,z,h) :5X<f)5X(g) (Z,CL, h_1>

for any bow variety X and fized points f,g € X*.

By the definition of (15), it follows that Stab depends only on the ratios Q; = z;/zi+1 and
u; = a;/a;+1. Therefore, whenever convenient, we will think of the function Stab(f)|, as a function

in the variables (u, @, h) and denote is by
Stab(f)[g(u, Q, h).

The previous reparametrization will be useful to compare mirror symmetry of stable envelopes to

mirror symmetry of vertex functions. To this end, set

1/2
det(a)|; Stab(f)lg
det(N}) Stab(g)lg

(u, Q, ) (det(@)\g) -1/2

(19) Stabgf(a,Q,h) = ( det(N_

and consider the change of variable map x given by

1 !
¢ —q h’thq (@)"VEIQ —u up e ¢VFIQ,

Lemma 3.7. Theorem (3.6) is equivalent to
K (Stabifg;!) = Stab;(f .

Proof. The proof follows from Theorem 3.6, definition (19), and the quasi-period of the stable en-
velopes under @Q-shifts. To compute the latter, it is useful to notice that /@(Stab(g!)|f!/ Stab(f!)|fs)
has the same quasi-periods of

(+7) (B(a'ly = Np) @ 6(a'ly = N T @ Up o Uy
(by definition) but also of

O(aly — N,) @ O(aly — Ny ) @Uy o U,



18 VERTEX FUNCTIONS FOR BOW VARIETIES AND THEIR MIRROR SYMMETRY

(by Theorem 3.6). Details are left to the reader. O

4. QUASIMAPS AND VERTEX FUNCTIONS

In this section, we will define and study vertex functions of bow varieties. We will calculate them
explicitly, determine their invariance under Hanany-Witten transition, and study various analytic

properties.

4.1. Quasimaps to bow varieties. Let M be a smooth affine variety equipped with the action
of a reductive group G. For a fixed character x : G — C*, let X = M //XG be the associated GIT
quotient. The prototypical examples in this article are bow varieties. We denote the associated

semistable (resp. unstable) locus by MX™5 (resp. MX™1").
Fix a nonsingular complex projective curve C' and consider the mapping stack

Map(C, M/G)
The moduli space of quasimaps from C' to M /XG is by definition the open substack
QM(C, MJ*XG) € Map(C, M/G)

consisting of those maps f : C — M /G such that the preimage f~1(MX™"/G) is zero dimensional.
In other words, f must land in the semistable locus MX™5 /G for all but finitely many points. Under
some mild assumptions on M and G, QM(C, M JXG) is a Deligne-Mumford stack [12].

We remark that the moduli space QM(C, M /XG) depends on the stack quotient M /G and not
only on the GIT quotient M /XG. In particular, it depends on the GIT presentation of the quotient.

Since in this article we are only interested in the case C' = P!, we set
QM(M JXG) :== QM(P', M JXG).

If M/XG is a bow variety, there is a natural action of the torus T, := T xC; on QM(M /XG),
induced by the action of the torus T on the target space and the maximal torus C; C Aut(P!) on

the source curve P!.

4.2. Obstruction theory and virtual structure. From now on, we assume that X = M /XG
is a bow variety. The moduli space QM(X) fits in a natural diagram

P! x QM(X) —— X
(20) lpr

QM(X)
where the map u is the universal evaluation. The perfect obstruction theory is then given by the
complex
(21) E = (R*pr.u* Tx)",

where the G-equivariant perfect complex
(22) Ty = |Oy ® Lie(G) 2% Ty % Oy o N} ‘M

is the tangent complex of the stack X = [M/G]. Here, o : G — Aut(M) is the canonical map.
For any D3 brane X in the brane diagram we have a tautological bundle £y on X. Pulled Taback
along the inclusion X C X, these restrict to the tautological bundles defined in §2.2. Accordingly,
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the universal evaluation u induces, via pullback, tautological bundles
Ex =u"lx

on QM(X) satisfying Ex |p1 . (ow,s)} = Wa. Here, (W, s) is the data of a quasimap: W = (Wx)xep
stands for the collection of bundles on P!, and s is a section of the bundle M over P! built from
these by replacing the vector spaces Wy in (2) with the bundles Wy . By definition, s is required to
satisfy the defining relations of the map p from §2.2 fiberwise. In other words, given the P'-bundle
N obtained by replacing the vector spaces Wy in (2) with the bundles Wy, the map p induces a

vector bundle morphism M — A and s is required to leave in its kernel.
We further consider the tautological bundles 9t and 91 on P! x QM(M) such that

M [p1x (ow,s)} = M Nlptsqow,s)y =N
From (21) it follows that the virtual tangent space at the point (W, s) is given by
(23) Tvir|(W,s) = H.(M) — hH.(N) — H.(@X End(Wx))

4.3. Vertex functions for bow varieties. Let X = M //XG be a bow variety and fix p € (P1)C7 .
We denote by QMHSP(X ) the moduli space of quasimaps from P! to X nonsingular at p. By
definition, this is defined via the pullback diagram

lovp iCVp

X =MxX/G — M/G

Consider now the commutative diagram

evp

QMnsp(X> — X

J

QMns P (X)C;

where the horizontal map is given by evaluation at p. We will abuse notation and denote the
diagonal arrow also by ev,. It is known to be proper [39] and hence the pushforward ev, , is
well-defined in localized K-theory. For bow varieties, we could also define the pushforward by
localization with respect to the (larger) torus T, using Proposition 4.4 below.

The degree of a quasimap gives a decomposition

QMnsp(X) = |_| QMﬁsp(X)v

dezm—1

where m is the number of NS5 branes, which index the set of (possibly) nontrivial tautological
bundles on X.
The perfect obstruction theory (21) gives rise to a virtual structure sheaf O% on QM(X) and

vir

hence on the open substack QM,,(X). To find tractable structures in K-theoretic curve counts,

nsp(
it is important to twist the virtual structure sheaf by a certain line bundle. We refer to [39] for a

detailed discussion of this and for several examples of “rigidity” which require the symmetrization.



20 VERTEX FUNCTIONS FOR BOW VARIETIES AND THEIR MIRROR SYMMETRY

Let T'/2 be a polarization of X. We assume that T%/2 can be expressed in terms of the tau-
tological bundles &, and we fix such a representative. This induces a K-theory class 7 12 on
P! x QM. (X).

By definition,

1/2
det91/2|p> /

( ) vir vir & ( det 91/2|p’

where
H = (det Toir) ™! @ det (evy TX)

is the (normalized) virtual canonical bundle on QMY (X) and {p,p'} = (P*)C4 .

nsp
We introduce formal variables Q; for 1 < i < m — 1. For d € Z™ !, we will use the multidegree
notation Q% := H;’:ll Q?i. It will also be convenient for us later on to use variables z; for 1 < i <m

such that Q; =

Zit1 '
Definition 4.1. The vertex function of X is the formal power series

VX = Zevp,* (@glr) Qd S K’]I‘ xCX (X)loc[[QH'
d

Notice that the choice of normalizations in (24) ensures that VX(Q) = 1+ O(Q).

Remark 4.2. More generally, one could consider vertex functions with descendant insertions,

namely the power serie defined by
VAT =3 evp (08 © (evp) (1) @ € Koo (Xioe1 Q]
d

where

X 2 QM (X) 25 X

and 7 is a polynomial in tautological bundles of X. In this paper we study mirror symmetry only
for the trivial insertion 7 = 1, so we drop it from the notation. Understanding mirror symmetry
for vertex functions with nontrivial insertion is, nevertheless, a very interesting topic, which we

defer to a future paper.

4.4. Dependence on polarization. As shown in [39, §8.3], vertex functions for different polar-
izations are equal after a shift of () by a power ¢. For 3d mirror symmetry of vertex functions, we
will make particular choices of polarizations. For now, we will leave the choice open.

4.5. Localization formula. Let X be a separated or co-separated bow variety with m NS5
branes. Its brane diagram is

Jdi) o dm\ e\ dmint\ o N\ oo \dn/ e [ dmpn )
Z1 2 Zm Aq An—1 An A Az An 21 Zm-1 zZ

m

Following our running convention, we label the D3 branes &; and, accordingly, the tautological
vector bundles &; := £y, from left to right. Notice that rk(&;) = d;.

Fix f € XT. By Theorem 2.2, f is is one to one correspondence with a butterfly diagram
(Bg,B{, ¢). Let Vy be a vector space with basis given by the vertices in ¢~ }(X). Viewing the
arrows of the butterfly as the components of linear maps, the butterfly diagram precisely encodes

the quiver description of a distinguished representative of the fixed point f. There is a T-weight
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associated to each vertex of the butterfly diagram, which we will denote by w(a), such that

Glp= > wla).

aEBg
c(a)=i

Definition 4.3. A stable reverse plane partition over Bf is a function m : Bg — N such that

(1) a=be Bl — w(a) <7(b)
(2) If either of the two branes adjacent to ¢(a) is a D5 brane, then mw(a) = 0.

Let rpp(f) denote the set of stable reverse plane partitions over Bf.

The degree of a stable reverse plane partition 7 is the vector

deg(m) = Z m(a) cz™ L
aEBg
c()=2] 1<i<m—1
In the previous line, we only take the index i up to m — 1 because ¢(a) >m -1 = 7(a) =0
by Definition 4.3. For d € Z™~!, let rpp?(f) C rpp(f) be the subset of reverse plane partitions of

degree d.

Proposition 4.4. Let QM = ev;l(f). There are canonical bijections

M, ()% = || (Qug) 7

fexT
and

Cq
(QM?> = pp?(f).
Proof. A Cj-fixed quasimap in QMgs p(X ) must map the A! chart around p to a single point of
X. If the quasimap is also T-fixed, then the chart must map to a fixed point f € XT. This proves
the first statement.

It follows from the argument given in [39, §7.2] that C fixed quasimaps in QM? are in bijection
with “framed” flags of quiver sub-representations ending in the quiver representation for f. This
quiver representation is encoded by the butterfly diagram, as we recalled above.

Since (QM?)C; = (QM‘})TQ, all of the vector spaces appearing in this flag split into weight
spaces for T, and the inclusions in the flag are T-equivariant. From the definition of the butterfly
diagram, see [42], it follows that the nonzero T-weight spaces of {x|s are all one-dimensional for
any X. So a quasimap in (QM?)(qu is uniquely determined up to isomorphism by specifying the
locations in the flag at which the inclusions are strict. These locations are encoded precisely by a
reverse plane partition. Because the flag of quiver subrepresentations must be “framed”, see [39],
the reverse plane partitions must be stable in the sense of Definition 4.3.

O

Recall that, for any all d € Z, the finite g-Pochhammer symbol (x)4 is defined as (z)q :=
®(x)/®(q"x).
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Proposition 4.5. The restriction of the vertex function of X to f € X' is

VXQ) =VXQ)y

N(m) deg 97}/2

= Z (—qh) 2 qf@deg(ﬂ H (qwl(vb()a))fr(b)ﬁ(a) H (_lw(b)g

merpp(f) a,bEBgf )W(b)—ﬂ'(a) a,bEB(J;
c(b)—c(a)=1 c(a)=c(b)

N = >  (x(b)—n(a).
a,bEBOf
c(b)—c(a)=1
Proof. This follows from the virtual localization theorem by combining Proposition 4.4, (6), and
(23). O

From the definition of a stable reverse plane partition, it is immediate that the formula for VfX
can be written such that the products run only over vertices colored by D3 branes adjacent to an
NS5 brane.

For an arbitrary (not necessarily separated or co-separated), one can in principle apply local-
ization. However, we do not know a direct characterization of torus fixed quasimaps. Instead, we
prefer to study vertex functions of an arbitrary bow variety by first using Hanany-Witten transi-
tion to write it as a separated or co-separated bow variety and then applying the above formulas.

This is justified by the following result.

Proposition 4.6 ([12, Prop. 4.6.1]). The moduli stack QM,,(X) and its perfect obstruction
theory depend only on the pair (X, X).

As a result, we have the following.

Proposition 4.7. Let X be a bow variety and let X' be the bow variety obtained by swapping a D5
brane and an NS5 brane using Hanany-Witten transition. Then for any choices of polarizations,
there exists 3 € Z™ ' such that

VEQ) =V¥(Qd").

Proof. Since Hanany-Witten transition induces isomorphisms of both bow varieties and stack quo-
tients, the previous proposition implies that it identifies the virtual structure sheaves. Vertex
functions are defined using @vir, which differs from O,y by a twist depending on a choice of
polarization. Depending on the choices of polarization for X and X', the twist may contribute
differently, leading to the ¢” shift. O

For a certain choices of polarizations, we will make this shift explicit below.

Remark 4.8. The formula of Proposition 4.5 is almost identical to the formula for cotangent
bundles of partial flag varieties viewed as quiver varieties, see [26]. Given a type A quiver variety
X, this uniformity can only be seen by realizing X as a bow variety, applying Hanany-Witten
transition to obtain a separated or co-separated bow variety, and using Proposition 4.5. Using the
usual localization formula for quiver varieties, written for example in [15], leads to less uniform

formulas.
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4.6. Vertex functions and Hanany-Witten transition. Recall the class «a from (7). For the
rest of this subsection we fixed the polarization o+ from (6). Since the polarization .7 1/2 appears
in (24) in a ratio, only the topologically nontrivial part will contribute. Thus to compare the vertex
functions before and after Hanany-Witten transition, we need to understand how « changes.

Consider the following Hanany-Witten transition from left to right:
cody/do\ds - -+ —> ---dl\d’Q/dg---

Proposition 4.9 ([6]). Let Xt and X" be the two bow varieties above. Then
aafter _ gbelore — Hom(e2o™ € 4) — hHom(C 4, €477 € Kp(Xbelore)

It is shown in [6] that the K-theory class of £ is equal to that of £P¢™ up to the addition

of a topologically trivial virtual bundle. As a consequence, we have the following.

Proposition 4.10. The K-theory class of
det(aafter) ® det(abefore)—l ® det( fefore)—Q
is equal to that of a topologically trivial line bundle.

Proposition 4.11. Assume that (6) is the chosen polarization for all vertex functions. If Hanany-
Witten transition moves a D5 brane A from the right to the left of an NS5 brane Zj1 then

Xafte'r‘ o Xbefor(z
VEQ) =V Qg v
Proof. This is immediate from our choice of polarization, Proposition 4.10, and (24). O
Applying the previous propsition repeatedly, we obtain the following.

Corollary 4.12. Let D be a separated brane diagram with n D5 branes. Let D' be the co-separated
brane diagram Hanany- Witten equivalent to D. Let X and X' be the corresponding bow varieties.

Assume that (6) is the chosen polarization for all vertex functions. Then
VY = VX‘Qk=qun'
where the shift is applied to all the variables Q.

4.7. Normalization for mirror symmetry. For 3d mirror symmetry, we need to make a specific
choice of polarization and normalization of vertex functions. Let X be a bow variety corresponding
to a brane diagram D. There are two sides of mirror symmetry: the side of X and the side of
X'. When mirror symmetry is considered, VX (Q) will denote the vertex function of X for the
polarization A(a + 3)V, while VX !(Q!) will denote the vertex function of X' for the polarization
o + 6

If we change which we are considering the “dual” side, then we must also change polarization.

With these choices understood, we let
VX(Q) = VX(Q) ‘Qi:Qi(_51/2)w(2i)—w(2i+1)

) V(@)= 1@

Qi:Qi(_(h!)1/2)W(Zi)—w(2i.+1)-
4.8. Weight one D5 branes: holomorphicity of vertex functions. From Proposition 4.5, one

can see that vertex functions may have poles in the equivariant parameters ay, ..., a,. Nevertheless,
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sometimes a vertex function will be pole-free in a neighborhood of a certain point in a. We now
describe one such situation.

Assume that D is a separated or co-separated brane diagram such that w(.A4;) =1 for all i. Let
X be the corresponding bow variety. Such bow varieties are isomorphic to cotangent bundles of
(type A) partial flag varieties. A torus fixed point f € X* is determined by the data of a function
of:{1,...,n} = {1,...,m} such that tie attached to A; is also attached to Z, (.

Consider the partial ordering of equivariant parameters by the rule a; < a; whenever i € O';l(k‘)
and j € o, (1) for some k and [ such that k < I. We denote this ordering by <y. Let €y be any
generic Chamber inducing this ordering®. In particular, if i < f J, then Z—; is repelling with respect
to €;. Unless X is the cotangent bundle of a complete flag variety, there are many choices of such
a €, but several of our results in this paper are independent of the choice.

Let lima_>0€f denote the limit of sending the repelling directions for €; to 0. In other words,
if €; corresponds to a cocharacter o, then limLHOQ.f F(a) = lim;o(F o 0)(t). Let O¢, denote the

point given by w = 0 whenever w is a repelling weight for &;.

Proposition 4.13. The vertex function VfX defines a holomorphic function of a in a neighborhood
of O¢, for any choice of €.

Proof. The point f is a minimal fixed point with respect to the order induced by €. So the result
follows as a trivial case of Theorem 5 from [1]. O

4.9. Weight one D5 branes: refined formula, limits, and convergence. Suppose that D is
a separated brane diagram, with bow variety X, such that w(.4;) = 1. In this case, we can rewrite
Proposition 4.5 more efficiently.

Let f € X* and let or be as in §4.8. A stable reverse plane partition over the butterfly
diagram B/ is the disjoint union 7 = L7, 7* where 7" is a stable reverse plane partition over the
butterfly corresponding to the D5 brane A;. Since these butterflies are chains, the data is simply
it = (ﬂ'af(l) > (z)+1 >...>7 =0).

Define Ok = TI'k 7.1+ Notice that 6; = 0if k > m. Then summing over reverse plane partitions
7 is equivalent to summing over all nonnegative 9z for 1 <i<mandos(i) <j<m-—1. Let My
denote the set of all such 9;.

Proposition 4.14. The vertex function is

n m—1 k 92 n
VfX(Q): Z H H H (—qht/?)=WE)=w(Zi) g, H H qh)%
0eM; \ i=1 k:af(i) l:of(i) 1=1 k= O'f
2k N p—1a; a;
11 H ) I ) P E (gh) i
Yk (0i=0]) s -0} i—0]) ai
Uf1(<)Z<J;TZ )k o1 (i ( 150767 g )9;@ 1 (q O 215 (0] ez)a,‘)%
H ni_f <qu>k(9f9{)h1$)9i <q*9i+2l2k(9f*9 7) h%)y y h)gﬁ
1(<’;<]<E’l)k et ( Yok (0] 6] )q )W <q—9i+zlzk(95_9{)g;>% 1

6Here, generic means that each 2% is either attracting or repelling. This is a stronger assumption than the usual
J
condition on chambers.
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Proof. Fix two D5 branes A; and A; such that o¢(i) < of(j) and consider all the terms in
Proposition 4.5 involving the corresponding equivariant parameters a; and a;. The first product

contributes the terms

(aj) (ai)

m a ; ) m : ) ;

i J_ i a; i_d
T Th_q T~ Th_1

k=07 (j) (qh%) i k=0 (j)+1 (qh%) i
T ™ Tk—1 Tk~ Tk—1
N— N—
EkI: Fk;:

while the second product contributes

a; &)
ﬁ <q“f>7ri—7ri; (q !
—1a; —-14%
k=0 (j) (h aj>ﬂ£,rj <h ai),rj

i
k Tk

Gg:= Hy:=

), (2)

“rmiy N4
a; )

<qha—?), (h*1%>_ .
v wi J 7r;—71'J

.
Tk—1

i 0. .
qﬂ"k Tk 1la;
i J ) pi | —ml
: k—1

k

Then

E.Gi =

a;
J
k—1

(qzlzsz‘—e{ ) h71ﬁ> |
H’L

a;
J
k—1

= (qh)%ﬂ"‘Zzzk(gzi_ezj)

for of(j) < k < m. Similarly,
(q—efﬁzbsz—ebqhﬂ)m
k

aj

Fk+1Hk - (qh)*Zzzk(ef*Q{)

aj

<q793k+zl>k(elifelj) ﬁ) )
e

for o7(j) < k < m. Together, E,GyFj1Hy, precisely accounts for the terms in the second row of
the formula in the present proposition.

A similar computation involving two different D5 branes A; and A; such that of(i) = o(4)
provides the terms in the third row of the proposition.

Finally, the terms in the first row are provided by the Ké&hler terms and the contributions
between A; and A; where i = j. a

Remark 4.15. When, additionally, w(Z;) = 1 for all j and o¢(i) = ¢ for all ¢, Proposition 4.14
is exactly the formula for the Macdonald function from (1.11) of [35] after the change of variables
h=t"and [, ) (—gh"/?) " EIEDQ) =y /.

From the previous formula, it is easy to take limits in the equivariant parameters.
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Proposition 4.16. For any f € X* and for any choice of <, we have

m—1w(Z;) m—1 P (ﬁ—l(qh)j Higlgk(qh)w(zbkl)(_th/z)_W(ZZ)_W(ZZJA)QZ)

i=1 j=1 k=i ‘I’((qh)jHiglgk(qh)w(zl“)(—thﬂ)*W(Zl)fw(zl“)QO

In particular, the limit is independent of both f and Cy.

Proof. We make the computation for the choice of € such that g—; is repelling if o(i) < of(j) or
if (i) = 0¢(j) and i < j. For other choices of €¢, the computation is similar. We compute

n

m—1 k O,
s i@ = (T TE (11 comeea)

0EMy \ ==l k=0y(i) \l=oy(i)

n  m—1 (h—l)ei ) m : m—1 )
11 )’ T II @i T II @
; ; i 1<i,j<n  k=0y(j) lsi<jsn k=0 (j)

or(i)<oz(4) ar(i)=0s(5)

92’
n m—1 k k
i vi@= Y (11 T ( Il <qn1/2>w<z»w<2z+l>@,)

I=0y ()

n  m—1 (h—l y , n el |
(H I W“qh)ak) (,H _<qh><cl+%>%>

3
L

hil)e;’f

91
k k
(qh)ei(cri-cz',k-&-l) ( H (—qh1/2)_ W(ZZ)W(ZZ+1)QZ>

l=0(1)

o (h71), k Ok
Z 0, (qh>0i+ci,k+1 H (_th/2)—w(zl)—w(zl+l)Ql

(2)g; I=0 (i)

h_l(qh)ci+ci,k:+1 Hof(i)glgk(_th/z)_W(ZZ)_W(ZZH)QZ)
((qh)Ci+Ci,k+1 Hgf(i)glgk(_th/z)—w(zl)—w(zl+1)Ql>

where ¢; = [{j | j < i,0¢(i) = of(4)} and ¢;p, = {j | K+ 1 > 0¢(j) > of(i)}|. In the last
equality, we used the g-binomial theorem. This equals

m—1w(Z;) m—1 P (h—l(qh)j HKKk(qh)W(ZHl)(_th/Q)—W(Zl)—W(Zl+1)Ql)
il_[l Jl_Il l!;[z ¢ ((qh)j Higlgk(qh)w(zl“)(—th/z)fW(Zl)fw(ZlJfl)Ql)

which is clearly independent of f. O

1
::
3
L
A
&

)

By a change of variable, we obtain the following.
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Proposition 4.17. For any f € X* and for any choice of <, we have

m—1w(Zi)m—1 & ( h~1(qh)’ L g VEIQT!
CX(Q) = lim VX(Q = H ( | sl<k 1l )
a—0¢ i=1 j=1 k=i P ((qh)J Higlgk q W(Z’)Qf )

4.10. Weight one D5 and NS5 branes: analytic continuation. Now assume furthermore

that X has m D5 branes and m NS5 branes, all of weight one. The bow variety X is isomorphic
to the cotangent bundle of the complete flag variety in C™. By Remark 4.15, we can apply the
results of [35] to VX. We need the following.

Proposition 4.18 ([35] Theorem 1.6). For any f € X%, VfX(Q) can be analytically continued to
a meromorphic function of Q with simple poles at the divisors hq'™7 Higlgj Q=q%for1<i<
m—1landt<j<m-—1andd>0.

Equivalently, the function C¥ (Q)_lVfX (@) is an entire function of @, and the same is true for
Q) VE Q).

4.11. Permutation of D5 branes. Let D be a separated or co-separated brane diagram with n
D5 branes. For o € S,,, let D' := o(D) be the brane diagram obtained by permuting the D5 branes
according to o. By this, we mean that D" has D5 branes A}, ..., A; such that w(A}) = w(A,-1(;))-
For a simple reflection, see the diagram below.

d1 d2 d3 dl dl2 d3
\ \ — \ \ ford2+d/2:d1+d3.
A A Airr A

This induces an action of the symmetric group .S, on the set of all bow varieties with n D5

branes. This action can be lifted to an S, action on the set of all torus fixed points of such bow
varieties as in Figure ?77.
For o € S,,, we define the action on the set of equivariant parameters given by

g - Qa; = aa_l(i).
Proposition 4.19. With the notation as above, we have
X o X
Vit(a,Q) = V75 (0-a,Q).

Proof. For definiteness, suppose that D is separated. While the butterfly diagrams for f and o - f
differ, the “left halves” of the two butterfly diagrams, i.e. the maximal subquivers of B and B?f
whose vertices b are such that ¢(b) is adjacent to two NS5 branes, are canonically isomorphic.
Moreover, under this isomorphism, the weights of the vertices are compatible under ¢. Now the

statement follows from Proposition 4.5. O
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Remark 4.20. It is shown in [42] that a bow variety is Hanany-Witten equivalent to a quiver
variety if and only if the charges of D5 branes are weakly decreasing. By combining this with
Propositions 4.6 and 4.19, we see that the vertex function of any bow variety is equal to the vertex

function of a quiver variety, up to permutation of the equivariant variables.

5. D5 RESOLUTIONS

In this section, we study D5 resolutions of bow varieties. These are certain closed embeddings
of bow varieties, constructed locally on the brane diagram, which reduce the weight of a chosen D5
brane. They are the geometric manifestation of the fusion procedure for R-matrices. In addition,
they are responsible for the so-called resonance of Bethe equations studied in [25].

A crucial property proven in [6] is that stable envelopes are compatible with D5 resolutions. We
review the constructions and results of [6]. Then we prove in Theorem 5.10 that vertex functions
are also compatible with D5 resolutions.

5.1. D5 resolutions of bow varieties. Let D be a separated or co-separated brane diagram.
Let D be the brane diagram obtained by replacing a single D5 brane A of weight w = w(A) > 2 in
D by a pair of consecutive D5 branes A" and A" of weights w' = w(A’) > 1 and w” = w(A") > 1
such that w = w’ + w”. Pictorially, the diagram D is obtained via the local surgery

W/ + W// WN

\ N\
\ A\

We call D a D5 resolution of the brane diagram D and the branes A’ and A” resolving branes.
Notice that if D is separated (resp. co-separated), then D is also separated (resp. co-separated).

Let now X and X be the bow varieties associated to D and D. They are open subsets of the
stacks X = M / Gand X =M /G, respectively. We say that X is a D5 resolution of the brane A in
the bow variety X.

Let T = A XC}; (resp. T = A x C;) be the torus acting on X (resp. )A(;) We define a
homomorphism ¢ : T — T to be the identity on most components, except
(ah="",a,h) if D is separated

(26) CyxC;—Cy xCyh, xCf (a,h) — /
! ' ! . ' (a,ah™ , h) if D is co-separated.

The following theorem sums up the main results in [6, §5].

Theorem 5.1. Let D be a separated bow diagram and let D be a D5 resolution of some brane A.
Associated to these data, there exists a reqular closed embedding j : X — X induced by a pair of
morphisms

M—-M G-
Moreover, the following statements hold:
o the map j is equivariant along ¢ : T — T.

e the map j preserves the semistable loci, and hence induces a reqular embedding j : X — )N(,

which with slight abuse of notation we denote in the same way.
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o The morphisms j are pulled back from a regular embedding HS — HS. In other words,

there exist diagrams all of whose squares are Cartesian.

X1 X x—1 5%
RN
Xo —— Xo Xo — Xo
lﬁ lﬁ lﬂ lﬁ
HS —— HS HS —— HS

5.2. Fixed points and D5 resolutions. Let j : X — X be a D5 resolution of the brane A in
the bow variety X. Set w = w(A). We consider both varieties as T = A xC; varieties via the
map ¢ : T — T.

For a given fixed point f € X*, let F C X* be the unique fixed component containing J(f).

Lemma 5.2 ([6]). If X is separated, then the fived component F is isomorphic to the bow variety
/1 /2.../w—=1/w \w"’\. If, instead, X is co-separated, then F is isomorphic to the bow variety
\w\w/w—-1 ...2/1/.

Consider the residual action of A on F. We call the fixed points f € F A resolutions of f- We
remark that none of them coincides with j(f). However, there is a distinguished representative. If
X is separated, we denote by fﬁ € FA the unique fixed point whose tie diagram has no crossings.
If X is co-separated, we denote by fﬁ € FA the unique fixed point whose tie diagram has w’' w”

crossings, as illustrated in Figure 2.

Remark 5.3. With respect to the standard chamber, the fixed point fﬁ is maximal among the D5

resolutions of f.

Given a bow variety X, we denote by Kr(X)"¥ C Kg(X) the sub-ring generated by the
tautological bundles from §2.2.



30 VERTEX FUNCTIONS FOR BOW VARIETIES AND THEIR MIRROR SYMMETRY

Lemma 5.4 ([6]). Let & be a tautological bundle of X. Then j*£|f = g‘fu as representations of T.

As a consequence, the diagram

K5(X)™" —— Kx(fy)

lj*oso* lso*

Kp(X)™" —— Krp(f)

associated with fived point localization at fﬁ and f and the change of group map ¢ : T — T s

commutative.

Proof. The statement follows from the combinatorics of the fixed point restrictions developed in
[42, §4.4]. Alternatively, it can be checked that j(f) lies in the attracting set of fﬁ for the action
of C; on X induced by the composition Cy—=T 2, T. This implies the statement. O

5.3. D5 resolutions of vertex functions. In this section, we relate the moduli spaces of
quasimaps to X and X. Fix an arbitrary separated or co-separated bow variety X and consider

the chain of maps
evp

QM(X) 2 x5 X0 5 HS.
Restricting to non-singular quasimaps, we get morphisms
QM ,(X) =25 X 5 Xo & HS.
The embedding j : X — X induces a morphism
(27) J: QM(X) — QM(X).
Tautologically, J preserves the connected components so it is given by a tower of morphisms
Jg: QM4(X) — QM4(X).

Furthermore, the morphism J fits in the following commutative diagram

QM(X) —2 x Xo HS
(28) | i| [ [i
QM(X) —2 ¥ Xo HS

Recall that Theorem 5.1 states that the two rightmost squares in this diagram are Cartesian.
Lemma 5.5. The leftmost square in diagram (28) above is also Cartesian.

Proof. Since the central square in the diagram above is Cartesian, a morphism P' — X factors
through X — X if and only if the composition P* — X )~(0 factors through Xg — )~(0. But the
latter varieties are affine so this holds if and only if the evaluation of P! — X = X at p belongs
to Xo. Therefore, the statement follows from the definition of the moduli space of quasimaps.

O
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By considering the outer frame of the diagram above we obtain the Cartesian diagram

QM(X) —— QM(X)
HS — 7 L HS
where the vertical maps do not depend on the choice of p. The morphism jg is regular, so it induces
a refined pullback

Ex(QM(X)) = Kr(QM(X)).

Lemma 5.6. We have

Proof. The lemma will follow from a standard comparison of the obstruction theories defined in

(21). Consider the Cartesian square
Jpow lﬁO%
HS — HS
and the following distinguished triangle on X:

Ty — 7" Ts —>']I‘35/3€

By Theorem 5.1, the embedding X — X is regular and Tx /x is quasi-isomorphic to the normal
bundle (p o 7)*Ngg JHS" Recall now the maps in (20). Applying u* followed by R®pr. we get a
triangle

Rprou* Ty —— Rpriuj* Ti — R*pr.u*(po W)*NPT:@/HS.

Since HS is affine, we have a factorization

P! x QM(X *)%*)HS
lpr /

So we can rewrite the triangle above as follows:

Reprou* Ty —— R°priou’j* Tz —— R°pr.pr* ( NHS/HS)
Applying the projection formula and proper base change , it follows that Rpr,pr* ( *Nig H S) 0
for all i > 0 and ¢" Ny /S pripr* ( *Nig /H S> is an isomorphism. Moreover, from the diagram

P! x QM(X) 27, Pl x QM(X)

ook

X < J , X

we deduce that

(29) R*prouj* Tz = R°pr.(id x J)*a
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and by derived flat base change we conclude that (29) is quasi-isomorphic to
J*R*pr,a* Txk.
Therefore, we obtain a morphism of triangles

Reprou* Ty —— J*R*pr,u* Tz —— q*Nﬁ/HS

O i

Toveoy — I Touw) — TauE)/ qux

Commutativity of the squares follows from functoriality of the tangent complex. As a result, the
obstruction theories for QM(X) and QM(X) are compatible over jo. The statement then follows
from [28, Prop. 4] (cf. [3, Prop. 5.10] for the analogous result in cohomology). O

Remark 5.7. The statement of the previous lemma can be seen as the quasimap version of the
comparison statement for the virtual fundamental classes (or structure sheaves) of the moduli
space of genus zero stable maps to P and some divisor X C P", see [2, §8.5] for an overview.
Notice also that the proof fails in higher genus because the higher derived pushforwards may not

vanish.

We now restrict ourselves to the substack of non-singular maps. Then we have a diagram

QM p(X) —24 X —— HS

(31) Jl jj J:jo

QM (X) —2+ X —— HS
whose squares are are Cartesian. Hence, we get two a priori different virtual pullbacks

](') : K’]T‘(QMnsp(jZ)) - K']T(QMnsp(X))

7 K5(QMyp (X)) = Kr(QMy,(X)).
However, the morphisms HS — w HS and X — HS are transversal, so we get
Lemma 5.8. These two maps are the same, 1i.e. j!o =4
Combining this result with Lemma 5.6 we deduce the following:
Corollary 5.9. We have

1 AQM,, , (X) QM4 (X)
J Ovir g = Ovir g .
We can now state the main result of this section.

Theorem 5.10. We have’ -

Proof. To remove clutter, we drop the specialization map ¢* from the notation. Equivalently, we
see the vertex function VX as a class in T-equivariant K-theory of X rather than in T equivariant

"We use the symbol j* to denote the K-theoretic pullback KT()?) — Kr(X) along the regular embedding j. This
should not be confused with j', which also depends on j but relates the K-theory of the quasimap spaces.
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K-theory. The top triangle in diagram (30) implies that®

1/2
det y)}/ o _det 9;/2|p
det 7%y det 7|

QU(X)

vir

T o —

vir
Therefore, the same logic of the proof of Corollary 5.9 applied to the symmetrized virtual structure

sheaves (cf. (24)) implies that -
j'@QMnsp(X) — (/A)QMnsp(X).

Vir vir
But virtual pullbacks commute with pushforward in Cartesian squares, so applying this to the
leftmost square in diagram (31) we get

VR =) (00

VIr

- o (030+9)

= (evy)e (O3

vir
=v¥X,
as claimed. g
Combining the last statement with Lemma 5.4, we deduce the last result of this section.
Corollary 5.11. Let f € X* and fﬁ e XA be its distinguished resolution. Then
V¥ Q) = ¢V Q).

Remark 5.12. For the special case when X is a cobalanced bow variety, i.e. a Nakajima quiver
variety, the maximal D5 resolution X is the cotangent bundle to a partial flag variety, which is also
a Nakajima quiver variety. In this case, Corollary 5.11 was proven earlier by the second author in
[15] using combinatorial properties of the localization formula. Similar techniques could also be
applied here, in which case the combinatorics is much simpler than in [15] for two reasons. First,
the localization formula for separated (or co-separated) bow varieties is more uniform than the
localization formula for quiver varieties. Second, in this paper we are able to study the situation
where a single D5 brane is resolved, where the situation in [15] must consider the composition of
many D5 resolutions to avoid leaving the setting of quiver varieties. This is one of the many places

where studying bow varieties is both easier and more general than quiver varieties.

6. NS5 RESOLUTIONS

In this section, we study the mirror dual of the constructions of §5. To that end, we review
the NS5 resolutions constructed in [6]. NS5 resolutions provide a way of reducing the weight of a
chosen NS5 brane. A bow variety and an NS5 resolution of it fit into a certain diagram which is
constructed locally on the brane diagram. The geometry of NS5 resolutions is more complicated
than that of D5 resolutions.

8Notice that the last equality follows from our normalization of the virtual canonical bunldes, which we twist by the
anticanonical bundle of the target. Without the latter, the two sides would differ by ¢* #75/HS = (ev,)* #*/X,
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6.1. NS5 resolutions of bow varieties. Let D be a separated or co-separated brane diagram.
Let D be the brane diagram obtained by replacing a single NS5 brane Z of weight w = w(Z) > 2 in
D by a pair of consecutive NS5 branes Z’ and Z” of weights w' = w(Z') > 1 and w"’ = w(Z2") > 1
such that w = w'+w”. We call D an NS5 resolution of the brane diagram D and the branes
Z' and Z” resolving branes. Notice that if D is separated (resp. co-separated), then D is also
separated (resp. co-separated).

Let now X and X be the bow varieties associated with D and D, respectively. We say that X
is a NS5 resolution of the bow variety X. The same torus T acts on both of them. In this section,

we review the construction of a distinguished Lagrangian correspondence
(32) X<+ L—X.

As mentioned in the introduction, in the event that the bow variety X is the cotangent bundle of
a partial flag variety X = T*FL, then X is the cotangent bundle of a “finer” flag variety with an
additional step, and the Lagrangian correspondence above is the canonical correspondence

T*FL <+ L — T*FL

induced by the pullback diagram
L —— T*FL

L]

FL —' 4 FL

where f is just the map forgetting the extra step in the flag. More generally, the space L and the
morphisms above can be defined by modifying the quiver data giving rise to X. For simplicity,
assume that X is separated. Then to pass from X to X one replaces the two way part of the

diagram of X attached to the brane Z as follows:

C C/ C//
WZ, I/Vg+ — W37 = WZI_ WZ; = WZ’_’ WZ{(_ = VVZJr .
D/ D/l

The circles in the arrows indicate the rescaling action by h. Similarly, the space L is defined in

terms of X as follows

C C/ C//
Wz_ VVZ+ - Wz_ = WZ’_ WZ{F =W " WZ/—L = VVZJr .
~_ "7
D \_/
D

The maps in diagram (32) are then easily described in terms of these diagrams. For instance,
the map L — X is induced by the assignment C' = C’ o C”. The case when X is co-separated is
analogous.” We refer to [6, §7] for further details.

Proposition 6.1 ([6]). The morphisms
Xl 1"y x

9n the co-separated case the roles of the maps C and D are swapped to take into account the stability condition.
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are well defined and T-equivariant. Moreover, they enjoy the following properties:
o The map j is a closed immersion and p is proper.
o If X is separated (resp. co-separated) then the fibers of p are isomorphic to the Grassman-
nian Gr(w',w' +w") (resp. Gr(w", w' +w")).

o There exists a commutative diagram

Xl L -P,x

1A

Yo%XQ

Moreover, the left square is Cartesian.

6.2. The equivariant geometry of NS5 resolutions. In Proposition 6.1 we identified the
fibers of the map m : L — X with Grassmannians. We begin this section by refining our
analysis of these fibers. For a given separated bow variety X and NS5 resolution X such that
w = w+w, we set Y = /w/w +w’'\...\3\2\1\. If instead X is co-separated, we set
Y = \1\2\3\.. . \w' +w"/w"/.

Lemma 6.2.
(1) Let f € X». The Cj-fized locus Y of the bow variety Y fits in the following pullback
diagram:
Yhe——s1L

Lk

{f} — X

(2) Any fized point f € X* admits exactly (W/VJVF,,W”) resolutions, i.e. fized points f € X*nL

such that p(f) = f.
(3) For any fized point f € X*, we have TX |yn — TL|yn = TY |yn — TY" in K3(Y").

Remark 6.3. The action of T on Y" (and hence on Y since Y = T*Y") induced by part (1)
of Lemma 6.2 is a twist of the standard action on Y seen as a bow variety. Indeed, if X is
separated (resp. co-separated), then T acts on the i-th D5 brane of Y with weight equal to a;h™"
(resp. a;hi(f)), where v;(f) is equal to the number of ties in the tie diagram of f € X that are
connected to the NS5 branes left to the resolved NS5 brane Z. This again follows from the explicit
description of f € X* given in [42, §4.3].

Remark 6.4. By part (2) of Lemma 6.2, the resolutions of f € X 4 are in one-to-one correspon-
dence with fixed points in Y. In terms of tie diagrams, the correspondence sends the tie diagram of
f € X to the tie diagram of Y = /w'/w' +w"\...\3\2\1\ (resp. ¥ = \1\2\3\.. \w' +w"/w"/)
obtained by erasing all the branes and ties not connected to Z’ or Z”. By slightly abusing notation,
we will still denote the resulting fixed point in Y by f.

Corollary 6.5. Let f € X* and f € X* be a resolution of f. Then
X - Ty X =T5Y

as virtual T-representations.
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Proof. We compute

ToX — TpX = T5X — T5L + T5L — Ty X

= T5Y — TY" + T5L — Ty X
_mTYv _7.vh 1 vh
=T7Y - ToY" + T;Y

=T5Y.
In the second step we used the third point Lemma 6.2 and in the third step the first point. O

Recall the definition of full attracting set from Remark 3.2.

Lemma 6.6. Let f € X* and let f € X" be any resolution of the fized point f. Then 7 o4 fotg(f)
whenever f € (X \ L)*.

Proof. Assume the converse. Then there exists a equivariant curve P! — X connecting f to 7/.
But f € L and 7, € X\ L, so the Cartesian diagram in Proposition 6.1 implies that the composition
P! - X — X is non-constant, which cannot be because X is affine. O

Corollary 6.7. Let f € X* and let f € X* be any resolution of f. Then Stab(f)|g = 0 for all
ge(X\ DA

6.3. NS5 resolutions of stable envelopes. Fix a separated or co-separated brane diagram D
and let X = X (D) be the associated bow variety. By Lemma 6.2, an arbitrary fixed point f € X4

admits exactly (Wl Vt,wﬂ) possible resolutions f € X Among these, we denote by ?ﬁ the smallest
one with respect to the order determined by the chamber €. In this section, we relate the stable
envelopes Stabg (f) and Stabg(ﬂ) via the correspondence (32).

Consider the morphism between the Kihler tori ¢ : Z' — Z that is the identity on most

components except

(z,zh~ ' h) if D is separated

CX X(C>L< 4)(C></ X(CX,, XCX (th)}_> .
3 ' ‘ ‘ ! (zh™",z,h)  if D is co-separated.

Following our convention, we denote the induced embedding ¢ : Ez — E in the same way. The

next theorem relates the stable envelopes of X and X.

Theorem 6.8 ([6, Theorem 7.9]). Let f € X* and let ?ﬁ € p 1 (f)* be the minimal fized point
with respect to the attracting order determined by €. Then the following formula holds

po (i7% Stabg (Fy) ) = Stabe(f).

Here, the subscripts and superscripts refer to pushforward and pullback in elliptic cohomology
as in §3.2. See also [6, §4] for details.

Remark 6.9. Note that the image of ¢ is the divisor {z//z"h" =1} (or {2//z"h~"" =1} in the

co-separated case). On the other hand, the stable envelopes Stabe(f) are meromorphic sections
with poles on {z;/z;h% = 1} for certain a.. The fact that the class Staby (f4) does not pick a pole

®

upon pullback by ¥ is part of the theorem. For details, see [6, Lemma 7.11].

Remark 6.10. If ¢ is the standard chamber € = {a; < ay < -+ < ay}, then the fixed point
?ﬁ appearing in the formulas above can be described as in Figure 3. Namely, if X is separated
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- "
////”’:t' } W, + W” // } w
7 1
,”’ Le==E= }W/
7 7’ !
/ separated
f= ¢ > fi=
2/ NS5 res. 20
co-separated
f=—H —— T.-
Z,/ NS5 res. , 2 LA
4 7 /
_ ////4 W/ -7 /
W/—‘_WH{;-://// { ///
W”{ Lo
FIiGURE 3.

(resp. co-separated), then the tie diagram of ?ﬂ is obtained from the one of f by making all the
ties connected to the resolving branes Z’ and Z” cross (resp. by avoiding all the crosses).

Localizing at fixed points and using the localization formula for the pushforward, Theorem 6.8
produces explicit formulas relating the fixed point restrictions of the stable envelopes of X and X.
For clarity, we assume that the resolved brane Z = Zj, is the k-th one, counting from left to right.

Proposition 6.11 ([6, Prop. 7.13]). Assume that X is separated. Then
Stabg (/)|
(0,2, h)
Stabg (g)’g
I(Ny) stab (7,)|
= Z i(ah_w(g) ———(a,21,. .z, =2k, 2 = 2kh Y 2w ).
sevn VWNgjvn) Stabg (9)|
Here Y = /w'/w +w"\...\3\2\1\ and Ng/yn is the restriction to g of the tangent class TY" €
Kr(Y"). The multi-index vy(g) indicates the shift introduced in Remark 6.5.

Proposition 6.12. Assume that X is co-separated.

Stab2PP ¥ (1) ]
D
Stabg "’ (g)‘g
ﬁ(Ng_/Y) Stabgpp’y(fn) ‘, ,
= 19(Nf/w)(aﬁ“’(g)) o bopth) (a, 21, ., 25 = 2k, 25 = 20" oo 2m, B).
geva g abg " (g ’,

Here Y = \1\2\3\. . \w' +w"/w"/ and Ny yn is the restriction to g of the tangent class TY" €
Kr1(Y"). The multi-index v(g) indicates the shift introduced in Remark 6.3.

Proof. Let n be the number of D5 branes of both X and X. Then charge and weights are related

by r; = n — w; for all i. The proof then follows such equality, [6, Prop. 7.14], and the fact that, as
noted in Proposition 3.5, we have

Stabgpp’x (a,z,h) = Stabg (a, 27 *", h).
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7. NS5 RESOLUTIONS AND VERTEX FUNCTIONS

Analogous to §5, the main result in this section is Theorem 7.11, which expresses the compat-
ibility of vertex functions with respect to NS5 resolutions. Despite the similarities with §5, we
warn the reader that the compatibility of vertex functions with NS5 resolutions is considerably
more subtle. While the compatibility of vertex functions and D5 resolutions is essentially a term-
by-term equality of formal power series, the NS5 property involves evaluating a vertex function
at a point on the boundary of the radius of convergence. Hence it is really a statement about
analytic continuations of meromorphic functions defined by power series. As such, we do not know
a geometric proof of this formula.

Our main tool will be certain scalar ¢-difference equations solved by the vertex functions of bow
varieties when all D5 branes have weight 1. Such bow varieties are isomorphic to the cotangent
bundle of a type A partial flag variety.

7.1. Macdonald equations. Let X be a separated or co-separated bow variety with NS5 branes
Z1,..., 2, and D5 branes A, ..., A, such that w(A4;) = 1 for all . If X is separated, we view it
as living on the “starting side” of mirror symmetry. If X is co-separated, we view it as living on
the dual, or !, side. In other words, we use the polarization i(a + 3)V from §4.7 in the separated
case and « + [ in the co-separated case. Nevertheless, to avoid cluttering notation, we will omit
the ! over all parameters for coseparated X.

Let &; be the tautological bundle between the NS5 branes Z; and Z;41 for 1 <7 < m—1. These
are the tautological bundles which are not topologically trivial. Let .Z; = det¢;.

Let

9 _i thai—aj 7
= e BT N

where T,,a; = ¢ aj. This is the first Macdonald difference operator in the variables a;, see [30,
§6].

For f € X*, we set

VX =605V

Here ¢y is the function

m—1 i i -
V(== V2w (E)+w(Zm) -1 &
(33) O = H 9 5 ) i a

(R 1P EEDQ I Z )

i=1

cf. (11), and @y := ® ((¢ — h~')P|y) is the infinite Pochhammer symbol associated to the class
P = @Hom(éz—,gz—k) @ @Hom(52+752+).
Z Z

Theorem 7.1 ([26]). The vertex functions satisfy the q-difference equation
@nf/fX = GX(Q)VJZXa
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where
X (Q) =

( i—1

m [w(Z;)-1 . S w(Zg) /m=1 w w

> ( > (hQ)J> (hg)*=1 * (H (—h1/2) (Z0)+ (ZZH)QZ) if X is separated
i=1 Jj=0 I=i

m [w(Z;)-1 ) f) w(Z) /i—1 w w

> ( (hQ)]> (hg)k=i+t ’ (H (—h1/2) (Z0+ (ZHl)Ql) if X is co-separated.
i=1 =0 =1

Notice that eX(Q) is the first elementary symmetric function in a certain set of variables.
Koroteev and Zeitlin [26] also prove that the vertex functions satisfy higher Macdonald difference
equations, though we will not need this fact. In the case of complete flag varieties, a geometric

proof of Theorem 7.1 using nonabelian shift operators and wall-crossing was given by Tamagni in
[47].

7.2. Transformation properties. We retain the assumptions on X from §7.1. Recall from §4.8
that a fixed point f € X* is encoded by a function o : {1,...,n} — {1,...,m}. The T-character
of the restriction of the tautological bundle &; to the point f is given by

Ri=™ " aj if X is separated

J
i|lr =
>, ha; if X is co-separated,
J
O'f(j)>’i
where the index j in the sums sums above and below run over {1,2,...,n}, the set of D5 branes.

So the T-character of .%; is
plimm)rank(&) 1T a; if X is separated
i
(34) oiﬂz‘f _ op(f)<i
prank(&) T ay if X is co-separated.
J
of (])>Z

We easily compute the following.

Lemma 7.2. The following holds:

(=R'/2)yWwEITW(E)Q,  if X is separated
T () Jimoi

(Sf af

(
[T (=A/2)WEIW(E)Q, if X is co-separated.

i)—1
=1

l

Proof. This follows directly from the definition of é¢, (34), and (9). O
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A straightforward computation shows that

m—1
'231 2}; (ﬁi—j - %f) + 1<‘;< % hgt if X is separated
1= Ve <i<j<m ,
of(s)<i o5 (k)=i
Ply= op(k)<i op(l)=j
> %‘ it X is co-separated,
j7k
op(f)<oyr(k)
and
> (h;’—}i + ‘Z—’;) if X is separated
kL
(35) TX’f _ ) or(k)<or(l)

LR T AN
- (ak +ha ) if X is co-separated.
of(k)<og(l)

Recall the chambers € from §4.8. Let

l
)Y
l

(36) e, = ((q— hHN; ),

where N ; %4 denotes the repelling part of the normal bundle at f with respect to €;. The following
lemma allows us to replace ®; in the g-difference equations by ®¢ ;- The latter has the advantage

of being holomorphic in a neighborhood of O¢, from §4.8.

Lemma 7.3. The following holds:
To,(®f)  To(Pey)

i

o P,

Proof. First, assume that X is separated. Then

o el ()
o =
) <h*12—£> o (qh%

® (3)
)| tbe H )
oy

J)<i £(
k)<i or(l)=j

=1

We claim that the leftmost product does not contribute to the transformation property. To see
this, first observe that the terms corresponding to j = k depend only on A and ¢ and can thus be
neglected. The remaining terms appear in pairs which take the form

i) () o(ox)o(e)
X4 — ak ag aj aj
Gk P (h—l&) d (qhﬂ> P (h—1%> & (qh%) .
ag ag aj a;
Using the transformation property of ®, we compute
—1a; a; a o
o (02 (0-0) (8) (o)

ST ) (08) () ()
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Accounting for the rest of the terms, we see that

a; —1a;
Taz‘(q)f)_ H _a% H 1-n aj
A Nl A % —_—
O j 1-— qhi” ; 1-— q(%_
or(j)<os(i) ar(j)>04(i)

The fact that this equals the transformation of ®¢, under 7y, follows from (35) and the definition
of € f

Now assume that X is co-separated. Then

® (a)

o = .
=y
o5 (§)<oy (k) ’
So
AT B e
= — —a |,
(I)f j 1 qaj j qha;
of(§)<oy(i) or(§)>0(i)
and the result again follows from (35) and the definition of ;. O

7.3. NS5 property of difference equations. In addition to X above, we also now consider
an NS5 resolution X of X obtained by resolving the brane Zj for some k. In particular, the
bow diagram of X has D5 branes Aj,...,.A, and NS5 branes Z1,...,2}, 2%, ... Z, such that
w(Zg) = w(2}) + w(Z}). We write the Kéhler parameters of X as Q1,...,Qm,—1 and the Kahler

parameters of X as Qq, ..., Qr_1, Quows @k -+ - Qun1-
The g¢-difference equations for X and X are

2.V =X QVE, 2,75 =XQVF

A . .
for f € X® and g € X . In particular, the g-difference operators are the same.
Let 9* be the specialization

(ko 2) 1> (B2 Rz, (—R1/2)ED )
and the identity on the rest of the Kahler parameters. In terms of @, we have
P Qpy (—hl/Q)W(Zg)Qk—l
Quew = (=127 EH)
Qr > (=h2)VENQ,,
and *(Q;) = @Q; otherwise.

There is a simple relationship between the two eigenvalues after applying *.
Lemma 7.4. Under the specialization v* we have @Z)*ey(é) =X (Q).

Proof. This is a straightforward, though tedious, computation using the formulas for e* (Q) given
in Theorem 7.1. [
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Let f € X% and let f € X* be an NS5 resolution of f. We consider the gauge transformed
g-difference operators defined by

Dy = 25(Q) = 67" Dby, Py i=75(Q) = 67" Dby
It is implied by Theorem 7.1 and Lemma 7.3 that
P1®e, Vit (Q) = X (Q)Pe, Vi (Q)
and B B B
F:0e V7 (Q) = € (Q) e, V5 (Q).
Proposition 7.5. Under the specialization v¥*, we have
1/1*% =Y.

Proof. Assume X is separated (the co-separated case is similar). Then by the quasi-periodicity
(12) we get

53 (It} (T o) n,

i=1 \j#i =0 (i)
A similar formula holds for % It is straightforward to check that the two expressions are equal
after applying ¢*. O
Applying a shift, we get a similar result for V. Let eX(Q) = eX(Q)’Qi:(_hl/g)w(Zi)—w(Zi+1)Qi
and let Df(Q) = @f(Q)|Qi:(—h1/2)w(zi)*w<2i+1>Qi' For later use, we split up the separated and

coseparated cases.

Theorem 7.6. Assume that X is separated. Let ¢* be the specialization

(2h: 21) = (2k, ™V ER ).

Then
Dr(Q7 e, V7 (Q7) = (Q7)Pe, Vi (@7
and similarly for f. Furthermore, we have

——1

D@ ) =DpQ Y,  weX@ ) =e¥Q).
Theorem 7.7. Assume that X is co-separated. Let 1* be the specialization
(2 20) > (2, VW) 21).
Then
Ds(Q)®e, V7 (Q) =™ (Q)Pe, VS (Q).

and similarly for f. Furthermore, we have

VDFQ) =Dp(Q),  ¢e¥ (@) =e"(Q).

7.4. Uniqueness of solutions. Let f € X* and let ij for 1 < j < n be defined by the properties
that {i1,d2,...,9,} = {1,2,...,n} and a;; /a;;,, is a repelling weight for €;. Expanding ®, VfX(Q)

as a power series in a;; /a;,,, gives an element of the ring

R:= Q[[le cee 7Qm—lﬂ[[ai1 /aiw LR ain—l/ainn'
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We need the following uniqueness result.
Proposition 7.8 ([35] Thm. 2.1). A solution of the equation
9¢F =e*(Q)F, F€ER
is uniquely determined by its constant term in a.

By a change of variable, this implies an analogous uniqueness result for the g-difference equations
defined by the operators Dy.

7.5. NS5 property for vertex functions. Now we are ready to relate vertex functions before
and after an NS5 resolution. Since the co-separated case proceeds similarly, we will give detailed
proofs only for the separated case and will simply state the corresponding co-separated results at
the end of the section.

Let X be a separated bow variety and let X be an NS5 resolution obtained by resolving the
brane Z into Z’ and Z” according to the decomposition of weights w = w' +w”. Let f € X* and
let f € X* be an NS5 resolution of f. Let 1* be the specialization

(z,2") = (z,h~ Y 2).

Recall the variety Y from Lemma 6.2. Denote Q' = 2’/z”, which we view as the single Kéahler
variable in the vertex function of Y. We compare the limits defined in §4.9.

Lemma 7.9. In the setting above, assume furthermore that all D5 branes have weight 1. Then

*CY(@) _ kY /
&0 =@

Proof. After specialization by *, it is easy to see from Proposition 4.17 that the NS5 branes other

(G

than Z, 2/, and 2" contribute to the formulas for CX and C¥ in exactly the same ways. It is a

straightforward computation to show that contributions from these three branes gives exactly

w(2') P (hq(qh)jq)
I =@

On the other hand,
w(Z') o h*l(qh)jfqu W(Z/)Qlfl
Q) = H g) -1 w(EZ) -1 )
i ®((eh) Q1)

Applying v* finishes the proof. U

Lemma 7.10. In the setting above, assume furthermore that all D5 branes have weight 1. Then
ordering <7 refines the ordering <j from §4.8. So if a function is holomorphic in a neighborhood

of O¢,, then it is also holomorphic in a neighborhood of Og?.

Recall ®¢, from (36). We can also view f as a point in Y equipped with the chamber induced
by 6?. So we define (I>¢?7y = ((q — h_l)Nf/Y) where the repelling directions are taken for the
chamber 67.

Theorem 7.11. Let X be a separated bow variety, and let X be an NS5 resolution. Let f € X*
and let f € X be an NS5 resolution of f. Then

(37) VI@Q™) = @yt (CN@)TVE@ ).
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The well-definedness of 1* will be justified in the course of the proof.

Proof. In the proof below, we will omit writing the argument (Q) or (Q)~!. For a bow variety

X with NS5 branes Z;, let k(X) := > ,(w(Z;) — 1). Note that k(X) = k(X) + 1 for any NS5
resolution X of X.

Step 1: First we will prove the statement assuming that all D5 branes have charge 1. Assume
this for X (hence also for X). Actually, in this setting, we will prove a stronger statement: we will
prove that for X and X, both (37) holds and the poles of Vjc( in Q coincide with the poles of CX.
We will prove this by induction on k(X).

By Corollary 6.2 and Corollary 7.9, the desired formula is equivalent to

_ _ v (~X A -1\, X ~—1
(38) D¢, CY(@Q) VI Q) = 0t (K@ TVE@T)
where €7 and QZ? are as in §4.8.
As the base case, suppose that k(X) = 0. In this case, all NS5 branes and D5 branes have

charge 1 and X is isomorphic to the cotangent bundle of a complete flag variety. By Proposition
4.18, the poles of V%( coincide with those of CX. Hence, the evaluation

v ((E97VF)
is well-defined, i.e. the simple pole in the second term is canceled by the simple zero in the first.
By Proposition 4.13 and Lemma 7.10, the functions Vif , ny, <I>¢7, and <I>¢? are all holomorphic
in a neighborhood of the point 0@7. By Theorem 7.6, both sides of (38) satisfy the same g¢-
difference equation. By Proposition 7.8, it is sufficient to show that the leading terms agree.
Specifically, we must show that lim,_,o, of the two sides agree. By definition of CX and CX and
since lima_ﬂ)@? CI)¢T = limaﬁoey Py ;= 1, this holds.

So (37) holds in this case. Furthermore, from the equality

CX _
vi-3 w(CX f)

it is immediate that the poles of Vjv( in Q coincide with those of CX. This proves the base case.

Now suppose the statement to be proven holds for X and X whenever k(X) < ko for some
ko > 0.

Let X and X be such that k(X) = ko. Let Z be an NS5 resolution of X. Since k(Z) =
k(X)—1 < ko, the inductive hypothesis implies that the statement holds for the pair X and Z. In
particular, the poles of V?Y coincide with those of CX. Hence the substitution P* <(CY)_1 V?) is
well-defined. Now, repeating the exact same argument using Macdonald equations as for the base
case shows that (37) holds for X and X. It is also immediate that the poles of V;{ in Q are as
desired.

Step 2: Now we apply the D5 property for vertex functions to prove the theorem for arbitrary
bow varieties. We proceed by induction on [(X) := ) .(w(A;) —1). In step 1, we proved the
theorem when [(X) = 0, which serve as the base cases.

Let X be arbitrary. Let Z := X be a D5 resolution of X. The NS5 branes of X and Z are
canonically identified. So let X and Z be NS5 resolutions of X and Z obtained by resolving the
same NS5 brane in the same way. It is automatic that Z is a D5 resolution of X. Let f € X4,
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Let ¢ € X be an NS5 resolution of f. We also have the distinguished D5 resolutions h := fﬁ ez
and k := gy € Z.

The NS5 variable specialization 1* is the same for the pairs X, X and Z, Z. The D5 specialization
©* is the same for the pairs X, Z and X, Z. We have ¢* Vf = fo and * VZ = ng. We also have
VZ = B,y ((CY)*l v,?) by induction, since I(Z) = I(X) — 1.

Note also that the space Y relevant for the pair X, X is the same as the space Y for the pair
Z,?. Thus (I)me = (I)me‘

So
" (@qg,y(cy)_l VgY) — ((I)me(CY)—lSO* V?)
— oo ((I)gk,y(CY)’l v?)
=o'V
=V},
This concludes the proof. O

When X is co-separated, identical arguments, replacing Theorem 7.6 with Theorem 7.7, give
the following.

Theorem 7.12. Let X be a co-separated bow variety, and let X be an NS5 resolution. Let f € X*
and let f € X be an NS5 resolution of f. Let 1* be the specialization

(2h» 21) > (20, BV ER) ).
Then
(39) VI Q) = ey (V@) TVE@).
Corollary 7.13. Let X be a bow variety and let f € X*. The poles of VfX(Q) n Q are all simple.
Proof. The proof of Theorem 7.11 showed this result when all D5 branes have weight 1. The

general case now follows by iterating Theorem 5.10. g

8. MIRROR SYMMETRY

In this section, we will prove the main theorem. Let X be a bow variety with 3d mirror dual
X'. Fix the standard chambers ¢ and €'. For a fixed point f € XA, let dT = & ((q — h_l)Nf>,

where the attracting/repelling parts are taken with respect to €. Similarly, for f' € (X !)A!, let
0% = (g - (W) HNF).

We normalize vertex functions VX (Q) and VX !(Q!) as in (25). In particular, we use the class
h(a+B)Y (resp. o' + ') for the polarization in the vertex function of X (resp. X'). We normalize
stable envelopes as in (19).

Define the mirror map k := kx'1_,x by

1 !
¢ —q he Fa (@)"VEIQ > u uf s ¢V EDQ;.
Theorem 8.1. Mirror symmetry of vertex functions holds:
! ! — _
K (q);, % (Q-)) = ) stab e, VXQ ).

geEXA
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First, we observe that it is enough to prove Theorem 8.1 assuming that X is separated and X
is coseparated. Indeed, by Proposition 4.6, vertex functions change slightly under Hanany-Witten
transition. On the other hand, so does the map . These two shifts exactly compensate for each
other, so the statement of Theorem 8.1 is unchanged under Hanany-Witten transition.

The mirror symmetry theorem above can be equivalently stated using the stable envelope of X'.

To make this precise, for any bow variety X, we set

/2 St bOPP —1/2
(40) Stabzlj’cp(a, Q,h) = < det(aopp)| £ ) a Opp(f)‘g (0,Q. 1) <d€t(aopp)|g> '
g

det(Ng, ) Stabg™® (g)| det(Ng, )

Then, we have:

Theorem 8.2. Theorem 8.1 is equivalent to

+ X opp, ! =1 £\ — X' Al
(¢¢opp7f Vf ) Z Stab pp (Q ) I h )(I)Q:| gy Vg! (Q )
gte(xha

Proof. For a given bow variety X and a polarization «, we define the diagonal matrix Lf ¢ With

1/2
det(«
(Lo g)fg = <d§t(()’j:)> Srgy  frg € XM

Using (17), the statement of Theorem 8.1 can then be written in matrix notation as

entries

K (@5 .vX!) = LYo - S& (LX) - 2y VY,
where now « is the class (7). We can rewrite the equation above as follows:
! ! ! ! _ T — —
5 (25 VX(@)) =k (EX e 85 (X)) og vE@Q@Y
! X! _ ! _ _
= (LX) () (@)Y Y ) - 0 VR (@)
! opp, X'\ — — — _
= (L5 o (S TH@Y ) (B o )72 VE@QTY).
The first equality follows by Lemma 3.7, the second by Proposition 3.5, and the third by the

OPP’ opp opp OPP’ opp
equalities
-1
det(a)] det !
@)l _ (At}
det(Nf,) det(Nf!)

which can be checked with a straightforward computation. Inverting the relevant matrices and

noticing that ®, = @éropp, we get

(q>+ )log vE(@Q),

[
opp D

VEQ ) =LY e ST (1Y

OPP’ opp opp OPP’ opp
The statement of the theorem can now be obtained by expanding both sides in the fixed point
basis.

O

8.1. Reduction to weight 1 NS5 branes. We will need the following lemma.

Lemma 8.3. Let f,g,€ X* and let § be an NS5 resolution of g. Let Ly = (Lgé%)ff where € is
the standard chamber and « is the polarization (7). Recall Y from §6.2. The following equation
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holds: B
I(Ng/v)

— 1 1 —
(ah™ )Ly Ly®esy = Ly 'Ly, By

Proof. This can be proven by a straightforward computation using the formulas of (35) and Corol-
lary 6.2. In particular, the ¥ and ® terms on each side all cancel up to a monomial in the equivariant
parameters. This monomial is accounted for by the L terms. O

Proposition 8.4. Let X be a separated bow variety and let X be an NS5 resolution of X. If
J— j—
mirror symmetry of vertex functions holds for X and X , then it holds for X and X'.

Proof. Recall Proposition 6.11 and Theorem 7.11:

stab (/) Stabg' (/)]

YN )
9 a,z, h) = g/Yy ah—’}’(g) * -
(a,zh) = 3 (a0 | —— )

Stabé{(g)’g T I(Ng yn)

and
. . 1 X A1
VIX(QY) = Be,y v (CV@)TVE@ )
To lighten notation in the lines below, we will omit the arguments (Q1), (Q') and (@_1). We will
also omit the subscript €.

Starting with the right hand side of Theorem 8.1 and applying the previous two results, we have

D stab¥(f)],@, V' = Z L Stab” (/)ly Lyte vy

f X(g
(N, ) Stab™ (f,)|5
— Z Lf Z ( /Y (ah_'y(g))w* a (fﬁ)| Lg_l(bg_ V;(
gEXA EEYA ﬁ(N_/Yﬁ) Stabx( )‘g

Ny y) . (Stab™ (F.)5 =\ .
- Z Lffz Wf/*(ah 19y (Stabx((ﬁ))b( V)" 1\/;() Ly'®y O,y

Continuing with Lemma 8.3 and Corollary 6.7, we obtain

_ —\ 9(NV
> DY <M<cY>1VX> M@“@%Lgl% Degy

geXA geYh Stab™ (9)g
Z Z (Stab fjj)|g( ) 1VX>L I- 1(1),
g f
geXAgeyh StabX( g oY

=t [ (€)Y Stab¥(F,) k0 VY
kex™

Applying mirror symmetry for X, this is equal to

* Y\— + Y!
(& <(C )y Lx2,y v(f)]>.
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Let ¢* be the variable specialization for the D5 resolution X' — X'. One readily checks that

w*nY!_}Y = Kx'_,x®". So the previous line is equal to

kY \N—1 5% . + g

=7 (C) iy, x @ P VA
fo
Applying Theorem 5.10, the latter becomes

H(C) Ry x <90*(‘I’J£,)VX!>

fe f
= K/X!%X(b}_! ng,
which is exactly the left hand side of Theorem 8.1. This completes the proof. U

Proposition 8.5. Let X be a separated bow variety and let X be a D5 resolution of X. If mirror
symmetry of vertex functions holds for X and )~(!, then it holds for X and X'.

Proof. Consider the equivalent formulation of mirror symmetry from Theorem 8.2. Since D5 and
NS5 resolutions are dual to each other, we must prove that mirror symmetry of vertex functions for
the (co-separated) variety (X)' = X' implies mirror symmetry for X'. Since X' is an NS5 resolution
of X', we can repeat the same argument in the proof of Proposition 8.4, using Theorem 7.12 instead

of Theorem 7.11 and Proposition 6.12 instead of Proposition 6.11, to prove the statement. O

Proof of Theorem 8.1. Using the trick of [6, §5.11] along with Proposition 4.11, we can without
loss of generality assume that all NS5 and D5 brane weights are nonzero. Then using the previous
two propositions, mirror symmetry of vertex functions for bow varieties reduces to case when all
D5 and NS5 branes have weight one. Such varieties are the self-dual cotangent bundles of complete

flag varieties, for which mirror symmetry was proven in [14]. O

APPENDIX A. MIRROR SYMMETRY, D5 RESOLUTIONS, AND NS5 RESOLUTIONS FOR T*P!

A.1. Setup. In this appendix we demonstrate all our main results in the simplest nontrivial exam-
ple, X = T*P!, and explain their connection to known formulas in the theory of ¢-hypergeometric

series. Consider the following 3d mirror dual bow varieties:
X =/1/2\1\  X'=\1\2/1/

It is easy to check that they are both isomorphic to T*P!. In both cases, the GIT presentation is
as the quotient of the semistable locus of

{(z,y) € T*Hom(C?,C) | zy = 0}

by the natural action of G = C*. A point (z,y) is (semi)-stable iff = is surjective.
We denote by T = C x CX x C; (resp. T' = C% x C), x Cy) the torus acting on X (resp.
1 2

ai
X"). The fixed points of X and X' can be described via tie diagrams as in Figure A.1.
Their tangent spaces are
ai

T X=2 412 1,x=241
as aq ax a2
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FIGURE 4. Fixed points of T*P' (on top) and their dual (on the bottom).
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A.2. Vertex functions and ¢-hypergeometric series. The vertex functions can be written

down using Proposition 4.5. For that, we need to fix a polarization of X, which, in agreement with

Theorem 8.1 we set equal to

h(a+B)Y =

where t denotes the class of the tautological line bundle. The result for the fixed point f; is

(1)-a(32)-a
(qhZ)—a

Vflzz:(

d>0

ﬂ+@—1eI(T(X)

(h g 2Q)"

qh)_q

Where in the second step we used the identity

(2)—a =

( q/l‘)d d(d—1)/2

(q/2)a

The computation for V7, is similar. Overall, we obtain

),
O D oy
(),
V= 2 g,

(hQ)? = p1 (W™, i 2L g2 hQ)
2 ag

(hQ)* = 91 (K™, 122 422 Q).
al al

Remark A.1. Notice that the vertex functions Vy and Vy, only differ by the swap of variables

aj <> ao. This is a special case of Proposition 4.19.

Remark A.2. Here, ,¢; is Heine’s basic hyper-geometric series

2¢1 ((1, ba G Z) -

-y (a)d(b)d(z)d’

2~ (g)alc)a
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see [24] for a review. More generally, the vertex functions of T*P"~! recover the hyper-geometric

series ,, ¢, —1 for certain values of the parameters.

We now compute the vertex functions of X'. Since X and X' are in the same HW equivalence
class, it follows from Corollary 4.12 that the vertex functions are equal up to a shift of Q' by a
power of ¢ (after the trivial renaming of variables: Q = Q', a = o', h = k'). Taking into account

that X' uses the opposite of the alpha class as the polarization, namely

h! ! h! !
o+ 4 = t?l t(!lz e
and using Corollary 4.12 (with n = 2), we get

(h!—l)d(h!—l%)d a! a!
Vfi :Z - 1 (h!QQQ!)d:2¢1(h!71’h!717!2;q7!2;h!Q!)

d>0 (Q)d(Qi)d ay a

(H1)a(h 2 o
Vfé = Z - 2 (h!qQQ!)d _ 2¢1(h!_1,h!_1—!1;q—!1;h!62!).

d>0 (Q)d(Qi)d ay = ay

A.3. Mirror symmetry, summation formula, and connection formula. Notice that w(Z;) =
w(Z}) =1 for all i = 1,2, hence applying (25) we get

To remove clutter, we set

u=aj/ay

o =
o, =®((g—h")N;)
@, = a((g - (A)'NY).

The mirror symmetry map « is then given by'®
1
[ —— Q' = u u' = qQ.
hq
To make Theorem 8.1 explicit, we need formulas for the stable envelopes of X. Using (19), the
polarization'! a = h(t/aj +t/az) — h, and the explicit formulas from [6, Prop 5.12], we obtain:

Stab(f1)], I(u) 9(Q)
Stab(f1)ls,
Stab(f2)|f2

Stabf1f2 = h_l/Qu_IM — h—l/Qu—lﬁ(h‘) ﬂ(UQ)

Stabf2f1 = hl/Q =0

Staby, p, =1
Stabg, s, = 1.
Therefore, mirror symmetry for vertex functions of T*P! can be explicitly stated as follows:

10gince ¢' — ¢, we have chosen not to write the former anywhere.
HNote that vertex functions and stable envelopes of X use opposite polarizations.
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Proposition A.3. Mirror symmetry for T*P' consists of the following statements:
(41) w(@pv @) = en i@
(42) r (@5 VY (@) = Stabg, @7 VA Q7Y + 0L VE(QTY).

In the rest of the section, we provide a classical interpretation of these statements. For this, we
recall the following classical results for the hypergeometric series 5¢1, see for example [19].

Proposition A.4 (Heine’s transformation formula). Assume that |z| < 1 and |b| < 1. Then the
following equation holds:
®(c)
®(b)

d(az)

d(z2)

ob1(a,b;¢;2) = 9P1(c/b, z,az,b).

Proposition A.5 (Watson’s connection formula). In the region where the series in both sides are
convergent, we have:
B(a)®(c/b) ®(bz)P(q/bz)
b,bq/c; bq/a; cq/abz
®(c)®(a/b) B(2)P(q/2) 2¢1(b,bg/c; bg/a; cq/abz)
®(b)(c/a) B(a2)®(g/a2)
®(c)®(b/a) ®(2)®(q/2)

Proposition A.6. Mirror symmetry for fi, namely equation (41), follows from Heine’s transfor-

(43)  9o1(a,b;c;2) =

291(a, aq/c; aq/b; cq/abz).

mation formula. Mirror symmetry for fa, namely equation (42), follows from Heine’s transforma-

tion formula and the connection formula.

Proof. Using all the formulas above, equation (41) can be explicitly written as

Q) 11ty P(qu) —1 31, -1
Wg%(ﬁ]ﬁ@ ;1 Q ,ﬁ)—mz¢1(h Jh s quy hQTH).

Hence, it directly follows from Proposition A.4 upon setting
a=hqg b=hmQ ' cc=Q' z=u/h

For the second fixed point fy, we proceed as follows. Firstly, notice that (42) claims that

O(h g tQ! U
) 2 S a0 ) -
179 1 9(h) 9(u@) P(qu) 1o _
2, -1 1 . .
o g 2 (7 s qui Q)
®(qghu 1 a1 — _ _
+ (I()(iu>)2¢l(h 17h 1“ 1;qu 1§hQ 1)'
Substituting
a=nht! b=h"lu c=qu 2 = hg*Q,
in A.5, we get

501 (h tu, At quy QY

ety ooy AR Bug’Q)R(u Q)
2O s Q) = ) B QB (TR )
O(h~u)@(ghu)  P(?Q)2(¢'Q)

L 20 )
o) BPQ)( g1 T)

(qu 21 (R A T quT RQTY).
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(h'q71Q™") 2(hg*Q) _P(qu)

Multiplying by q)q)(q_lQ_l) B(g°0) B(-Ta) and noticing that, by definition, 4¢1(a, b; ¢; 2) = 4¢1(b, a; ¢; 2),

we obtain

S g Q) @(hg*Q) P(qu) o1 B
QT egq) BTy 21w Q) =
o(hH®(gh) P(ug®Q)®(u~'q'Q™)
P(u)®(hlu)  P(?Q)P(¢71Q7T)

21 (R B g quy Q)

®(qhu)
D(u)

w1 (B R T quTh RQTY).

Using the product presentation of the theta function ¥(x) = z'/2®(qz)® ("), we get
D(h)(gh) 2gQP g Q) Ly 9(R) H(uQ)

P(u)®(qu) P(PQ)P(¢IQ7YH I(u) HQ)

Combining the last two equations, we deduce
O(h7'q'Q™) 2(hg’Q) P(qu) —1 =1, 3 2\
<I>(q_1Q_1) q)(qgQ) q)(h_lu) 2¢1(h 7h U3 qu; hq Q) -

B2, 1 J(h) I(u@Q) P(qu)
Hu) HQ) P(h~'u)

201 (Bt R g quy Q)

®(qhu) -1 =1, -1, 1 -1
h™h ; R .
(I)(U) 2¢1< ) u iqu Q )
The last formula can now be matched with (44) by applying Proposition A.4 to their first terms
on the left hand sides. This concludes the proof. O

A.4. D5 and NS5 properties. In this last section, we take advantage of the previous explicit
formulas to shed light on the D5 and NS5 properties of the vertex functions in the elementary case
of T*P!.

We start with the D5 property for the pair

X =/1/2\ X = /1/2\1\ = T*P!

The bow variety X is acted on by T = C} x C;* while X is acted on by the larger torus T =
Cx x Cx, x C;. The fixed locus of X is a singleton, represented by the tie diagram

-
s -

/ 1/ \
f=
On the other hand, the Variety~)~( has two fixed points, displayed in A.1. The distinguished

resolution of f € XT is fo € (X)T.
It can be easily checked that Vy = 1.'2. One way to see this is to apply Hanany-Witten transition

N
- =N
N

to rewrite X as a bow variety in which all the dimensions are 0 and invoke Proposition 4.11. The
vertex functions of X are computed in the previous section (where X was simply denoted by X).
The D5 property, Theorem 5.10 states that

Vi = (Vf2)

ar=ah~ 1’
as=a

12Note that this is non-obvious because the GIT presentation of X is nontrivial, and as a consequence the moduli
space of quasimaps are nonzero. Nonetheless, all the associated curve counts are zero except in degree zero.
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i.e. that

o (B Daa g
L= 2 Gama "9

which trivially holds because (1)g = 0 unless d = 0.

We now consider the easiest nontrivial NS5 property for the vertex functions. For this, set
X =/2\1\ =T*Gr(0,2) X =/1/2\1\ = T*P!

The only fixed point in X has tie diagram

while the two fixed points in X are, once again, those in A.1. By Proposition 4.5, or by using
Hanany-Witten transition and Proposition 4.11, the vertex function of f is just the constant
function 1. Both fixed points fi, fo € X are NS5 resolutions of f. So Theorem 7.11 gives two
equations to verify. From Proposition 4.17, we have
- )
o (hQ1)
Theorem 7.11 states that

2 (¢2) ((h0 1) Va(h ' 8)y
1—(1)(,1_1%) Q) ;0 (@)alggy)a e O=n
and
2(¢2) ((h01)  ha(h ')y
1—(1)(,1_1;?) & (QY) ; @aaDa 9 oun

Since the series defining the vertex functions converge when |AQ~!| < 1, we must first apply

Proposition A.4 to obtain the analytic continuation. For the first equality, this gives

2 (a2) (o no) 5 (a2,
@(h—I%) ®(Q) &z (@alagy)d

(hQ ™)

Q=h

0] Q% o (hQ~1) @ (Q~1 P h—l% ) )
- @(;glgz) q)((Q_l))(I)((hQ_l)) q)(<qal>) o1 (g hO~1.Q 1;%)

as Q=h
which is manifestly equal to 1. The second equality follows similarly.

Note that for Heine’s transformation to be valid, we must assume that |a;/as| < 1 in the first case
and |az/a1| < 1 in the second. This parallels the fact that V}, is holomorphic in a neighborhood
of of ai/as = 0 but not as/a; = 0, while the opposite is true for Vy,. Likewise, the prefactors ®¢ s,

also reflect this.
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